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i  v:f-H-u  PREFACE. 


A  SHORT  and  Eaiy  Course  of  the  HatbeinBtical  Sciences 
bas  long  been  considered  a*  a  desideratum  for  the  use  of  Stu- 
deuts  in  the  different  iGhodta  of  edacution  :  one  that  should 
hold  a  middle  rank  between  the  more  Toluminous  and  bntky 
coUeCtiODS  of  this  kind,  and  the  mere  abstract  and  brief  com* 
moo-place  forms,  of  princifdes  and  memoranduma . 

For  long  Gxperieoce,  io  all  Seminaries  of  Learoing,  hat 
flhovn,  that  such  a  work  was  very  moch  naoted,  and  would 
prove  a  great  and  general  benefit ;  at,  for  want  of  it,  recoaree 
bas  always  been  obligod  to  be  had  to  a  cumber  of  other  books 
by  different  authors ;  selectiog  a  part  from  one  and  a  pui  from 
another  ts  seemed  most  sailable  to  the  purpose  io  band,  and 
r^ecting  the  other  parts— a  practice  which  occasioned  much 
expense  and  trouble,  in  procuring  and  using  such  a  number 
of  odd  volumes,  of  Tarions  forms  and  modes  of  composition  ; 
besides  wanting  the  benefit  of  oniformity  and  reference,  which 
are  found  in  a  regular  series  of  composition. 

To  remove  these  inconveniences,  lbs  Aothor  of  the  present 
work  has  been  induced  from  time  to  time,  to  compose  varioiu 
parts  of  this  Course  of  Mathematics  ;  which  the  experience 
of  many  yean'  use  in  the  Academy  hasenabled  him  to  adapt 
and  improve  to  the  most  useful  form  and  quantity  for  the  be- 
nefit of  instruction  there.  And,  to  render  that  benefit  more 
emioeat  and  lasting,  the  Master  General  of  the  Ordoaiice  bas 
been  pleased  to  give  it  its  present  form,  by  ordering  it  to  be 
enlarged  and  printed,  for  the  use  of  the  Royal  Military  Aca* 
demj. 

As  this  work  has  been  cMnposed  expressly  with  the  inten- 
tion of  adapting  it  to  the  purposes  of  academical  education,  it 
IB  not  designed  to  hold  out  the  expectation  of  an  entire  new 
mass  of  inventions  and  discoveries  :  but  rather  to  collect  and 
armnge  the  most  oseful  knows  principles  oi"  mathematics,  dis- 
pMed  in  a  convenient  practical' form,  demonstrated  in  a  plain 
and  concise  way,  and  illustrated  with  suitable  examples,  re- 
jecting whatever  seemed  to  be  matters  of  mere  curiosity,  and 
retaining  only  such  parts  and  branches,  as  have  a  direct  ten- 
dency and  application  to  some  useful  porpoee  in  life  or  profes- 
sion. 

It  is  however  expected  that  much  that  is  new  will  be  found 
in  many  parts  of  these  volumes  ;  as  well  in  the  matter,  as  in 
tbe  arrangement  and  manner  of  demonstration,  throughout  the 
irtiole  work,  especially  in  tbe  geometry,  which  is  rendered 
moch  more  easy  and  simple  than  heretofore  -,  and  in  the  conic 
sections 
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tectiODS, which  are  here  treatetl  in  s  maiuierat  once  new,  easy, 
and  Datural  ;  bo  much  so  indeed  tb>t  all  the  propoaitionB  and 
their  demonstrations  in  the  ellipsis,  are  the  verj  same,  word 
ibr  word,  bi  those  in  the  hyperbola,  using  only,  in  a  very  few 
places,  the  word  turn,  for  the  word  d^erence :  also  in  many 
of  the  mechanical  and  philosophical  parts  which  follow  in  the 
second  volume.  In  the  conic  sections  loo,  it  may  be  obsef  ved, 
that  the  first  theorem  of  each  section  onlyisprored  from  the 
cone  itself,  and  all  the  rest  of  the  theorems  are  deduced  from 
the  first,  or  from  each  other,  in  a  very  plain  and  simple  manner. 

Besides  renewingmost  of  the  rules,  and  introducing  erety 
wberenew  examples,  this  edition  is  much  enlarged  in  sevend 
places  ;  particalarly  by  extending  the  tables  of  squares  and 
cubes,  square  roots  and  cube  roots,  to  1000  nambers,  which 
will  be  found  of  great  use  in  many  calculations  ;  also  by  the 
tables  of  logarithms,  sines,  and  tangents,  at  the  end  of  the  se- 
cond volume  ;  by  the  addition  of  Cardan's  rales  for  resolvti^ 
cubic  equations  ;  with  tables  and  roles  for  annuities  ;  ana 
many  other  ImproTemeuts  in  diSerent  parts  of  the  work. 

Though  the  several  parts  of  this  course  of  matbematics  are 
ranged  in  the  order  naturally  required  by  such  elements,  yet 
students  may  omit  any  of  the  particalars  that  may  be  thought 
the  least  necessary  to  their  several  purposes ;  or  they  may 
study  and  learn  various  parts  in  a  different  order  from  their 
present  arrangement  in  the  book,  at  the  discretion  of  the  tutor. 
So,  for  instance,  all  the  notes  at  the  foot  of  the  pages  may  be 
omitted,  as  well  as  man;  of  the  rules  ^  particularly  the  1st  or 
Common  Rule  for  the  Cube  Root,  p.  8S,  miay  well  be  omitted, 
being  more  tedious  than  useful.  Also  the  chapters  on  Surds 
end  Infinite  Series,  in  the  Algebra ;  or  these  might  be  learned 
afler  Simple  Equations.  Also  Compound  Interest  and  Annui- 
ties at  the  end  of  the  Algebra.  Also  any  part  of  the  Geome- 
try,in  vol.  1  ;  any  ofthe  branches  in  vol.  2,  atthe  discretion  of 
the  preceptor.  And,  in  any  of  the  parts,  he  may  omit  some  of 
the  examples,  or  he  may  give  more  than  are  printed  in  the 
book  i  or  be  may  very  profitably  vary  or  change  them  by  alter- 
ing the  numbers  occasionally. — As  to  the  quantity  of  writing; 
the  author  would  recommend,  that  the  student  copy  out  into 
hiafairbooknomore  than  the  chief  rules  which  he  is  directed 
to  learn  off  by  rote,  with  the  work  of  one  example  only  to 
each  rule,  set  down  at  full  length  ;  omitting  to  set  down  the 
work  of  all  the  other  examples,  how  many  soever  he  may  be 
directed  to  work  out  upon  his  slate  or  waste  paper. — In  short, 
a  great  deal  of  the  business,  as  to  the  quantity,  and  order,  and 
manner,  must  depend  on  the  judgment  of  the  discreet  and 
prudent  tutor  or  director. 

[Dr. 
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XhE  bsDflficii^  Knprerenenls  lately  nade,  kad  itill  making 
ID  the  plas  of  tbe  ici«ntific  education  of  the  Cadets,  in  the 
Royal  Military  Academy  at  Woolwich,  having  rendered  a  fur- 
ther extension  of  the  Mathematical  Course  adTiaeable,  1  was 
honoured  with  tbe  orders  of  bii  Lordship  tbe  Master  Gene* 
ral  of  the  Ordnance,  to  prepare  a  third  rvlome,  in  addition 
ta  the  two  former  Tolames  of  the  Course,  to  contain  such 
additions  to  some  of  the  subject^  before  treated  of  in  thos« 
two  Totumea,  with  such  other  new  branches  of  nilitary  sci- 
ence, aa  mi{^t  appear  best  adapted  to  promote  the  enda  of 
(hiB  important  inetitntion.  Fron  my  advanced  age,  and  the 
precariooa  state  of  my  healtii,  I  was  desirous  of  declining 
aach  a  task,  and  pleaded  my  doubts  of  being  able,  in  snch  a 
state,  to  auawer  satiifectonly  his  lordship'*  wishes.  This 
difficulty  however  was  obviated  by  the  reply,  that,  to  pre- 
serve a  uniformity  between  the  former  and  the  additiooal 
part*  of  the  Coune,  it  Waa  reqntaite  that  1  ehoulil  undertake 
the  direction  of  the  arrangement,  and  compose  such  parte  of 
tbe  work  as  might  be  ftrand  convenient,  or  as  related  to  top- 
ics in  which  1  had  made  eiperiments  or  improvements  ;  and 
lor  tbe  rest,  1  mt^t  take  to  my  assistmce  the  nid  of  any  oth- 
er person  1  m^bt  think  proper,  With  this  kind  indulgience, 
being  encouraged  ti)  exert  my  beet  endeavours,  I  immediate- 
ly announced  my  wish  to  request  the  assistance  of  Dr.  Gre- 
gory of  tbe  Royal  Military  Academy,  than  whom,  both  for 
faia  eKtensive  scientiSc  knowtedge,  and  his  long  experience,  I 
know  of  no-  person  more  fit  to  be  associated  in  the  due  per- 
foVmance  of  such  a  task.  Accordingly,  this  volume  is  to  be 
considered  as  the  joint  compositjoo  of  that  gentleman  and  my- 
self, having  each  of  us  taken  and  prepared,  in  neariy  equitl 
portions,  separate  chapters  and  branches  of  the  work,  being 
such  as  in  the  compass  of  this  volume,  with  the  advice  and  as- 
sistance of  tbe  Lieut.  Governor,  were  deemed  among  tbe 
most  useful  additional  subjects  for  the  purposes  of  the  edaca- 
tiOD  established  in  tbe  Academy. 

.  The  several  parte  of  the  work,  and^  their  arrangement,  are 
as  follow, — In  ^e  first  chapter  are  contained  all  the  proposi- 
tions «f  the  course  of  Conic  Seetioni,  first  printed  for  the  use 
of  the  Academy  in  the  year  1787,  which  remained,  after 
those  that  were  selected  for  the  second  volume  of  this  Course  : 
to  which  is  added  a  tract  on  tbe  algebraic  eqnationa  of  the 
•everal  conic  sections,  serving  u  a  brief  introduction  to  the 
algebraic  properties  of  curve  lines. 

The 
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The  Sd  chapter  cootHins  a  short  geometrical  trestiae  od  th« 
elements  of  Iioperimttry  aod  the  maxima  and  minima  ofntr- 
facet  and  solidi ;  in  which  several  propoutions  uenally  invei' 
tigated  by  flnzionaiy  processes  are  effected  geometrically  ; 
and  ia  which,  indeed,  the  principal  resnlta  deduced  by  Thoa. 
Simpson,  Horsley,  L^endte,  and  LhuilUer,  are  thrown  into 
the  compass  of  one  short  traclr- 

The  3d  and  4th  chapters  exhibit  a  concise  but  compre- 
hensive  view  of  the  trigonomelrical  tawlyiu,  or  that  in  which 
the  chief  theorems  of  Plane  and  Spherical  Trigonoioetiy  are 
deduced  algebraically  by  meanc  of  what  is  commonly  denom- 
inated the  Arithattiie  of  Sintt.  A  comparison'  of  the  modes 
of  inrestigation  adopted  in  these  chapters,  aod  those  pursned 
in  that  part  of  the  second  volume  of  this  coarse  which  is  de- 
voted to  Trigonometry,  wiH  enable  a  student  to  trace  the 
relative  advantagea  of  the  algebraical  and  geometrical  meth- 
ods of  treating  this  useful  branch  of  science.  The  fourth 
chapter  includes  ateo  a  disquisition  on  the  nature  and  measure 
of  lolid  anglei,  in  which  the  theory  of  that  peculiar  class  of 
geometrical  magnitudes  is  so  represented,  as  to  render  their 
mutual  comparison  (a  thing  hitherto  supposed  impossible,  ex- 
cept in  one  or  two  very  obvious  cases)  a  matter  of  perfect 
ease  and  simplicih'. 

Chapter  the  fifth  relates  to  Geodetic  Operations,  and  that 
more  extensive  kind  of  Trignnometrical  Surveying  which  is 
employed  with  a  view  to  determine  the  geographical  situa- 
tion of  places,  the  magnitude  of  kingdoms,  and  the  figure  of 
tKe  earth.  This  chapter  is  divided  into  two  sections  ;  in  the 
first  of  which  is  presented  a  general  account  of  this  kind  of 
surveying  ;  and  in  the  second,  solutions  of  the  most  important 
problemg  connected  with  these  operations.  Tbii  portion  of 
the  volume  it  is  hoped  will  be  found  highly  useful ;  as  there 
is  DO  work  which  contaiua  a  concise  and  connected  acconnt  of 
this  kiad  of  surveying  and  its  dependent  problems  ;  and  it 
cannot  fail  to  be  interesting  to  those  who  know  how  much 
honour  redounds  to  this  country  jrom  the  great^kill,  accura- 
cy, and  judgment,  with  which  the  trigoDometrical  survey  of 
Lngland  has  long  been  carried  on. 

In  the  6th  and  Tth  chapters  are  developed  the  principles 
of  Polygonometry,  and  those  which  relate  to  the  DivitioK  <f 
landi  and  other  surfaces,  hotfa  by  geometrical  construclion 
and  by  computatloQ. 

The  8th  chapter  contains  a  view  of  the  nature  and  solution 
of  equationi  in  general,  with  a  selection  of  the  best  rales  for 
equations  of  different  degrees.    Chapter  the  9th  is  devoted  to 
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of  equaliont.  These  ctupten  ue  manifiegtiy  connected,  and 
■how  how  the  mntaal  reutions  snbriBting  J>etween  eqaations 


'of  dlfierent  demes,  and  carvei  of  rsricms  orders,  lerre  for 
die  reciprocal  niastntion  of  the  prbpertiea  of  both. 

In  the  10th  chapter  the  Buljjecta  of  FlueiUisni  Flvxional 
tqvatioiu  are  conciielj  treated.  The  various  fonna  of  PluenU 
comprised  in  tiie  Qienil  table  of  them  in  the  2d  Tolume,  are 
investigated  :  andsereralother  roles  are  given  ;  such  as  it  is 
believed  will  tend  much  to  &cilitate  the  pn^ess  of  students 
in  this  interesting  department  of  science,  especially  those 
which  relate  to  the  mode  offindingHaents  by  continaatjon. 

The  lltili  chapter  contains  solutions  of  the  most  useful  prob- 
lems concening  the  nutn'mum  effteti  of  moeUnu  t'n  motion  ; 
and  derelopes  .those  [oinciples  which  sfaoold  constantly  be 
kept  in  view  by  those  who  would  lahoar  beneficially  for  the 
inntrovemeDt  of  machines. 

In  the  ISth  chapter  will  be  found  the  theory  of  the  jiru- 
tiirt  of  cartA  andftitidt  against  walls  and  fortifications  ;  and 
the  theory  which  leads  to  the  best  constracUon  of  -porndtr 
mwoztMct  with  equilibrated  rooft. 

The  13th  chapter  is  devoted  to  that  highly  interesting  snb- 
ject,  as  weR  to  the  philosopher  as  to  miUtanr  men,  the  Awry 
andfraetiet  of  gwmery.  Many  of  the  difficulties  attending 
this  abstruse  enquiry  are  snnnounted  by  assuming  the  results 
of  accurate  experiments,  as  to  the  resistance  experienced  by 
bodies  moviog  throng  the  wr,  as  the  basis  of  the  computa- 
tions.  Several  of  the  most  nsefol  problems  are  solved  by 
means  of  this  expeUeat,with  a  facility  scarcely  to  be  expect- 
ed, and  with  an  accuracy  far  beyond  onV  most  sanguine  eipec- 
tationi. 

The  I4lh  and  last  chapter  coatains  a  promiscuous  but  ex- 
tensive collection  of  problems  in  ttatict,  dynamics,  hydrotta- 
tiet,  hydraulici,  pTojteHCei,  fee.  &c.  ;  serving  at  once  to  eier- 
cise  the  pupil  in  the  various  branches  of  mathematics  com- 
prised in  the  Course,  to  demonstrate  their  utility  especially 
to  those  devoted  to  the  military  profession,  to  excite  a  thirst 
forknewle^e,  aodin  several  important  respects,  to  gratify  it. 
Tfaii  volume  being  professedly  supplementary  to  the  pre- 
ceding twovolomes  of  the  Coarse,  may  best  be  used  in  tuition 
by  a  kind  of  mutual  incorporation  of  its  contents  with  those 
of  the  second  volame.  The  method  of  effecting  this  will,  of 
course,  raiy  according  to. circumstances,  and  the  precise  eni- 
^loyments  for  which  the  pupils  are  destined  :  but  in  general 
it  is  presumed  the  following  inay  be  advantagaously  adopted. 
Zrtt  Uie  first  seven  chapters  be  taught,  immediately  after  the 

Com' 
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Conic  Sectitmi  in  tiie  Sd  valume.  Then  let  tite  inbUuce  of 
the  2d  rtiama  succeed,  as  far  aa  tbe  Practical  EieVcUcE  oa 
Natural  Philosophj,  inclusive.  Let  tbe  dtJ>  and  9th  chapters 
in  this  3d  voL  precede  tbe  treatise  oa  Plusioas  in  the  SA  ;  and 
when  the  pupil  has  beea  taught  the  fiart  relating  to^uenli  in 
.  that  trutite,  let  bim  immediately  be  cooducted  through  tbe 
10th  chapter  of  the  2d  volume!  After  be  has  gone  ever  the  re- 
mainder of  the  Fluxioas  with  the  applications  to  taagents,  rad- 
dti  of  curvature,  reclilicatioos,  ^uadrelures,  &c.  the  lltb  and 
12th  chapters  of  the  3d  vol.  should  be  tao^t.  Tbe  prob- 
lems in  the  13th  and  14tb  chapters  must  be  Uended  with  Ibe 
precticaL  exercises  at  the  end  of  the  2d  volume, in  such  manner 
as  shall  be  found  best  suited  to  the  capaci^  ef  tbe  student,  and 
beat  calculated  to  easure  his  tfaorou^  coiBpreheBsioa  ef  the 
several  carious  problems  centained  ia  those  iwrtiom  of  the 
work. 

Id  the  composition  of  this  3d  volume,  as  vrell  as  in  ^t  sf 
the  preceding  parts  of  the  Course,  the  great  object  kept  con- 
•taotly  in  view  has  been  utility,  espeOisJly  t»  gen^emen  in- 
tended  for  tbe  Military  Proiessioti.  Ta  this  end,  all  such  ia- 
vestigations  as  might  serve  merely  to  display  ingenuity  or  ta- 
lent, without  any  regard  to  practical  benefit,  have  b6en  care- 
fiilly  excluded.    The  student  has  pot  into  his  iiaods  the  two 

Ktterlal  instruments  of  tbe  ancient  and  the  modern  or  sub- 
le  geoaetry  ;  be  is  taeght  tbe  use  of  both,  and  their  relative 
tdvaotages.  are  so  exhibited  as  to  gsard  him,  it  is  hosed,  from 
any  qndae  and  exclusive  preierence  for  either.  Much  no- 
velty of  matter  is  not  to  be  expected  in  a  work  like  this ; 
though,  considering  its  magnitude,  aad  the- freituency  with 
which  several  of  tbe  aolijects  have  been  discussed,  a  candid 
reader  will  not,  perhaps,  be  entirely  disappointed  in  this  re- 
spect. Perspicuity  and  coodeosation  have  been  m^ormlj 
aimed  at  through  the  performanoe ;  and  a  sm^  clear  type, 
with  a  fall  page,  have  been  chosen  far  the  introdudioa  of  a 
large  quantity  of  matter. 

A  candid  public  will  accept  as  an  apology  for  any  slight 
disorder  or  irregularity  that  may  appear  in  the  conpositieB 
and  arrangement  of  this  Course,  tbe  circamstance  df  tbe  Hf- 
ferent  volumes  having  been  prepared  at  widely  distant  timu, 
and  with  gradually  expanding  views.  But,  on  the  wIm^,  I 
tmtt  it  will  be  found  that,  with  the  asaistance  of  my  friend 
and  coadintor  in  thaa  snptdemeotar^  volume,  I  have  now 
prodoced  a  Conne  of  llataematicB^  m  which  a  gi«at  varielj 
of  useiul  subjects  arc  intrDdaGed,  and  treated  with  greater 
pen{Hciiityand  correctness,  thaaioa^thieeroluaaes  of  equal 
size  in  toy  laagaage. 

CHA.  HUTTON. 
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BT  THE  AMERICAN  EDITOR. 


The.  last  Enijith  editioD  of  HvOon't  Courw  of  Mathmalici, 
in  tbreo  TolumeB  octavo,  may  be  considered  as  one  of  the 
best  systeiOB  of  Matlieinatiu  in  the  EngliBb  langntige.  Its 
great  excellence  consisto  in  the  judicious  selection  inBd€  by 
the  authors  of  the  work,  who  hare  constantly  aimed  at  lach 
things  as  are  most  necessaiy  in  die  useful  arts  of  life.  To 
this  may  be  added  the  easy  and  perspicuous  manner  in  which 
th«  subject  is  treated— a  quality  of  primary  importance  in  a 
trendae  intended  for  begbners,  and  cootaining  the  element!  of 
science. 

The  third  rolnme  of  the  English  edition  havii^;  been  bat 
latelypublisbed,  is  scarcely  known  at  present  in  this  country- 
it  ia  but  justice  to  its  excellent  authors  to  state,  that  they  hare 
collected  io  it  a  great  duoiIh-t  of  the  most  interesting  sub- 
jects in  Analytical  and  Mechanical  Science.  Analytical  Tri- 
gonometry, Plane  uid  Spherical,  Trigonometrical  Surreyir^, 
Haaima  and  Minima  of  Geometrical  Qnantities,  Motion  of 
Hacbines  and  their  Maximum  Efiects,  Practica]  Gunnery, 
be.  are  among  the  most  important  anhjects  in  Mathematics, 
and  are  discussed  in  the  volnme  just  mentioned  in  such  a 
manner  as  not  only  to  prore  highly  useful  to  pupils,  but  also 
to  snch  as  are  engaged  in  rarioos  departntenti  of  Practical 
Science. 

As  the  work,  after  die  pnhlicationof  the  third  rolome,  em- 
braced most  subjects  of  cariosity  or  utility  in  Mathematics,  it 
it  has  been  thought  nnnecessary  to  enlarge  its  uze  by  much 
additional  matter.    The  present  edition  hotrerer,  differs  in 
several 
Toi.l.  I 
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•ereral  respecta  from  the  lait  Engliih  one ;  and  it  ii  preramed, 
that  tbU  difference  will  be  found  to  cooust  of  improTemenlt. 
These  are  principally  as  follows : 

Id  the  fint  place,  it  wgs  thougbt  adTiwahle  to  pnbliah  the 
work  in  twb  rotumes  imtead  of  three  ;  the  two  volnmea  being 
fttill  of  a  couTeuient  sise  for  the  use  of  ttndents. 

Seconilly,  a  new  urangement  of  Tarioui  parti  of  tlie  work 
has  been  adopted.  Several  parts  of  the  third  vohime  of  the 
Englisb  edition  treated  of  anbiects  already  diicossed  in  (be 
preceding  ?olumea  ;  in  sueli  ewes,  when  it  was  practicahle. 
the  additions  in  the  third  T<rfniDe  hare  been  properly  in- 
corporated with  the  corresponding  ■objectK  that  preceded 
them ;  and,  in  general,  SQch  a  dispoiitiOD  of  the  Tarhnu  da- 
psrtments  of  the  work  haa  been  msde  aa  seemed  beat  calcv- 
bted  t»  promote  the  improvement  of  the  pupil,  and  exhibit 
the  respectire  places  of  the  various  branchea  in  the  scale  af 
science. 

Id  the  third  -place,  several  notes  have  been  added ;  and 
numeroiv  correctiona  have  been  made  in  various  places  of 
the  work  :  it  were  tedious  and  nnneceasary  to  ennmerKte 
all  these  at  present ;  it  may  auSice  to  remail  tiie  ftw  Ibllow- 
ing : 

In  pi^e*  6ft,  69,  tqI.  1,  fi  note  is  added  on  the  reduction 
of  iractiona  to  the  least  common  deoomiaator ;  and  for  cotn- 
mon  cases  an  easier  rule  ia  (Jren,  than  has  been  befere  pre- 
sented to  the  public. 

In  page  169.  vol.  1,«  useful  note  ■;[  added  Fespecting  the 
degree  of  accuracy  resulting  from  the  application  of  )(^> 
rithma.  Thia  ^pte  wilt  appear  the  more  neceBsary,  nrfaen 
we  observe  sacb  orersiglits  committed  by  authors  of  experi- 
,euce. 

Id  acvera)  places  of  the  last  or  seventh  l^ndon  edition,  the 
correctioas  made  in  the  first  American  edition  hare  been 
adopted.  The  definition  of  Surds  which  had  been  improper- 
ly givBD  in  the  fifth  and  sixth  London  editions,  is  now  cor- 
rectly in  the  sev^itti ;  agreeably  to  the  mode  prescribed  in 
the  first  American  edition.  This  erroneous  definition  of  Surds 
is  still  retsiiief)  in  th«  large  Algebra  irf'  Bonuycasde,  pub- 
lished 
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li^4d  Id  LondOB,  in  18S0.  The  tne  dftfinitioti  k  girai  in 
tb«  NBaU  natk  erf"  tb«  ume  mtlMr,  by  the  acDtor,  Mr.  Hyin, 
ii  tiw  Ken-Tttrk  tdition  of  1&>2. 

Tk«  MtVDOfloiM  c(iaq>aUtlo&  (tf  the  vdne  x  in  the  ei^natioi 
3("*>  100,  which  wa>  pointed  ont  Md  corrected  in  the  InC 
Aaiericao  e^tioti,  ig  expattged  from  tte  s«renth  LtaidM  edi' 
tioa.  The  nrfatiOD  of  tftis  probtetn  wbi  tabject  to  ihe  nunc 
firror  in  both  the  tremtites  of  Algebra  by  BomyiaMt,  The 
AjDcrictn  edition  of  IMZ  »  cafreet,  but  tb«  btger  Algebra, 
pvMiBhed  in  l^mdbn,  la  1820,  itiB  retdM  the  error. 

In  the  second  Tolnme,  pege  24,  Aueriean  etfidon,  ft  rerf 
iili^e  Mlotioa  «ft§  giren  to  the  pr<rMetn  in  the  ttsft  exnnple. 
ThU  prahlem  ww  icdred  hy  a  coUc  in  the  tilth  London  edi' 
Son ;  and  In  Ae  sereQth,  the  solntion  it  rednced  fhrnt  a  eobie 
tff  t  qoadnttc ;  but  notwithstanding  thia  ittproremeBt  of  the 
■olgtton.  It  la  rtilt  infetior  to  that  0ven  in  tbe  first  AnierlcBtt 
e£tion. 

TbOt  are  in  d»  1st  London  edition  Hrter«I  errors  eonti- 
iMied  A«ai  die  sixth  edltioB,  which  htd  been  eerrecMd  Jn  thb 
first  American  editio*.  Among  these  we  taay  notice  the  de- 
SMWrtntion  given  to  tite  third  thetn^tn  In  Spfaetics.  Th« 
demonstration  is  founded  on  the  assumption,  that  Mr  adgle  of  a 
^lurioal  trianc^  is  greater  than  the  argute  contained  by  the 
cKords  of  the  aides  containing  the  spherical  wgle. 
-  See  OB  tbissnbiectdte  notepags  655,  Tol.  II.  > 

In  the  meosoration,  page  411,  toI.  1,  a  remark  is  added  re- 
specting the  magnitnde  of  the  earth.  Dr.  Hulton  lias  com- 
monly osed  a  diameter  of  7d&7J  English  miles,  merely  be- 
cause it  gires  the  round  number  3&,000  for  the  circumference : 
in  a  few  places  he  has  used  a  diameter  of  7930.  Havii^  some 
years  ago  discovered  the  proper  method  of  ascertainiDg  the 
most  probable  magnitnde  and  figure  of  the  earth,  from  the  ad- 
measurement of  several  degrees  of  the  meridian,  I  found  the 
ratio  of  the  axis  to  the  equatorial  diameter,  to  be  as  320  to 
to  3S1,  and  the  diameter,  when  the  earth  is  considered  as  a 
globe,  to  be  7918-7  English  miles. 

In  the  additions  immediately  preceding  the  Table  of  L<^- 
rithms  in  the  second  volume,  a  new  method  is  given  for  as- 
certaining 
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certaiaiog  the  ribntioiu  of  b  nrabte  psndilliim.  This  prob- 
lem wu  flolred  by  Dr.  HuttoD,  id  bis  Select  Exercuei,  1787, 
and  be  has  given  the  same  lelvtioD  id  the  present  work.  Me 
page  AS7,  Tol.  X.  The  method  used  by  the  Doctor  appean  to 
me  to  be  enoneoiu ;  bat  in  order  that  incb  aa  would  judge  tm 
themielves  on  thia  Bbatniae  qneation,  ma;  ha¥e  8  £ur  oppor- 
tunity of  decidii^  between  na,  the  Doctor's  aoludon  ie  giren 
ai  well  aa  my  own. 

It  may  be  proper  to  obseire,  with  reipect  to  the  new  aolu* 
tioDi  aa  well  aa  Dr.  Hatton's  that  the  reaulting  formula  doea 
not  ihow  the  relation  between  the  time  and  any  number  of 
vibrattoni  aetwtily  performed  ;  bat  merely  ^yfs  the  limit  to 
which  thia  relation  approachea,  when  the  horizontal  veloci^ 
ia  iodefinitety  disuiushad.  If  therefore  we  would  eae  the 
new  formula  aa  an  approximatiiM  in  veiy  amall  finite  ribra- 
tiona,  the  timea  muit  not  be  eatended  without  hmitatioo, 

Besidea  the  numerous  correction!  in  thia  third  American 
edition,  there  ia  added  to  the  second  rolnme  an  elementary 
treatiae  on  Dtieriptivt  Geometry,  in  which  the  principles  and 
fundamental  problems  are  given  in  a  simple  and  easy  manneri 
with  a  select  number  of  uiefiil  appltcationa,  in  Sj^erica,  Co- 
rnea, Sections,  Ice. 

ROBERT  ADRAIN. 
CUtm  Ate-Font. 
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COURSE 


MATHEMATICS,  Sfc. 


GENERAL  PRINCIPLE^. 


1.  ^#^UANTITT,  or  HAanTOM,  ii  BI17  tUng  tbat  will 
ateit  (rfllcrMM  or  dwmea  ;  ar  that  u  upaUe  of  mj  wott 
•f  calCDlBlioDormeiuDration:  aoch b* niuab«n, liiwi, apaco, 
liaM,  nwtioD,  weigbt. 

t.  Hatbbmitics  u  the  Kience  wiuch  treats  of  all  kUdi 
of  qouitity  wbateTW,  that  cao  be  nombered  or  meaaared.— 
Vhat  part  which  treati  <tf  DnmberiDg  ia  called  ArUhmttiei 
and  that  which  coDcems  meBsariiig,  or  figured  extemiou,  ia 
called  Qiomgtry. — >Thete  two,  which  are  conrerunt  about 
atidtitode  and  magDitnde,  being  the  foundatioa  of  all  tbe 
other  psrti,  are  called  Pun  or  Mitrttct  Mathematici;  be- 
caose  they  ioTestigate  and  demoutrate  the  properties  of  ab- 
■tract  nnrobeiB  and  magnitudeq  of  all  B0it§.  And  when  these 
two  pertg  are  applied  te  particolfr  or  practioal  sabjecti.  they 
constitato  the  branches  or  parts  called  Mixed  Mathematiu.-^ 
Hatbematica  is  alto  diatiq^bed  into  ^teuUaive  end  PrpC' 
ItMiI :  viz.  ^evlative,  when  it  ia  concerned  in  discovering 
properties  and  relations ;  and  Prmelieat,  when  npplied  to 
practice  and  real  use  cooceniiag  phjaical  ebjecti. 

Vel.  I.  2  S.  Ib 


Drjl-z.-dbvGoOgIc 


*  GENERAL  PRINCIPLES. 

3.  Jn  Mathematics  are  aeveni  gciwTal  teniM  of  priDciplM  ^ 
flnch  as  Definitions,  Aiionw,  Propositioiw,  Tbeorema,  Frob- 
Icnu,  Leamaa,  Corollariei,  Schtriimna,  fa;. 

4.  A  Dtfiniium  ii  the  explication  erf*  bot  term  oi  word  in  a 
■cience ;  abowing  the  lease  Bod  meaning  in  which  ttie  term  ii 
employed.— Ererj  Defitution  ODght  to  bo  clear,  and  ex- 
prened  in  wordi  that  are  common  and  perfectly  well  oader- 
atoodi 

6.  A  PropoiiiioH  is  aomethii^  proposed  to  b«  proved,  or 
something  tvqnired  to  be  done  ;  and  is  accordii^y  either  a 
Theorem  or  a  Problem. 

6.  A  Theorem  is  a  demonstradre  propesitioa ;  in  which 
some  property  is  asserted,  and  the  troth  of  it  required  to  be 
jtroved.  Tbos,  when  it  is  said  that,  The  anm  of  the  three 
angles  of  any  triangle  is  ei|dal  to  two  right  angles,  this  is  a 
Theorem,  thetmth  of  which  is  dranonatrated^i^ometry. 
—A  set  or  coIl«cti«a  of  tncfc  Theorctna  cwstilatti  a  TOsofy. 

7.  A  Prohlem  is  a  propfsition  or  a  question  requiring 
«omething  to  be  done  ;  either  to  in?estig«te  some  truth  or 
protoetty,  or  to  perfi>rm  aone  operatioo.  As,  to  find  ont  the 
quantity  or  sum  of  aU  Urn  thre«  Mglns  of  any  triangle,  or  to 
draw  one  line  perpendicular  to  anottier. A  Limited  Proh- 
lem IB  that  wbich  has  but  one  muwer.  An  UnlitttiUd  Pro- 
blem is  that  which  has  innumerable  answers.  And  aDettr- 
minati  PnbUm  a  that  which  haS  a  certam  number  of  bd- 
awers. 

8.  Solution  of  R  ProUwn,  is  Ae  method  of  biding  ttie  an- 
nnr.  A  ffwmtneal  or  M^uMnU  Solaiiam,  is  the  mnr«rglr«B 
1)1  Dumben.  A  GtmelnMl  Sottoioit,  u  the  aiwwer  ginn  Jay 
the  principles  of  Oeometry.  And  ■  Mtehmmeal  Sobitiom,  is 
one  which  is  gained  by  triab. 

0.  A  LepmM  is  a  preparatory  propositioR,  laid  down  \a 
order  to  shorten  the  denonstration  <»  the  main  pnaositiak 
which  follows  it. 

10.  A  CarMary,  or  Qmtettar^,  is  r  cousequenca  drawn 
immediately  from  Mme  propoaitioB  or  other  pranises. 

11..^  &!hotimm  u  a  remark  or  obaerratioR  mada  on  tome 
forgoing  proposition  or  premises. 

1«.  An  Axiom,  or  Maxim,  m  a  self-endent  proposition; 
reqairiog  no  format  demooftration  to  prove  the  truth  of  it ; 
but  is  received  and  assented  to  as  soon  as  mentioned.  Sudi 
as.The  whole  of  any  thing  is  greater  than  a  part  of  it ;  or, 
The  whole  is  equal  to  all  its  parts  taken  together ;  or,  Two 
quantities  that  are  each  of  them  equal  to  a  third  quaatitir, 
are  equal  to  each  other 

tS.  A 


D,q,-Z.-dbvGOOj;[C, 


SENERAL  PRINCIPLES.  3 

15.  A  Petlvkue,  or  Ptlitioit,  ii  aometbing  required  to  be 
-done,  which  ia  ao  a«y  >iid  evident  that  no  penoD  will  heii- 
tate  to  dlow  it. 

14.  An  hypoUtatU  ia  •  npfMition  assomed  to  be  true,  ia 
Mder  to  trgne  from,  or  to  fbnod  upon  it,  the  reaioiuiig  and 
demamtnitiim  of  aoiiw  propoailion. 

16.  JDMWMtrolwK  ia  the  collecting  ttie  aevend  argomeata 
tai  proofi^  and  laying  tboM  logetbar  in  proper  erder,  to 
■how  the  truth  of  Uie  propoaitioD  under  oontidaratioo. 

16.  Jl  Dirttt,  PotUtDt,  or  ^fimatiT*  ■VtoMutraiion,  it 
th«t  which  conclnilea  with  the  diiwot  and  certain  proof  of  the 
pfopoaitien  in  hand. — Tbia  kuid  of  Demooatntioo  ii  moat 
aatis&ctonr  to  th»  aiad ;  for  wfaicb  reuon  it  it  called  aonC' 
titnea  an  Ottmtive  Dtmmttratum. 

17.  A*  Imdireet,  or  Jfegative  DenumtlraHcit,  ia  thtd'  whick 
•bowa  a  propoaitioB  to  be  true,  by  proriog  that  aonw  abcor- 
di^  wotiM  neceaaaiiljr  follow  if  Uic  propoailion  advanced  were 
Um.  Tina  ia  alao  aonwtinea  called  jRadvclio  ad  Abnrdum ; 
becnoae  it  ahewa  the  abaorditjr  and  fideehood  of  all  v^poai- 
tioaa  contrary  to  that  contaned  in  the  propqaition. 

18.  JIbtkod  ia  the  Bit  of  diapoeing  e  train  of  argameata  in   ' 
a  proper  order,  to  inreatigate  either  the  truth  or  faliitj  of  a 
propoaition,  or  to  demonatrate  it  to  others  when  it  faaa  been 
nond  ont— Thia  u  either  Analytical  or  Syndieticd. 

1  ft.  AMolyiu,  or  the  J»atj^Mttkod  in  Geostetry,  ii  the  art  or 
node  of  finding  oat  the  truth  of  a  propoaition,  by  firat  anppoaing 
the  thing  to  Im  donet  and  then  reB8(»ung  Im^,  step  ^  ategb 
till  we  arrirc  at  >«■»  known  traft. — Thia  i«  dn  called  the 
Matkod  ^LnwntiM,  or  Ktmlfaion ;  and  is  that  which  is  cen- 
aioDly  osed  in  Algebnu 

SO.  S/fillmii,  or  the  ^pOkttie  Mithod,  ia  the  aearcbing 
oat  treth,  by  firit  laying  down  some  aimpi*  and  easy  princi- 
ples, and  porsuiif  the  conieqawBcaa  flowing  lirom  tbem  till 
we  nrrire  at  the  coodnuoD^^'hia  is  alao  called  the  AkAod 
^Comforitim;  and  ia  tba  reretM  of  the  Analytic  method,  as 
this  proceeds  trora  known  principles  to  an  unknown  goocIdo 
aioB  ;  wUle  tk»  tfthei  goes  in  a  retrograde  order,  from  tba 
thing  soimht,  conaidarad  as  if  it  were  true,  to  some  known 
unnciple  or  Act  And  tberelore,  when  any  troth  baa  been 
Rtond  out  1^  the  Analytic  method,  it  may  be.  detBowtrated 
by  a  procMS  in  the  contrary  order,  by  Syntbesis. 
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ARITHHETIC. 


A,  RITHMETIC  ie  the  art  or  science  cf  nonberii^ ;  be- 
ug  that  branch  of  Hnthematici  which  treats  of  the  natarc 
and  properties  of  nnmbers. — Whea  it  treats  of  whole  DUinr  - 
bers,  it  is  called  ^otgar,  or  ConMRM  Anlhmttie;  butwheo  of 
broken  nntnbera,  or  parts  of  namtaera,  it  is  called  FVtuitioiu, 

Unitji.  or  na  thit,  w  that  bj  which  ererj  thli^  is  called 
aee  ;  being  the  begianiDg  ofnamber  ;  so,  one  man,  one  baB, 
onegnn. 

fhmibtr  ii  either  simply  one.  or  a  componad  of  sereral 
unite  ;  as,  one  nian,  three  men,  ten  men. 

An  htager,  or  Whol§  JVtM^er,  is  some  ceitain  predte 
Cpiatttitym  nnitS;  as,  one,  three,  jten.— These  are  so  called a> 
oistingnished  from  JVactioKS,  which  are  broken  numbers,  or 
^titi  of  pnmben ;  as,  one-half,  two-thirds,  or  Uirec-fonrths. 


NOTATION  AND  NUICERATION. 


NoTiTTOtr,  or  NvMMfTiox,  teachea  to  denote  or  ezpren 
an;  proposed  number  either  by  words  or  characters  ;  or  to 
read  and  write  down  any  snmor  number. 

The  nnmbers  in  Arithmetic  are  eipreaeed  by  the  fbllowiw 
ten  digits,  or  Arabic  onmeral  figures,  which  were  intra^ncM 
into  Europe  b^  the  Moora.  about  eight  or  nine  haodred 
years  since  ;  riz.  1  one,  S  two,  3  three,  4  four,  5  fire,  6  six, 
7  seven,  8  eight,  9  nine,  0  cipher,  or  nothing.  These  ch»- 
racters  or  fibres  were  formeriy  all  called  by  the  general 
•ame  of  Ciph«ri ;  whence  it  came  to  pass  that  the  art  of 
AritfanMtic  wae  then  often  called  CijvWih^.  Also  the  fint 
nine  are  called  Significmit  Figurtt,  as  disttnguiahed  from  die 
cspber,  which  is  of  itself  quite  insignificant. 

Besides  this  value  of  those  ^res,  they  hare  also  another 
which  depends  on  the  place  tbey  stand  in  when  joined  toge- 
ther ;  as  u  the  following  table : 

VtHa 


■:  Gooj^lc- 


NOTATION  Alio  KDUEBATION. 

1 


II 


u 


h    as    »    H    P 


Here  vtj  6giir»  in  the  first  phtce,  reduwing  Irm  ri^  to 
left,  denote*  only  tti  owb  simple  raluc  ;  but  that  in  the 
.  lecood  place,  denotei  tea  times  its  simple  tbIuc  ;  and  that  in 
the  third  place,  a  hundred  times  its  simple  ralne  ;  and  lo  on  : 
the  Talue  of  any  %ire.  in  each  auccesiire  place,  being  always 
ten  times  its  former  value. 

Tbiu,  in  the  Dumber  1796,  the  6  in  the  first  place  denotes 
only  six  nniU,  or  simply  six ;  '9  in  the  seeoDd  place  sigufies 
nine  tens,  or  nine^  ;  7  in  the  third  place,  seven  hundred  ; 
and  the  I  Jo  the  foorth  place,  one  thnosiand ;  so  that  the 
whole  number  is  read  thus,  one  thoosand  seven  handred  and 
ninetj-siz. 

As  to  the  cipher,  0,  tiiongb  it  signify  nothing  of  itiejf,  yet 
being  joined  on  the  right-hand  side  to  other  Ggores,  it  in- 
creaaes  their  valne  in  &e«taae  ten-fbid  proportion  :  thus,  & 
aignifies  only  five ;  bot  60  denotes  6  tens,  or  fifty  ;  and  600  is 
five  hnadred ;  and  so  on. 

For  the  more  easily  reading  of  iai^  nnmbers,  they  are 
divided  into  periods  and  half-periods,  each  half-period  coa- 
aiatiiv  of  three  figures  ;  the  name  of  the  fint  period  being 
units ;  of  the  second,  millions ;  of  the  third,  millions  of 
BiillionB,  or  hi-millioos,  contracted  to  billions  :  of  the  fourth, 
Bii1]i(H»  of  millions  of  millioos,  or  tri-miHions,  contracted  to 
triffions,  uid  so  od.  Also  ttie  first  part  of  any  period  is  a* 
many  tm^ts  of  it,  and  the  latter  part  so  many  diensands. 

Tlw 
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t  AinTH|u;Tlc. 

The  Mlowing  Tabte  cooUim  a  atnutaf;  of  dw  wlud* 
doctrine. 


Feriodi.  Qj)adriU;Trillioin;AiUioi»iiliIlioH;  Units! 


Half-per. 


I.  un.    Ik.  uq.    tfa.  un.    th.  i 


FipirM-  l»3,466i789,oae;?6&,438;lQl,a34;56T.8fi 


NnoauTiOii  h  Iheiending of  anj  number  id  wonk  Aatw 
pnmosed  or  let  down  io  figures  ;  which  iriU  be  eaiily  done 
■n  kelp  (^  Ox  following  rale,  deduced  from  the  foregCHiig  ta- 
Uets  and  obserrationfr—Tiz. 

Ciridc  the  figures  in  the  proposed  namber,  as  in  the  euin- 
pai74iK)ve.  iuto  periodiand  half  periods;  then  begin  at  th« 
lefl-htuid  side,  ~and  read  the  figures  wiUi  tfae  names  set  to 
fbcm  in  the  two  for^oii^  tables. 

nuwixf. 

Xa^GSs  in  words  the  fellowinc  nunben ;  viz. 

34  15080  13406670 

9S  72003  47050023 

180  1090K  309026600 

304  483600  4723607689 

£134  S500639  274866390000 

S028  7623000  6GT8600307024 

lYoTATiOK  is  the  setting  down  in  ^res  any  number  pro- 
posed in  words  ;  which  is  done  by  setting  down  the  figures 
instead  of  the  words  or  name*  belonging  to  them  in  the  snm- 
marj  above  ;  suppling  Uie  vacant  places  with  dphers  wber* 
an;  words  do  not  occnr. 


Stt  down  in  figures  the  fi>llowing  noBbev : 
f^^-ieven. 

Two  hundred  ei|^tj  aii* 
Nine  thoosasid  two  oundred  and  ten. 
Twes^-Mven  thousand  fire  hundred  and  ninety-four. 
Six  hundred  and  forty  thoaiand,  four  hundred  and  ei^ty  one. 
Three  nillioM,  two  hnndnd  siitgr  thoinnd,  «ne  hundred 

udiix. 

F«r 
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NOTATION  AND  ITOMERATION.  7 

Foot  handed  and  eight  nullioiu,  two  bnndrad  and  fiftj-fitc 

thouMnd,  one  hundred  and  nioetir-two. 
TweD^-ieren  tfamisand  and  «^;fat  milfitHU,  nine^-iiz  thon- 

totid  tirohnndred  and  four. 
Two  httndred  thonand  and  fire  hnndrad  and  fifty  imlUoni, 

one  bundred  and  ten  thonand,  apd  aiiteen. 
Twen^-one  l^Kou.  eight  bnndred  and  ten  milUoM,  MXtf- 

ioitt  Ihonnnd,  one  handred  and  fify> 

Or  THZ  ROKA*  NOTATIOII. 

The  Romana,  like  lereral  other  natioas,  eXpreued  tlwir 
nnmben  hj  certain  letters  of  the  alphabet.  The  RoBane 
W«d  oni^  MTen  nameral  letters,  being  the  Mven  following 
enitdi:  ra.  Iforow;  V  forjlse;  Xftr  Iwi;  Lfor,^; 
Cfor  an  hmdrei;  D  Sa  ^e  hmldnd:  H  fer  a  Aovtimd. 
The  other  nnmbers  they  expresaed  by  rarions  repetitioai 
and  combinationa  of  tiiese,  after  the  foUowit^  mannar : 
1  =  1 

g  =  II  As  often  aa  any  character  is  re- 

S  =  111  peated,  so  many  times  la  its 

valoe  repeated. 
4  =  IIII  or  IT.        A  leas  character  belbre  a  grMt- 
6  =s  V  .  er  diminishes  its  valne. 

6  =  VI  A  less  character  after  a  greater 

7  =  VH 

8=vm 

9  six 
ID  =  X 
60  =:^L 

100  =  C 

600  =  D  or  13 


=  M  or  CI3 
=  HH 


eooo  =  V  or  133 
6000  =  Vl 
lOOOO  =  5r  or  CCI33 
60000  =  Cot  1000 
tiOOOO  =tS 

100000  =>  C  or  CCCiOOO 
IflOOOOO  =«=  M  or  CCCCIOOOp 

soooooo  =  Uti 

tc.  be. 


For  every  o  aone^ed,  thia  be- 
comes 10  times  as  many. 
For  OTeiT  C  and  3,  placed  one 
at  each  end,  it  becomes  10 
times  as  much. 
A  bar  over  any  nnmber  in- 
creases it  1000  fold. 
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EsrujuTioK  Qw  ccnTAiK  Cauutfnu. 


There  are  Tarioos  chuacten  or  narkl  lued  in  AritiJUDctic, 
ui  Algebra,  to  deBi>t«.UT«nJoftheop«nti9Bi«n4propoH- 
tiMi  1  the  chief  of  which  are  m  follow  : 

+  lignifiei  plw.  or  ad^on. 

—     •     -     mtnw,  or  sabatractioB. 

X  or     -    noltiplioatioa. 

T-      -      -  ,  diTUMKI. 


™    -    -    equality. 
^     ■     -     square  root. 
^     -     .    cobe  root,  &c. 

09     -    -    diff.  between  two  aofflbera  when  it  is  ttot  knowa 
which  ia  the  greater. 

Thai,  fi. 

fi  +  3,  denotee  that  3  ia  to  be  added  to  5. 

6  —  2,  deaotes  that  2  ia  to  be  taken  from  6. 

7  X  3,  oi  7  .  3,  denotes  that  7  is  to  be  multiplied  by  3. 

8  -«-  4,  denotes  that  8  is  to-be  divided  b^  4. 

5  :  3  :  :  4  :  6,  shows  that  SistoSaalistoS. 

6  +  4  =  10,  shows  that  the  sum  of  6  and  4  is  equd  to  U. 
^  3,  or  3^,  denotes  the  square  root  of  the  nnmber  3. 

1/  5,  or  6^,  denotes  the  cabe  root  of  the  number  S. 
1*,  denotsi  that  the  number  7  is  to  be  squared. 
S'l  denotes  that  the  nundier  B  is  to  be  cubed. 
Sw. 


AsBiTioR  is  the  coUectii^  or  putting  of  •ereral.  n 
tf^ther,  in  order  to  tind  their  mm,  or  ^e  total  amomt  of  the 
whole.     This  ia  done  aa  follows  : 

Set  or  place  the  numbers  under  each  other,  so  that  ea^ 
figure  may  stand  uxactly  noder  the  figures  sf  the  iraw  Talue, 


D,q,z.-3bvGoogle 


ADDITION.  t 

that  n,  mita  tmSn  umtt,  ten  undn-  t«M,  bttndrcib  inder 
hoBdred*,  be.  and  draw  n  lioe  mder  the  loweit  number,  ta 
Mpante  the  given  aambera  from  their  Bum,  when  it  u  fbimd. 
— 'Then  add  ap  the  figures  in  the  columa  or  row  of  nniti, 
■id  find  how  menj  ten*  are  contained  in  that  *am.>— Set 
down  exactly  below  what  remaijia  more  than  thoae  tens,  or 
if  Dothii^  remains,  a  cipher,  and  carry  m  man;  onei  to  the 
DCEt  row  aa  there  are  tena. — Next  adi  op  the  aecond  row, 
together  with  the  namher  carried,  in  the  ume  maoaei;  as  the 
int  And  that  proceed  til)  the  whole  u  Snisfacdi  tettiti( 
down  the  lotel  amooDt  of  the  last  row. 


TO  FftOTV  lODITIOF. 

Hnl  JIMtod.—Be^a  at  the  top,  and  add  together  dl  the ' 
row*  of  Dumben  downward! ;  in  the  •atne  aaenner  m  tbaj 
were  before  added  upwarda ;  then  if  the  two  wudb  agree,  it 
m^  be  preamied  the  work  it  rig^.  ,  Thii  method  of  proof 
ii  only  donqc  the  aame  woA  twice  over,  a  Uttie  Tsried. 

Steoacl  Mrtkai. — >Draw  a  line  below  the  oppennoat  nuaiber, 
and  anppoBe  it  cat  off.  Then  add  all  the  re«t  of  the  number^ 
-  together  in  the  nanal  way,  and  set  their  aum  under  the  num- 
ber to  be  proved. — Laatly,  add  this  last  found  number 
and  the  uppermost  line  bother  ;  then  if  their  aambe.  the 
aame  as  that  found  by  the  first  addition,  it  may  be  presumed 
the  work  ia  rig^t.— This  method  of  proof  ia  founded  on  the 
'fAtaa  axiom,  tbu  *'  The  whole  is  equal  to  all  its  parts  taken 
tOfether." 

Third  JUttkod. — Add  the  figures  in 
the  uppermost  line  together,  andfind  EXAMPLE  L 

hew  many  nines   are   contained  m 
their  aum.— Reject  those  nines,  end  3497     ^       6 

set  down  the  remainder  towards  the         6&t2     «       6 
right-hand  directly   even  with   the  8296    ^       6 

^irea  in  the  line,  as  in  the  annexed         — ^—     «     — 

cssmple Do  the  same  with  each        IS304     §       7 

ofthe  proposed  lines  of  numbera,  set-  '■— —      S     — 

ting  all  these  excesses  of  oinea  in  aco-  M 

Inmn  on  the  right-hand,  as  here  5,6,  6.  Then,if  theexceis 
of  9's  in  (bis  aom,  fuuud  as  before,  be  equal  to  the  excess 
of  9'a  in  the  total  sum  18304,  the  work  ia  probably  right.— 
Thoa,  the  son  of  the  right-hand  colnmUi  6i  5,  6,  ia  16,  the 
excesB  of  which  above  9  ia  7.    Also  the  sum  of  the  figures  in 

Vol.  I.  3  the 
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ARITHHETIC. 


Ae  nin  toU  1S3M,  a  16,  the  e 
hIid  1,  the  niDB  m  the  former*. 


I  of  which  ibore  *  w 


OTHER  EXAMPLES. 


12346 

1S346 

12S4S 

67890 

67B90 

876 

9S766 

9876 

9087 

43S10 

643 

66 

1X345 

21 

234- 

67890 

9 

lOJS 

302445 

90684 

23610 

290100 

78M9 

11265 

302446 

90684 

23610 

*  This  melhod  oT  pnxrf  cltpanili  to  ■  pnpcrtf  oT  tbg  rannbcr  9,  wfaiclincapt 
Oh  number  3,  belaig;^  to  do  other  digit  wuteter ;  Bumlji,  th>l  "  uj  aninbar 
divided  irj  9,  trill  ieaie  the  nine  nniAlnler  u  the  (an  of  ili  flguRa  or  digiii 


^9.     Bul4 


ted  into  in  «e»enil    -     -   .  .         ... 

34X(9»B+i;=4X999-f-4.  In  like  manner  800=6  X  9!< -f- 6;  ■»« 
60=1X9  +  5.  niereibrBibaiiiTan  number  4658 d4X  999  .f.  4  +  6  X 
99  +  S  +  Sx9-|-S  +  8=4X999+eX99  +  SJC9  +  4  +  B  + 
5  4-S;  uid485S-7-9=(4V999  +  6  X99  +  5X9  +  4  +  S4-&4S) 

.    „      n....v,=,fl.^g50g^6X9ii  widentlj  diri.Ue  bj  9,  widiout 
in  if  the  ^na  number  4658  tw  diiidKl  b;  iddb,  il  irill 

. i)idiru4-{-6  +  5  +  8  divided  bf  9.     And  the  Bme,  it  ii 

•viidinl,  wiU  bold  for  aoj  other  number  whaleier. 

In  Uke  Dttnoer,  the  aune  pnjpcrfy  nuLj' be  ibovm 'to  btfkng  to  &eiiiinbcr  3^ 
bnt  the  nralerence  i«  unull]'  giiireo  to  (he  nnniber  9,  oi  accumt  oS  ili  being  man 
_^,iit  In  pTActice. 

_  .wftonlta*  dcmmBtntiaiBbimpTen,  tbanuonof  AenileilnlfiievldMit; 
brtbgaxceMof  S'lia  Iwo  or  more  numbnn  being  taken  npanlel)',  ud  thaex- 
ce»  of  9'*  taken  aln  out  of  ihe  mm  of  (lie  Ibrnwr  eiceae),  it  ii  plain  thai  ihii 
■an  eiceaa  nnut  be  eqnal  U  the  eiccH  of  9n  ccntuned  in  ttv  total  nun  of  all 
IhrteDombera;  all  the  parta  Idun  lat;eltMr  bau^  aqial  to  the  whols.— Thti  ml* 
wMfint  giTan  b;  Doctor  WaUii  in  bit  ArillvBtk,  )ubtialad  in  tbaTtar  1657. 

El. 
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SUBTRACTION.  jl 

Ex.  6.  Add  S4S6;  9024;  6106;  6890;  1204,  tog«Ui«r. 
Au.  27660. 

6.  Add  609267;  23&809 ;  72980;  8392;  420;  81;  snd 
9,  t«getfa«r.  Ana.  886838. 

7.  Add  2;  19;  817;  4298;  50916;  7S0205;  9180634, 
together.  Ani.  9906891. 

8.  How  many  dayi  are  in  the  tirelve  CHlendar  montha  ? 

Ana.  365. 

9.  How  DWnjdaya  are  there  from  the  16th  day  of  April  to 
the  S4th  day  of  MoTenber,  both  days  incladed  f    Ana.  224. 

10.  An  army  conaUtii^  of  fi27]4  in&ntry*,  or  foot,  6110 
hone,  6260  dragooni,  3927  li^t  hone,  928  artillery,  or 
ganoen.  1 410  pioneen,  260  gappen,  and  406  miners  :  what 
ii  the  whole  number  of  men ;  Ana.  70996. 


OF  SUBTRACTION. 

SuvTRicTioii  teacbea  to  find  how  ranch  one  nnmbtr 
eiceeds  another  called  their  differenct,  or  the  rtmaindtr,  by 
taking  the  leaa  from  the  greater.  The  method  of  doing  which 
ia  aa  fbllowa : 

Place  the  leas  nnmber  nnder  the  greater,  in  the  aame  man- 
ner as  in  addition,  that  ia,  units  under  units,  tens  under  tens, 
aod  BO  on  ;  and  draw  aline  below  tbem. — ^Begin  at  the  right- 
hand,  and  take  each  figure  in  the  lower  line,  or  nnmber,  from 
the  figure  aboTe  it,  setting  down  the  remainder  below  it. — 
Bat  if  the  figure  in  the  lower  line  be  greater  than  that  above 
it,  firat  borrow,  or  add,  10  to  the  apper  one,  and  then  take 
the  lower  figure  from  that  sum,  setting  down  the  remainder, 
and  carrying  1,  for  what  was  borrowed,  to  the  ne^t  lower 
figure,  with  which  proceed  tu  before;  said  so  on  till  the 
whole  is  finished. 


<  Tilt  wfaole  bodf  dC  (but  Kildien  ie  denoted  In  the  mud  Infiniry ;  md  ill 
^iDK  [jial  chiJTO  DO  horaeb«cli  by  Ibe  word  Cmaliy. — Some  authoti  cunjeOnre 
dMt  the  tenn  inuntiy  ii  derived  ircoi  a  cerlnlu  Infiuitn  of  Spain,  wbo  finding  tiul 
die  ■nnr  ccaunuidsibj'tbe  Idng  ber  bther  had  been  de&atfd  bv  the  Moon,  u- 
•etnbled  ■  bodf  of  the  people  logelher  un  Ibot,  with  which  she  engexf  d  and  lo- 
lallf  rouled  tbe  enemy.  In  honour  of  this  erent,  vtd  to  dislin^d  Uie  foot  aol- 
■Uen,  who  were  not  beSiR  held  in  mucb  cstJnHiifm,  ihey  receifcd  the  mune  of 
Ib^iUit,  fc*B  her  own  IrHe  of  lobnti. 
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TO   FKOrB  SDBTKtCTIOR. 

Am)  the  remainder  to  the  less  numbeT,  or  tbtt  n^qch  it 
jiut  tbave  it ;  and  if  the  sana  be  equal  U  die  greater  or  vp- 
jenatMt  tmpber,  the  work  ii  ri^t*. 


From  6386427 
Take  SI643U 


From  6386427 
Take  48&8792 


From  1S34667 
Take    702973 


i>roer.6366427 


Proof IS34667 


.  Frem  6331806  take  5073918. 
.  From  0020974  take  2760809. 
.  From  8603603  take  674271. 


Ane.    267868. 
Am.  4264106. 

Ana.  7S29I31. 


7.  Sir  liaac  NefrtoD  waa  boni  in  the  year  lS4i,  and  he 
died  in  1727  :  how  old  wai  he  at  the  time  of  faia  decease  T    . 

Ana.  86  jeara. 

8.  Homer  waa  boni  2&4SyewBag:o,  and  ChrifltlSIO  yean 
agp :  then  bow  long  before  Christ  wai  the  birth  of  Homer? 

Ana.  733  years. 

9.  Koah'i  flood  happened  riionttheyearofthe  world  1666, 
and  the  birth  of  Chriat  about  the  year  4000 :  then  how  long 
was  the  floorf  before  Chriat  ?  Ana.  2344  year*. 

10.  The  Arabian  or  Indiao  method  of  notatioo  waa  fint 
known  in  Gn^and  aboot  the  year  1 150  ;  then  how  long  is  it 
since  to  this  present  year  1810  ?  Am.  660  yeaia. 

1 1.  Ganpowder  was  invented  in  the  year  1330 ;  then  bow 
long  was  this  before  the  invention  of  printing,  which  was  ia 
1441?  Ans.  Ill  years. 

'  12.  The  mariner's  compass  was  invented  in  Europe  in  the 
year  1302  :  then  how  long  was  that  before  the  discovery  of 
America  by  Columbus,  which  happened  in  1492  ? 

Ans.  190  yean. 


•  TVrPUODof  AkitKlbodDf  proaf  iicikleat: 
uben  be  a^icd  to  Oia  IcM,  it  aMt*  BMoilinl} 


lor  if  the  ditmoct  of  tmt 
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MCLTIPLieATION. 


or  MULTIPLICATION. 


UvvmLKAttow  IB  B  conpendioai  method  oT  AdditioB, 
taacfaiog  bow  to  find  tb«  Hnoont  of  aaj  giren  nsodwl-  wbeK 
Kpested  a  cMtais  nsmber  of  tuan ;  at,  4  timet  6,  which 
isS4. 

The  mmber  to  be  miritiptied,  or  repeated,  is  cded  the 
JHkWfliMNirf. — The  nanrtwr  ifon  mnhiplj  bj,  <»  the  nnmbor 
(^repetitioDt,  i«  the  MMplur. — And  the  nmiiber  fowtd,  bt- 
ing  ue  total  unount,  ia  called  the  ProAtti, — Alio,  both  the 
moltiplier  and  matliplicand  are,  in  general  named  tb«  Ttrmt 
or  Faetort. 

Before  proceeding  to  aoj  operations  in  thii  rale,  it  ia  ne- 
cenary  to  leam  off  veiy  perfectly  the  fitUowing  Table,  of  ^1 
the  prodncta  of  the  firat  IS  nambers,  comdMolj  called  the 
Holtiplication  TaUe,  or  •ometimea  Fjthagoraa'a  TaUe,  from 
it)  inTenlor. 


MULTIPLICATION  TABLE. 


._._ 

■« 

"~ 

* 

—  " 

-V 

-T 

"ft 

n 

TT 

4 

6 

B 

» 

u 

14 

16 

la 
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91 

14 

6 
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If 

IS 

IB 

21 

M 

V 

30 

ss 

36 

8 

11 

" 
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S4 

n 

39 

as 

40 

44 

4a 

10 

15 

w 

CB 
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SG 

40 

45 

60 

5$ 

60 

H 

U 

24 
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» 

42 

48 

M 

60 

66 

T2 

14 

SI 

n 

35 

4S 

49 

66 

63 

70 

TT 

84 

M 

44 

St 

*» 

48 

se 

64 

81 

BO 

88 

96 

la 

2T 

36 

45 

64 

63 

n 

90 

89 

108 

10 

30 

3» 

40 

50 

60 

70 

BO 

90 

100 

110 

m 

11 

n 

3S 

44 

55 

66 

T7 

as 

99 

110 

181 

131 

II 

24 

36 

-«. 

eo 

n 

84 

9S 

108 

lae 

IM 

144 
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7b  maitiply  aiuf  Given  Jfumbtr  by  a  Single  Figurt,  or  by  aiu/ 
Jfumber  ttot  more  than  12.. 

*  Set  the  maltiplier  under  the  noits  figure,  or  right-hanci 
pkce,  of  the  Bmltiplicxnd,  and  draw  a  Udc  belon  it. — Then 
beginning  at  the  right-hand,  multiplj^  everj  figure  In  tkis  hy 
the  multiplier. — Count  how  many  tens  there  are  in  the  pro- 
duct of  erery  single  figure,  and  set  down  the  remainder  di- 
rectly nnder  the  figure  that  ii  moltiplied ;  and  if  nothing  re- 
ipaina,  set  down  a  cipher. — Carry  ai  many  units  or  ones  as 
tiiere  are  tens  counted,  to  the  product  of  the  next  figures  ; 
and  procsed  in  the  same  manner  till  the  whole  is  finished. 


Haltii^y  9876643S10  the  Hultiplicand. 
By       -     -    -    -    2  Uie  Multiplier. 

1 9753086420  the  Product. 


To  mvlliphfby  a  fiTmnher  eonnttitig  i^  Several  Figures. 

t  Set  the  multiplier  below  the  multiplicand,  placing  them 
as  in  Addition,  namely,  units  nnder  uniti,  tens  underteni,  &c. 
drawing  a  line  below  it.  -  Multiply  the  whole  of  the  multi- 
plicand by  each  figure  of  the  multiplier,  as  in  the  last  article  j 


_  667S 

•  The  reuoi  of  lliu  nile  ii  tbc  sams  u  for  the  4 

pncMt  in  Addition,  in  wfaich  I  i>  i:aiTieil  lor  etc-        

If  10,  b  the  next  jlias,  grmduull}-  as  dn  •ereni  33=        S  X  4 

frodaca  are  produced  ow  aAer  BDodwr,  instuid  of  380  =      TO  X  4 

MOliig  (hem  all  down  one  below  each  other,  u  ia  3400  =i    600  X  4 

■to  Huexed  eumpk.  20000    =   6000  x  ■* 

inn  =  sen  x  4 


WM^and  &e  pnxluct  IB  found  br  the  H«nd  figiut  fai^Ts^  but  ai 

tfati  a^m  Mand«  in  die  place  of  UD*,  the  prodvct  mut  be  leo  tinwg  id  rnnple 

talaei  aaddiarebte  dw.  Gnt  fignie  of  Sii*  (foduci  rnoM  be  n(  iiilh*  place  of 

setting 
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MULTIPLICATION.  15 

MttifC  down  a  line  of  products  for  each  ^ore  in  the  multi- 
plier, so  as  that  the  fint  figure  of  each  line  may  >tand  ttraight 
under  the  figure  multt[J;iDg  by. — Add  all  the  liaet^f  pro- 
dacl«  together  in  the  order  aa  thej  stand,  and  their  Hum  trill 
be  the  aniwer  or  nhole  product  required. 


Ta  PROVE  MULTOT-ICATIOM. 


Thbub  are  three  different  wayi  of  proni^  Bfnltiidic^on, 
which  are  as  below. 


Firtt  Method. — Afake  the  mnlti|dlcaDd  <and  multiplier 
change  places,  and  mnltiply  the  latter  by  the  furmer  in  the 
same  manner  ai  before.  Then  if  the  product  found  in  this 
waj  be  the  sane  as  the  former,  the  number  is  right.  ^ 

Swond  Method.~-*CaMt  all  the  V»  out  of  the  sum  of  the 
figures  in  each  of  the  two  factors,  as  in  Addition,  and  set 
down  the  remainden.  Multiply  these  two  remaiaders 
farther,  and  cast  the  9'a  ont  of  the  product,  ai  also  out  of 


tui;  or,  which  ii  Ihg  nma  (Mag,  dincUy  Bnav  Ibe  Snue  nnldplied  In.    And 

pcorecdblg  In  thii  diuner  tepanu^ 

wtth  >U  &  %iua  of  Itie  multiplier,  11345ST    Ihs  milliplkanl. 

it  IB  eiident  I&t  m  riiall  IDiiltiDly  ijl  456T 

llie  parts  af  (be  mullidicuxl  by  (11    — ' 

(he  nrU  of  Uw  mgtliidier,  or  Ifae  8641969=      7  timaa  die  qwtl. 

whole  of  the  mnlliiJicaiid,   In  (he  T40T40S   j_    60  EiniH  ditto, 

whole  of  (he  mulCplier:    thereloR,  6)73835      =  500 (jmes ditto. 

tbeM  sererftl  producta  baing  added  43S8268       ^=4000  timu  ditto. 

together,  wiJI  be  eqluJ  to  the  whole     # 

Ripilrrd  product;  u  in  Ae  eumple  563827439  =  4567  tiuEa  ditW. 

■  This  method  of  proof  ia  derived  rmn  dia  peeoliar  picfwrtf  of  (he  nnnibeFS. 
mentioned  in  Ibe  praof  of  Additioo,  and  Uie  nuto  lor  die  ooe  may  lerre  for  that 
of  IbeMher  Anadker  more  Unfde  demanatraCion  of  (hii  rule  may  beulblkiwi: 
— Let  P  aul  Q  denote  the  oomberof  S'9  in  flu  &ctan  10  be  motlidied,  Bod  a  ami 
twhatremsinj  then  9  P4-bui<]  9Q-4-  t  will  be  the  muobara  (hemseliea,  and 
5wrproduclli(9Px9QJ+  (9P  X  *  )  +  <9qx  o)  +  (o  X  *);  but  the 
Inl  mree  i^  (brae  prodDiUa  are  each  a  pracise  number  of  9*1  becauee  (heir  fuc- 
lon  are  so,  eiUier  ooe  or  both :  llieai'  (heretbrc  being  cs9t  away,  (liei«  remaint 
oalyaX^i  aadif  the9'E^nbec«lau1orthia,theevMnii(be  eucaiof  9*t 
.  ia  U£  to^  product  i  bat  a  and  b  are  (he  oLceaeA  in  (he  ^ton  ll^iMBLrel,  ^r^  ■ 
X  ^  >>  tbaur  piodiKt  I  UienSue  (lie  nils  ii  Viu. 


D,q,-z.-dbvGoogle 


U  ARITHMETIC. 

tbe  wiurie  proflvet  »f  wmrm  of  the  qiwstin,  rwnjug  tfas 
nmnodon  of  thus  Iwt  two,  which  mndoitn  mint  be  eand 
when  the  work  m  ri^L* — JVite,  It  is  eosmoa  to  let  the  jow 
noMinden  withia  tte  foar  angular  ^aeei  of  a  croaa,  w  is  tlie 
example  below. 

mrd  JVefAMl.— Multiplication  is  alio  very  naturally  prov- 
ed bj  DiratQa ;  for  the  product  dinded  by  either  of  the  frc- 
ton,  will  eridently  pre  die  other.  Bat  thie  cannot  be  prac- 
tised till  the  rale  of  DiTiuon  ia  learned. 


MQlt364t  Proof.  orJIaH.t.„ 

bj       6196  ^  ^  by      3Mt 

ilSbt 
S1B78 
3542 


X 


2194623S  Prodoct.  21946231  Proof. 


OTHER  EXAMPLES. 

Multiply  I«S4fi6789  by  3.  Aug.  37037OS67. 

Multiply  123466769  by  4.  Aai.  493827156. 

Multiply  123466789  by  5.  An*.  617283946. 

Multiply  123456789  by  6.  Am.  7407407S4. 

Multiply  133456789  >^  7.  Aai.  864197&23. 

Multiply  123456789  by  8..  Ads.  it87654312. 

Multiply  1S34S6789  by  9.  Ana.   IIIIIIIIOI. 

Multiply  It3466789  by  11.  Am.   1368034670. 

Mottiply  123466789  by  12.  Ana.   14ei4814fi8. 

Multiply  302914603  l^  16.  Ana.  4846633648. 

Multiply  273680961  by  23.  Ans.  6282363103. 

Multiply  403097316  by  195.  Aug.  70408976620 

Multiply  62164973     by  3027.  Ana.  248713373271 

Multiply  7564900      by  679.  Ana.  4380077100. 

Multiply  8496427       by  874369.  Am.  7428937416*3. 

Multiply  2760325      1^  37072.  Am.   102330768400. 


•  If  (he  turn)  numiMlFn  be  toAi  it  br  no  imiM  fbllowi  ibal  EJM  ii 

■      ThlM,ifwf-  —   ■    ■2-    ■-    ■f  ■        -    ---         -    ■ 

;  L  but  if  «. 
HI,  SIG,  246,  Ac.  the  Mnvixkn  ai 

ildtfecllT*.       "' 
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MULTIPLICATION.  17 

COKTOACTIOTS  Bl  HDLlVLICA'tMnr. 

I.  tnoi  then  an.C^hm tit  AeFmeton. 

It  the  ciphers  be  at  the  rigfat-haD^  of  the  nambera  ;  naul- 
tiplj  the  other  fignrea  only,  and  annex  at  tnaay  cipher*  to 
the  right-hiind  of  the  whole  prodacl,  a§  are  id  both  tiie  fuc- 
ton. — When  the  ciphers  are  id  the  middle  parts  of  the  miil* 
tipCer ;  ne^ect  them  as  befiire,  ooly  taking  care  to  phice  the 
4r>t  figiire  of  erery  line  of  producta  exactly  nnder  tB«  figure 
Bui&i^yiag  with. 


1.  X 

MoU.  9001636  Halt  390720400 

ij    ■      70100  bj       -      406000 


631014613600      Prodaeti      I6863t48C400000 


3.  HnhifJT  81603S00  by  7030.  Ans.  671970309006. 

4.  Mnltipfy  9030100    by«100.  Am.  189632IO00O. 

5.  Kolti^j  8067060    by  700S0.  Ana.  664397683460. 

n.  fVkmiktm^l^ri»lk4praAKloftm»or»ortJftmhtn 
M  A»^\Mt;  thn, 

*  Hvlti^  by  each  of  those  parti  Hpan^y,  instead  of  th« 
TtboJe  floater  at  once. 


1.  Multiply  61307893  by  66,  or  7  Uau  8 

61307288 


r   mnlliidiad  br 
Mihe  product  «f 
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16  ARITHMETIC. 

5.  Mdtiplr  3iT046&«    by  36.  Am.  lU136fi3ir. 

3.  Mnhip^  39763804     l^  72.  Am.  S142t7S8B8. 

4.  Malliplf  7128368       by  96.  Ads.  6843t3328. 

6.  Multiply  160430800  l^  106.  Ah.   17326»e400. 

6.  Moltiply  C1836780     1^  13X0.         Am.  81623150400. 

7.  Tboni  WM  an  umycompvwd  of  104 'battalioDa,  «k1i 
coDsLsting  of  600  mtn  ;  what  WM  the  namber  of  meii  con- 
tained in  the  wiuAe  ?  Ani.  5S000. 

8.  A  convoy  of  ammanitum  t  bread,  conautiDg  of  260 
waggona,  and  each  waggon  containing  SSOloafca,  having  been 
'■'■'"'       "     "  imber  rf 

I.  80000. 


OF  DIVISION. 

DiriBioM  iankind  of  compendioui  method  of  SnbtnctioD, 
teaching  to  find  bow  often  one  nnmher  ii  contained  in  an- 
other, or  may  be  taken  ont  of  it :  which  ii  the  aame  thiw. 

The  nnmbar  to  be  divided  u  called  tbe  BnitUnd.—ftM 
number  to-divide  by,  ii  the  DroitOT, — ^And  tbe  number  of  tnnea 
the  dividend  contain!  the  diviaor,  ia  called  tbe  QNotMNf.— 
Sometimca  there  ia  a  AcmatN^er  left,  after  the  ^viaiMiiifin* 
iihsd. 

The  uiual  oaanoer  of  placingthe  terms,  is.  the  dividend  in 
the  middle,  having  the  ^visor  on  the  Idl  hand,  and  tbe  qn^ 
tient  on  the  right,  each  leparatecT by  a  carve  line ;  as,  to  di- 
vide IS  by  4,  the  qaotieDl  is  3, 

Dividend  12 

Divisor 4)  12  (3 Sootiest;        4  snbtr. 

showing  that  the  nnniber  4  is  3  times      — 
containeff  in   IS,  or  may  be  3   times  8 

subtracted  ont  ofit,  as  in  the  fflargin.  4  snbtr. 

t  Bmlt — Having  placed  the  divisor         — 
^fore  the  dividend,  as  above  direct-  4 

ed,  find  how  often  the  divisor  is  con-  4  snbtr. 

taioed  in  aa  many  figures  of  tbe  divi-         — 
deod  as  are  just  necessary,  and  place  0 

the  number  on  tbe  ri^t  in  the  quo-         — 
tient.  Hul. 


1 A  bwttalim  la  >  bodf  of  fcot,  coiiiMbif;  of  600,  or  SDO,  or  TOO  men,  «an  cr  Im*. 
fnuurnimnltionbrMil,  liIbatwIucE  if  prnidcd  Cir,  uid  diMrjbatHl  to,A« 
«  being  ■  l«if  of  6  poaadlto  "' 


}  In  d)to  w>r  Ifaa  dirid«Dd  ii  nulved  iaio  full,  ud  hjf  taial  is  fcmdhcw  cA« 
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DIVISION.  19 

Hnltiply  tb«  divMor  bj  thii  doidIw]-,  ukd  set  the  prodact 
wider  tiie  figarea  of  the  dividend  bafore-iiiMtiotied.— Sab- 
tncttbia  piwliia  from  tbst  put  of  the  dividend  iroder  which 
it  stands,  ud  bring  down  the  nest  figure  of  the  dividend,  ac 
awre  if  neceiury,  to  join  on  the  right  of  the  remainder—  Di- 
,  vide  this  nomber,  eo  increased,  in  the  stHue  manner  m  before  ; 
and  so  on  till  M  tfae  fignrei  are  brongUt  down  trad  used. 

/f.  B.  if  it  be  neoessaiy  to  bring  down  more  figures  than 
one  to  Boy  remunder,  in  order  to  make  it  as  laige  as  the 
divisor,  or  larger,  a  cipher  mnst  be  set  in  the  quotient  for 
every  figure  so  brought  down  more  tfaao  one. 


TO  PROVE  unsKm. 


*  MoLTtPLr  the  qaotient  Iqr  the  divisor;  tothis  prodnct 
add  tfae  remainder,  if  there  be  any  ;  then  tfae  sum  will  be 
eqmd  to  the  dividend  when  the  work  is  ri^. 


the  i&riam  \t  csalaincd  iir-akdi  af  Aow  puti,  cau  >Aer  MMdwr,  smiiginc  (be 
•   (nnal  Cp"**  '^  I'"  qoc^™!-  ">•  i"™  ■aotbcr,  into  one  mUBbsr. 

Vfbeo  dnn  u  no  nmunder  to  ■  diraiai,  0ia  qmtknt  is  &e  irtiole  ud  paifect 
■mnr  to  the  quettJoiL    fiat  irbsn  Aera  ii  ■  renubidfT,  it  gae»  k>  raatti  toinnli 
time,  u  it  ippniacliea  to  dw  dhimr^  n,  if  the  ramtiader  bg  tnlT  the 
ilwaifCodM  Uf  of  a  time  moral  if  Ibe  t±  fmrt  at  Dtt  iitiax,  it  will 


ilwaip. 
borthofi 


le  more ;  and  la  on.  Therefore,  to  complete  dw  quotiat, 
the  end  at  it,  iboTe  «  mall  Line,  end  the  diruor  beiptr  it, 
caul  paitoC  lbs  whole  qoaticaL 

*  Thii  method  of  proof  i>  plain  enongfa ;  foriincetbe  tpiMaitii  the  trandwof 
liiiMltn  -'f-^-'— '  nnlains  IbedivnoridwqpDticatmidcipliedbjthedhinraiiil 
errand;  be  eipal  to  the  dmdeod. 

Then  en  ii*o  aerenl  other  mednda  ■anetimei  BMii  (or  pioeii^  Diridon, 
■we  of  tfae  laoM  luefal  of  whtcb  an  u  faUnr : 

atond  MeOuHl — SiititnctdienBiuiKkrbanaKdiTJdaM];  end  divide  what  if 
left  bf  the  qootieot;  »  shall  die  new  quotient  frsoi  thia  latt  div^ioo  be  equal  to 
the  fomar  dirigor,  wtaia  Ibe  vroit  i*  rigtt. 

HUfd  .AUhiNl— A^lnntber  IIk  nmaioder  and  all  the  ptodiKtiof  di 
.      -         .    .,    ^y.      J. ^.    --■  - -iwWhthej  - 
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A&ITHBIETIC. 


J.  Qnot 

S)  1334667       (411632 
IS  moll.   3 


ItMsee 

add  1 


87)123^45678  (S33666. 


t33fi66t 
1OOO908 


111        12345670 


R«in.  1  Rsm.  S6 

8.  Divide  79146085      by  4.  An.   18SB662lf 
4.  DWde  6317986027  by  7.  Ani.  7697I«288f. 

6.  Diride  570106382   by  12.  Ana.  47616366^^. 
e.  Divide  74638106     bj  37.  Au.  2017246^. 

7.  Divide  1378SS2A4  bf  97.  Am.  USltlOtf. 
a.  Divide  36821649     by  764.  Ana.  46886f}(. 

9.  Divide  72091366     bj  6201.  An*.   1386I^Wr- 

10.  Divide  483706428S  by  57606.       Am.  80496^|j. 

1 1 .  Suppose  47 1  men  are  formed  into  ranks  of  (hree  deep, 
lAat  u  the  Bvmbar  in  each  nok  t  Ant.  157. 

12.  A  pai^  at  the  distance  of  978  nrilei  from  the  head 
qnartan,  receive  orden  to  join  the  corps  in  18  dajs :  what 
number  of  miles  most  thqr  mtreh  each  daj  to  obejr  their  or- 
ders? Am.  21. 

IS.  The  annoal  revenne  of  a  leDtleman  beii«  S8S30I; 
how  much  per  day  ig  that  eqnivaleot  to,  there  bein  365  dayc 
-fnlbeTear?  Am.  104^ 

COimuCTIONS  IN  MVISiCrtt. 

There  are  certain  connections  in  Division,  by  which  the 
eperatioQ  in  particular  cams  may  be  parfonned  in  a  shorter 
r,«i  follows  i 

1.  J>m> 


.-3bvGoogIc 


I.  Dtauton^trng  Small  Ji'imhtr.wAi^MlxribMK  IS,  may 
be  cxpeditioariT  performed,  by  muldplyiiiK  tat  nbtractiiiB 
■MOtaUy,  ouuttiiic  to  act  down  the  work,  eicept  onlj  lh« 
qootient  itntedifttelj  "below  the  dividend. 


3)6£1O3901         4)32619675         &)  l3791ffS 
Qoot-   16701320^ 


6)  38671940        7)813966X7        6}«37189S!0 


9)  43961961      11}  27614230      IS)  27980373 


II.  *  Whtm  C^htn  art  tmnextd  to  the  Divitor;  cot  off  thoM 
cipben  from  U,  and  cot  off  tbe  SBine  mmber  of  fisurca  from 
the  right-hand  of  tbe  dindeitd ;  ttten  diride  with  loe  reiinin- 

ZBgores,  a>  nnial.  And  if  there  be  mj  thing  remaining 
r  thii  dinaioa,  ^aee  the  fignres  cot  off  from  tbe  dirideod 
Ui  the  right  of  it,  and  the  whole  wiH  be  the  true  remainder ; 
otherwiae,  tiie  fignrea  cot  off  only  will  be  the  remainder. 


.  Divide  3704196  ^  20.         2.  Diride  31086901  by  7100. 
2,0).3704]9,6  71,00)  310869,01  t4S78f|U. 

S84 


Qaot.  lestoe^f 


268 
213 


666 
497 


£99 
H8 


•  Thitnothod  it  odIj  Io  aToid  ■  necdlea  Rpdhka  >/  etalian  wUcb  «a 
■ppm  in  Ihc  lormwi  »■;.    &ad  Ibc  Irolh  «f  flia  priocipU  cD  irtiich  It 
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SS  ARITHMETIC. 

3.  Difide  TS80W4  hy  23000.  Aot.  SUIIKi- 

4.  Divide  £304109  t^  5600.  Ant.  397  f||t. 

III.  m^eft  fit  Diviior  ii  rt<  «xac<  Product  of  tmo  or  mart 
of  the  tmail  Jfvmbtrt  tiot  grtattr  Am  12:  *  Dmde  by  e»cfa 
of  thoM  nantbera  eeparately,  ioslead  of  (he  wkole  diviMr  at 
once. 

A'.  B.  There  are  cooudodIjt  sereral  renutinden  in  frorii- 
ing  by  thii  nil*,  one  to  esch  diriuon ;  and  to  find  the  true 
or  whole  reDiunder,  the  Mine  BB  if  the  dinuoD  bid  been  per- 
formed all  at  once,  proceed  ai  foUom  :  HoUiplj  the  laat  re- 
mainder bj  the  preceding  divisor,  or  last  bat  one,  aod  (o  the 
product  add  the  preceding  remainder ;  mnltiplf  Oda  nm  bj 
the  next  precedin|  divisor,  and  to  the  prodact  add  the  next 
preceding  remainder ;  and  so  on,  till  yon  have  gooe  backward 
throng^  all  the  dirison  and  remainders  to  the  first.  At  in  Hie 
exm^  following : 


1.  DiTide  31046835  by  6G,  or  7  times  8. 

7)  31046635  6  the  last  rem. 
mult.     7  preced.  dirisor 

8)  4435262—1  Erst  rem.  — 
r-                                              4t 

654407—6  second  rem.  add        1  the  lit  rem. 


2.  Divide  7014696  by  72.  Aiw.  87424ft. 

3.  Divide  5l90652by  132.  Ans.  38^60, |f. 

4.  Divide  83016672  by  340.  Ans.  345902^|. 


Jbandsd  i)  aridut :  br  cqttioc  <#  dn  ■»*■  nmibsr  of  ci(ten,  or  £nnsi  tan 
Meh,  bite  ■■>•>•  dMdingHcb  of  Omb  I7  1&  or  10D,  or  1000,  ic.  accorf- 
■BK  lo  (ha  namlMi  of  cMmx  cut  dIT;  mi  it  h  eridmt,  Ihat  M  cAn  ■■  Ihs  wbolii 
(KTlMrl«MntuMdinO»«holednlil»d,noAeBnnMu7puti]f  dta  kratt 
Im  cantunMl  k  >  lib  iwt  of  the  bttai'. 

*  Hut  iolton  from  dMncatduMnetiaB  !■  Huhiplicaagn,  bam  coif  ft> 
ccDTOwtfill  brdwktfaflbelUtdpulof  ujiUh,  MendcnUj&miMU 
dMuiflipnltf  duiritole;  ud  M  of  wrodnr  Bodbcn.— Tbe  nuta  of  Ifaa 
nahod  Mlndiof  lbs  i>faala  Matadar  nan  Ifaa  Mrenl  panlnJir  oom,  win 
bat  ilifMV  &«n  Dm  nMm  at  Y^gu  btcOaia.  That  m  tte  tnt  i  im%ii 
abora,  te  Ant  nmaiadM  bataf  1,  when  iba  dirtoar  ii  7,  mtko*  }  tUa  mut  be 
.■d^d  to  tkc  aactmd  nmaindar,  6,  nmUfosG^  lo  Oie  diiiaor  <,ar  tobe  dirided  br 
»■  Bol6l-6JO+1_  «.^fl^,^^^^g^  i^^JS^^, 
7^7.  TXB     56 

IV.  Gmmofl 


:iv,Goog[c 


IV.  GMBum  Dmn'oN  mow  b«  ptrforvud  mart  eoneiMtlif, 
hj  onitting  the  tevenl  prodncb,  ana  Mtting  down  only  the 
nmainden ;  luiDelj,  mnlti^f  the  diTuor  by  the  qaoticnt 
fiforet  M  before,  and,  withont  HttiDf  down  the  |iro<Iact,  anb- 
Irect  each  figare  of  it  from  the  diTidend,  as  it  t>  produced ; 
■Iwijfl  rwDemberiflg  to  corrj  at  mnf  to  the  neit  figure  a§ 
were  borrowed  before. 

ekaUpus. 

1.  Divide  3104678  by  B33. 
838)  31046TS  {9797/^ 


S.  Diride  7f  1SB238  by    i36.  Am.  SStenj^- 

3.  DiTide  S8137062  t^  &317.  Aiu.  6479t{H- 

'    "■-'*   -■" - -1-  ""«H- 


,  Divide  6K016736  t^  T803. 


OF  REDUCTION. 

RaoBcTioK  is  the  cbongti^  of  nomben  from  one  name 
or  dBnoauoatioD  to  another,  without  altering  their  Talne. — 
Thta  is  chiefly  concerned  in  redncing  money,  weigbti,  and 

Whea.the  nambei*  are  to  be  redoced  from  a  hicher  name 
to  a  lower,  it  is  called  lUdvetion  DuetitdiHg;  bnt  when, 
contrarywiie,  from  a  lower  name  to  a  hi^^er,  it  ia  FU^tum 


Before  proceeding  to  die  ralei  and  questions  of  Redsctioa, 
it  will  be  proper  to  set  down  the  naual  Tables  of  money, 
itti^its,  and  measores,  whi^  are  as  follow : 

Of  MONEY,  WEIGHTS,  AND  MEASURES. 

TABLES  OF  MWHEy.* 

2  Farthings  =  1  Halfpenny  I 

4  Farthings  =  1  Penny  d 
IS  Pence  =:  1  Shilling  * 
80  dhilUngs  s=  1  Pound       £ 


>  j£  dtaatta  poonda,  *  ritiUlBgs,  wid  d  imctfa  paiica. 
^       dawto  1  brlUng,  or  me  qoirler  <if»Bj  Oung. 
\       denote*  *  tuUpunj,  dt  ihe  ball  at  tuj  (lun|;. 
j      dtooM  3  Ivtbiiif).  or  ihiM  gputen  of  mj  Auv- 


gr» 

d 

4  = 

1 

48  = 

12  = 

] 

£ 

960  = 

340  b 

SO 

m  1 
PENCE 
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ARITHMETIC. 


PENCE  TAB  !£. 


SmUKGS  TABLE. 


60    —     4     2 


—  60 

—  12 

—  84 


IXKRALHpHET. 

10  HillB  (m)  3=  1  Cent        I  SUuulard  Weight,  dwt  gr 
JO  CenU        =-  1  Dime  d  \  Tbe  Cent  neq^  6  23  Copper 
10  Dimes       :<.  ]  DoHari}  j  DoHar  17      1  j  Silrei- 

lODoltftn     «  I  Eagle  E)         Eagle  11     4|QoId 

The  atandard  An-  Federal  Mooef  of  (Srold  andSiber  ia  II 
parts  fine,  aod  1  part  alloy. 

A  Dollar  ia  equal  to  4«  and  Bd  in  South  Carolina,  to.  fit  is 
the  New-EngUnd  States  and  Virginia,  to  7t  and  Bd  in  New- 
Jeraer,  PeooBylraitia,  Delamre,  ajid  Harjlaad,  and  to  8«  in 
New-Voil,  and  Nortb-Carolina. 

TROY 


Tttf)  Ibll  wugy  ud  raka  o/ttw  fiiflUi  prid  ud  aliw  coin,  i 


ACnxn 


Jr<jjW. 
iff  Si 

91S| 


Gold.             Vabu.  WnfjU. 

L    i    J  dKt  gr 

ACuineB         I    ]    0  G    91 

mi/EDiiia     0  10    S  3  16J 

3netiSulUn|:i0    TO  1  l»i 

^BUter-fivoraO    5    S  1     Bf 

llw  nan]  Tihwof  gold  iaiMulT4J  uiD(mce.a 
Tsr  is  DMrif  5i  ID  ounce.    Abo  at  Tmloe  of  mnj    . 
nluBof  Uw  mmc  weight  of  ilwdud  libw,  usuir  H 
15  udl-lWilol. 

Pgn  gold,  Ace  rmn  miitnre  irith  otter  nwtait,  tnn^j  nllcd  Sne  gold  ii  of 
N  pR«nMnn,lhMhitiaciidiinllw  fln  iri&am nrwitk^ ,  ttieaghil  b*  knt 
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TABLES  OP  WEIOHTS. 


TBOT  WEIGHT.* 


Qrains  mariced  gr 

S4  GraiM  nuke  I  Pennyweigbt  dnt 
20  Pennyweigbttt  Oimce  oz 

IS  OuBces  1  Pound 


3y  thii  ireigbt  are  weighed  Ootd,  Silver,  ud  J*w%k- 


480<=  20=  I     lb 
S760^S40=lSa  1 


APOTHECARIES'  WEIGHT. 


Oraiin    -    •     marked^ 
20  Orwu  make  1  Scrapie  «e  or  3 
3  Scniplea-    -  1  Dram     draiT 
S  Dnuna    -    •  1  Onoce    ot  or  } 
12  OnocM  •    •  I  FooDd    16  or  ft 


60  =      3  =*     1        01 
480  =     24  =     8  =     I         lb 
6760  s  SU  B=  9Sst  12  c  1 

'  TfaU  i*  the  (uoe  as  Troy  weigfat^only  baving  sotoe  difler- 
eal  diriuom.  Apothecarie*  make  aie  of  thii  weight  in  com- 
povn&ig  their  Hc£cinei ;  bat  they  buy  and  lell  their  Ortiga 
Dj  Avoiriapoii  weigiit 

AVOIR- 


uMinmlly  imlWd.  Bs(  nlrar,  not  !■*■!(  dw  p*"'?  "*  E^*^  ^"^  "'*  '"^'"^ 
tbtinUkait;  jet  iw  ulnr  will  mite  IM  •  nnr  Uda  I7  biiiViatlM  tn  uy 
modBnte  lane ;  whneu  copper,  (id,  kud,  Ac  wiD  dM  aif  mMe,  bul  any  be 
cilciwrj,  or  boiDi  to  ■  poftder. 

Both  sold  lod  alrar,  in  thair  Baritj-,  wn  n  raj  loft  tai  ttMBUt  (Bin  new 
k^  Acji  '^  ^>V  >n  not  W  dmIdI,  tmat  k>  eolii  or  (Mbctwiw  (taaipt  to  bett 
bit)  kafgiM  or  dW),  u  nin  dwf  wt  •Itand,  armixcd  lud  hvdHwd  indi 
coppw  or  bnn.  And  tbaagb  anal  wibu  AAt,  mm  or  itm,  in  the  auuiiiir 
<f  m^  >lli;,  u  *«ll  u  in  Uia  iMM  bImc  mt  ^Anot  teai,  r*t  in  fivlutd  lb 
MudardlbrgDldiiidrilm'eoiitkBibeaDlbraloDC  tiiaeMMlam--T&.  '  Thil 
aipwUcf  facgdd,  ud  3  pu«  of  ccner,  betas  melted  KfcAer,  dull  >»  «- 
teMwdAetiHitudaiidfarRMeaB;  And  ftet  11  imbw  — d  3  petmyweigtHi 
cf  fae  difar,  ud  IB  peuujrw^tf*  of  <!(W*<>  belDC  melMd  lofoAa,  ii  eMsowd 
tta  tnw  Muidud  fi>r  •Bnr  c<Ai,  nbad  SttriiDB  dmr. 

•  The  aiginal  of  ill  wel|;hti-iued  id  Engkail,  irai  ■  rnio  or  com  of  wheal, 
gMhaied  ool  orttMiDiddle  ortlw  ear,  eod,  Wdk  well  diled,  3)  (/then  wen  la 
niaka  one  pemrirdgfat,  30  pnn;waif^  oaa  ciuca,  aad  11  oancaa  sae  pound. 

Vol.  I.  B 
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ARITHMETIC. 
AVOOUHIPtHS  WEIGHT. 

Dm       -       -       ■       -       vm 
16  DroM        mke  1  Ounce    - 
16  OsDces     •        1  Pound    - 
28  Poanda      •         1  Quarter  • 
4  <tpwten  '        1  Hundred  weight 
SO  Hondred  Weight  1  Ton 


2S6  = 

16=         1           «- 

7168  = 

448  «       29  =       1         emt 

26678  = 

1792  «:     112=      4=     I 

675440  = 

3fiS40='  2240  =»    80-   20=. 

Bf  thia  weight  are  weired aB  thingiof  acoane  ordroMy 
nature,  as  Corn,  Bread,  Batter,  Cheese,  Flesh,  OroMiy 
Ware*,  and  some  Xjquida  :  ako  all  Hetak,  eicept  Shei  mid 
Gold. 

^  »t  dmt  gr 

Kite,  that  Itt  AToifdnpoia  =14  II  l&i  Tn^. 
lor        -         -     »  0  16    fi^ 
Idr  -     =.  0     1    4 

Hence  it  appean  that  the  pound  AToirdupoia  cwitaiM  6999^ 
grains,  and  thie  pound  Troy  5760 ;  the  fonner  of  whidi  aug- 
mented by  halfagrain  becomea  7000,  and  ita  ratio  to  the  latter 
is  therefore  very  neariy  as  700  to  676,  that  is,  as  176  to  144; 
consequently  144  ponnda  AToirdnpoia  are  very  nearly  oqaal 
to  175  ponnds  Troy:  and  hence  we  infer  that  the  ounce 
Avoirdupois  ii  to  the  ounce  Troy  as  176  to  192. 


LONQ  MEASURE. 

3  Blrier-conu  make  I  iDGb 

-    h. 

12  iDcba     -       -     1  Foot       - 

-  n 

3  Feet         -        -      1  Teri       . 

-     Yd 

6  Feet                 -1  Fethoni  ■ 

■    lik 

6  Taraiudlhalf      1  PoleorRod 

■    PI 

40  Pole*                ■     1  Foriong  - 

■    fW 

8  Forionn  -        ■     1  Mile       - 

Mlt 

3  Milea        -        -     1  Leacne  ■ 

Lu 

eSi  Miles  nearly      -     1  Degree  - 

Dtg  op  0, 

Bot  b  latter  (bntb  H  wu  tfiot^  nfiiwnt  to  dnide  Ibe  Mnn  p«iii7>reiglM  Bi 
U  cqoal  puO,  Hul  cmlied  gmus,  being  die  Wait  weight  now  m  ■— y  a 
and  OMB  tlieoGe  Ow  ml  ue  ccmpBtMl,  u  bi  Um  TUilei  iban. 
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TABLES  OF  MEASURES. 

12—1  Yd 

36—       3  1  Pt 

198  =«     16)  »         Bi=m  1         jFWr 

7920 «    660  »      220   —  40  -s    1         MUt 

63360—6280  1760  =»  320  =    8  *»      1 


CLOTB  MEASURI^ 


2  InctiMaDd 
4  Nsib 

3  Quartan    - 
"  4  Quarters     - 

6  Q,iiwter>     - 

4  ^Mrten  li  Inch 


I  1  Nail  M 

1  Qjuarter  of  a  Yard  Qr 

1  EU  Flemi^     -  E  F 

1  Yard      -        -  yd 

1  EUEn^iah     -  E    E 

1  En  Scotch       -  £5 


SQUARE  BtEASDRE, 


144 


Sqnare  Iitcltaa 
V    Bcpiare  Feet 
30^  Square  Yaria    - 
40    Sqame  Polei     - 
4    Roodi 


6  1  SqFoot  -  Ft 

I   Sq  Yard  •  Yd 

1  Sq  Pgle  -  PoU 

I  Read  •  Rd 

I  Acce     -  -  Aw 


SghuA        SqFl 
144  =         1  £^  r<j 

.     1296  o=  9    —  1  SqFt 

39204  »       2TS|  —        30f  -.  1         Ad 

1668160=1:  10890   —    1210   —       40=a    1         Met 

6272640  =  43660   —   4840   =,  IGO'^    4  «■     1 

Brdus  measorei  Land,  and  HoabandmeR  aod  Oardeoen' 
won  are  raearared ;  abo  Artificen'  wgrk,  such  ai  Board, 
Olau,  PaTements,  Plaatering,  Wainacoting  Tiling,  Flooring, 
•nd  erery  dimeuion  of  length  and  breadth  onlj. 

When  three  dinteniiooa  are  concerned,  namely,  length, 
Iweadtb,  and  depth  or  thicknew,  it  it  called  cabic  or  aolid 
Mieaanre,  which  ia  ued  to  meamre  Timber,  Stone,  kc. 

The  cabic  or  lolid  Foot,  whi^  ia  12  inches  in  length  and 
hreadth  and  thickneia,  cootaina  1728  cnbic  or  iriid  inchea, 
and  27  aolid  ftet  make  one  aoUd  yard. 
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ARITHMETIC. 

DRT,  OR  conn  MEASUBE 

S  PiDb  make 

1  Qgart 

Q> 

i  QBarts      - 

1  Potlle 

Fo* 

i  Poule*      - 

1  Gdlon 

Gil 

S  Galloia     - 

1  Pec^ 

F«c 

4F>cki 

1  Buabel 

Bu 

S  tmkOt    ■ 

1  Qnaiter 

<Jr 

6  QpaMen  - 

I  WaT,Li>«l,otTaD 

IP., 

«  Wejs 

1  UM      -         -         - 

iJl 

FU        Gal 

8  =       1 

F.C 

IS  =       ! 

=       I        Sa 

64  =       8 

=      4=1        «r 

61!  =     64 

—     32  =     3  «     1 

ITij 

2560  =  320 

=  160  =  40  =     6  = 

t      Out 

eitO  =  640 

=  320  =  80  =  10  = 

2  =  1 

lij  this  are  mcunred  all  dry  wares,  ai,  Corn,  Seeds,  Roots, 
Pmit,  Salt,  Coals,  Send,  Oritftn,  &«, 

Tbe  stamdud  Galltm  dry-mcBiare  coDtaina  £68)  cabic  or 
solid  laches,  and  the  Com  or  Wincfaetter  bushel  2160}  cirtric 
inches ;  for  the  dimensions  of  the  Winchester  bushel,  bj  the 
Statute, are  Sincheadeep.aikl  ISJinchei  wide  orin diameter, 
hat  the  Coal  buahel  must  be  ^9^  inches  in  diaoKter ;  and  30 
btishels,  heaped  up,  make  a  London  chaldron  of  go^,  (be 
weight  of  which  is  31661b  Avoirdapoii. 

ALE  AKD  BEER  HKASURE. 


2  Finti  make 

, 

1  (Juan 

«< 

4  (tuarts       - 

1  Oalloa        - 

Gal 

36  Gallon,     • 

1  Barrel 

Bar 

I  Barrel  and  a 

half 

1  Hopbod  - 

HU 

8  Battel.     - 

1  PonchcCHi  - 

Fm 

2Hosdi«di 

1  Bait 

Baa 

2  Butt, 

1  Ton 

2Va 

Fit           (21 

2  =        1 

Oal 

8  =        4  = 

1 

Bar 

288  =     144  = 

36  = 

1       flU 

432  =    216  = 

34  = 

U  =    1 

Am 

864  =    432  = 

188  = 

S     -     2  = 

1 

JV«te,  The  Ale  Gallon  contains  28S  cnhic  or  solid  inchet. 
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TABLES  OF  UEASUBES  AND  TIME.  1 

WmE  HEASintE. 

i  Pint!  make  -  1  Qiaart  -  Qt 

4  QgartB  .  -  -  1  G«11od  -  Ool 
42  Gallou  ...  1  Tierce  -  TUr 
GS  Gallons  or  1|  Tierces  I  Hogsheed  -  Hhd 

t  Tierces    •        -        •        1  PnncheOD   •    Pvn 

5  Hi^hettda        -        •        1  Pi[>e  or  Batt    Pi 
i  Pipe*  or  4  Hhd>        -        1  Tnn     -     -    TVn 

Pu  Qi 

t  =i  1         Gal 

e  »  4  =c     I          Titr 

336  =  168  =     48  =  1         H&<i 

£04  »  2M  »=     65  ^  Ii=»  1        Pl« 

878  »  336  =.     84  «  8  =x  !4=  I        /» 

1008  —  604  =  1t6»=S  =  l=  1|=  I       Tun 

3016  ■»  1008  Bi  8U  =  6  >=  4  =  3  '»  a  >=  1 


ffott,  B7  this  are  meatared  all  Winei,  Spirits,  Strong-wa- 
ten,  Ctder,  Head,  Perry,  Vioegar,  Oil,  Hone^,  kc. 

The  Wine  GalloD  contaioi  831  caUc  or  solid  inches.  And 
it  b  remartrable,  that  the  Wine  and  Ale  GalloDS  hav^  the  same 
proportion  to  each  other,  as  the  Tro^  and  Avoirdapois  Fonnds 
have  ;  that  is,  as-one  Ponnd  Troy  is  to  one  Pound  Avoirda- 
pois,  ao  ia  one  Wine  Gallon  to  one  Ale  Gallon. 


I  HiDite    ■    Ml 

eo  HinnUi 

I  Ho«r       -    Hr 

84  Bonn     .        -        -        - 

1  Dire         -    Co 

7  Daj»       .... 

1  Week      -     Wi 

4  JTeeki    ■         -         -         - 

1  Hooth      -    Mo 

ISMmUulDajCHonn,* 
or  MS  D.J.  e  Hours      } 

1  Jolim  Yen  Yr 

Sec  Mm 

60  =  I  Rr 

3600  =  60  =  I  Day 

36400  =  1440  =  24  =  t         Wk 

604800  =x  lOOBO  ==  166  =  7  s=  ]       Mo 

24 19800  3c  40320  =  678  =>  86   ■=  4  s:   | 

31557600  =  625960  =  8766  =  365J=                   1   Frar 

Or 
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ARITHMETIC. 

m  Math    Mo  Dc.Hr 
Or  B«     1     8  =  13     1     6  =  1  JvUa 
DaHr  M   See 

But  365  6    48     48  =  1  Setar  Year. 


RULES  FOR  REDUCTION. 

I .  Wht%  the  JVwnAerf  an  to  b»  radvetdfrom  a  Bigkir  Z^owm- 
itation  to  a  Lowar : 

HoLTiPLT  th«  nnmber  in  the  highut  deflomination  bj  ■■ 
Bunj  as  of  the  next  lower  make  ob  iDtsger,  or  1,  in  that  high- 
er ;  ttt  thii  product  add  the  anmber,  if  any,  which  «raa  in  tbil 
lower  denominHtion  before,  and  get  down  die  amouBL 

Reduce  this  amouot  in  like  nMiiner,  bj  multipljing  it  bj  m 
many  M  of  the  next  lower,  make  mi  integer  ol  this,  taking  in 
the  odd  puts  vf  this  lower,  aa  before.  And  soproceed  througjh 
all  the  oenominationa  to  the  lowed ;  M  sbaO  the  Dumber  lut 
found  be  the  nine  of  all  the  number*  which  were  in  the  high- 
er denoninatiMU,  taken  ti^ther.* 


EXAHPtX. 

1.  Id  ism  I6«  Id,  how  many  htOuaff  ? 

ICM     16     7 


•  Thsmwnd'lliiiraleimrFeTidm;  Ibrpdndtwe  titiwgfal  intaridlian 
by  naM{il;ii]g:  then  bj  3D;  iluuiiwa  ioio  ptece,  bf  nnltiplyiiig  then  b*  IZt 
■nd  pence  iota  fartUn^  by  iisltip^ing  br  4 ;  wnd  the  nremi  cd  lUi  nue  by 
DirigkiL — And  flu  mom,  n  b  ayidoit,  will  bs  mw  in  lla  ndnclioB  of  mmben 
1 1  ■will  in  olaaj  dsDOBUDtdoat  wtaaUret. 
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RULES  FOR  REDUCTION.  SI 

II.  Wh*»  Ae  JVtutien  art  to  be  reimeed  from  a  Lamer  Deiw- 
mjimafio*  M  a  Higktr : 

DiviDC  thepnn  Domber  bj  u  many  u  of  that  denomina- 
tion make  I  of  the  next  hi^ier,  and  let  down  h hut  remainc, 
as  well  as  the  qaotient. 

Divide  the  quotient  by  u  nany  as  of  thti  denomination 
make  1  of  the  next  higber ;  aettisg  down  the  new  qgotient, 
and  remtunder,  as  before. 

Proceed  in  the  same  manner  through  a)t  the  denomina- 
tions, to  the  lag^eat ;  and  the  qootieot  last  foood,  togetiier 
with  the  several  remainder!,  if  way,  will  be  of  the  same  valne 
a>  the  first  nomber  proposed. 


2.  Reduee  1 16A38S  feitbings  into  ponn^,  ■hillingi,  and 

pence. 

4)1186388 
12)  S96347  d       ■ 
tfi)     U69fii~-id 
Aaawer  1S34I  l&t  Id 


3.  Rednce  241  to  fartbiogs.  Ans.  83040. 

4.  Reduce  337687  fiirthuigB  to  pounds,  be. 

Ana.  35II  13tOJ. 

6.  How  many  fardiings  are  in  36  gnineas  t        ^        " 
t.  In  36S88  fardunga  how  man;  gi^aeas  !  Ans.  3«. 

7.  In  691b  13dwts  ^  how  anny  grains  t        Ans.  340167. 

8.  In  S01SI3I  grains  how  many  pounds,  &c.  ? 

Ans.  13901b  Iloz  18dwt  Iflgr. 

9.  In  36  ton  17  cwt  1  qr  S3  lb  7  oz  IS  dr  how  many  drams  * 

Ans.  S0571OO6. 

10.  How  many  barley-corns  will  reach  round  Ihe  earth, 
•oppoaing  it,  according  to  the  best  calculationa,  to  be  24877 
miles  1  Ans.  4728620160. 

1 1.  How  many  seconds  are  in  a  solar  year,  or  36t>  days 
fi  hra  48  min  48  sec  ?  Ans.  3 '656921. 

12.  In  a  lunar  moatb,  or  29  ds  IS  hr«  44  min  3  sec,  bow 
-  maay  seconds  ?  Ans.  2661443. 

COM. 
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3X  ARITHMETIC. 

COMPOVND  ADDITION. 

GoHPODiD  Additior  ifaotn  how  to  add  or  collect  leTflral 
niunben  of  difierent  denomiaatioiu  into  one  sum. 

RoLi, — Place  the  Dumbera  >o,  that  those  of  tbe  sune  de- 
Domioation  may  itaad  directly  under  each  other,  and  draw  a 
line  below  them.  Add  up  the  figures  in  the  loweit  denomi- 
nation,  and  find,  by  Redaction,  how  iBany  noits,  or  onec,  of 
the  ueit  higher  denominatian  are  contained  in  Uieir  aam. — 
Set  down  Ute  remainder  below  its  proper  column,  and  carry 
those  units  or  ones  to  the  next  denoounation,  irtiich  add  ap 
in  the  same  manner  as  before. — Proceed  thns  through  all  the 
denominations,  to  the  highest,  whose  sum,  together  with  the 
several  remainden,  will  give  the  answer  sou^t. 

The  method  of  proof  is  the  same  as  in  Simple  Addition. 

EXAMPLES  OF  HOHET. 


7  IS 

3 

14 

7 

6 

IS 

17 

10 

63 

14 

8 

3  6 

10* 

8 

19 

«i 

3 

14 

6 

6 

10 

n 

6  18 

7 

7 

H 

23 

6 

»f 

93 

11 

0  2 

6f 

XI 

9 

14 

9 

4i 

7 

6 

0 

4  0 

3 

7 

Its 

"H 

15 

(t 

4 

13 

2 

6 

17  1& 

_9| 

0 

3 

6 

12 

n 

0 

18 

7 

39  IS 

3t     2 

39  IB 

<t. 

7. 

ft. 

I      * 

I 

, 

d 

t 

, 

d 

/ 

, 

d 

14  0 

7t 

37 

16 

9 

61 

3 

«t 

472 

16 

3 

«  16 

14 

U 

n 

7 

16 

8 

9 

S 

K| 

«S  4 

17 

14 

9 

se9 

13 

101 

27 

IS 

'H 

4  17 

S3 

la 

»f 

It 

16 

2 

sro 

1« 

)t^ 

SS  0 

*f 

» 

ti 

0 

0 

7 

6* 

IS 

7 

4 

«  6 

14 

0 

"4 

24 

13 

0 

6 

10 

bf 

91  0 

!? 

M 

t 

H 

b 

0 

10| 

30 

0 

••* 
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COUPOUND  ADPITION.  S3 

Smut.  9.  A  nphlaMna  gMBg  mt  nt-iona,  U  iufbrmed  In 
lus  Bleward  that  his  bntctier'i  bill  comes  to  1971  ISi?^^;  hu 
baker'i  to  591  Silfd'rbi*  brew«r'B  to  66J :  fail  wise-mer- 
clunt'a  to  103113*;  to  his  corn-cliandler  is  due  ll'l  Sd;  to 
his  taHow'Chaodler  and  cbeetemonger.  fll  I5t  HJff;  and 
to  bij  tailor  56/  Si  6JiJ ;  alio  for  rent,  lerrants'  wages,  and 
other  charges,  1S7I  3i :  Now,  supposing  he  woaM  t^c  100/ 
with  him  to  dcfraj  his  rhai^m  on  tba  road,  for  what  Hum 
moet  he  send  to  his  banker  ?  Ani.  6301.  lit.  ^(L 

•^0.  The  atrenjtth  »f  a  n^ment  of  foot,  of  10  companies, 
and  the  aviouiit  of  their  Btthmteoce*,  for  a  mooth  of  30  days, 
according  to  the  annexed  Table,  are  required  ? 


N«inl. 

Hank. 

Subsistence  for  a  Uonth. 

Colonel 

1      1     d 
27     0    0 

19  10    0 

Major 

17     6    0 

Captains 

78  16    O 

11 

6?  16    0 

Ensigns 

40  10     0 

Chaplain 

7  10     0 

Adjutant 

4   10     0 

garter- Master 

S     6    0 

Surgeon 

4  10    0 

Saigon's  Hate 

4  10    0 

30 

Serjeants 

46     0    0 

30 

rorporab 

30     0    0 

20 

Drummers 

20    0    0 

2 

rifen 

2     0     0 

390 

Private  Men 

292  10     0 

e07 

Total 

656  10    0 

•  SdNiltnice  Mootf,  u  dw  mmn  pud  to  Ibe  (oldieDi  irtMj,  vbicb  ii  rinrt 

of  Atir  AjD  p«r,  h»™u»e.thdr  clotbM,  (CcoDtianatti,  ftc.  it  --^ ■* 

tx.    It  b  tifeewltt  die  ammj  sdruu^  to  officen  till  tbelr  • 
im.  shi^  it  COBT 
>cT>bUsk 

illlMOt. 

Vol.  I, 
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EXjUUFLES 
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COMPOHND  ADDITION. 
EXAMPLES  OF  WEIGHTS,  MEASURES,  iic. 


TROY  WEIGHT. 

APOTHECARIES'  WEIGHT. 

8. 

3. 

4. 

Ibozdnt 

oz  dwtgr 

lb  OZ 

dr  ic 

OZ  dr    IC  gp 

17     3  Ifi 

37     9     3 

3     6 

7     2 

3     S     1   17 

7     9    4 

9     6     3 

13     7 

3    0 

7     3     2     6 

0  10     7 

8  12  IK 

19   10 

6     2 

16     7     0  12 

9    5    0 

17     7     8 

0     9 

1     2 

7     3     2     9 

176     i  17 

5     9     0 

36     3 

6    0 

4     1     2  18 

23  n   12 

3"  0  19 

6     8 

6     1 

36     4     1    14 

AVMRDUPOIS  WEIGHT. 

LONG  BifCASintE. 

5. 

6. 

7. 

8. 

lb  OK  dr 

cwt  qr  lb 

BbfurplB 

yds  feet  inc 

17  10  13 

16    3  16 

29 

3  14 

127     1     5 

£  14     fr 

6    3  24 

19 

6  29 

12     2     9 

»     9  18 

9     1   14 

0  24 

10    0  10 

t7     1     6 

9     1   17 

1  37 

64     1   11 

0    4    0 

10     2     6 

0    3 

6     2     7 

6  14  10 

9     0     3 

6     9 

23    0     6 

9. 

10. 

11. 

12. 

jd»Val» 

elenqnnls 

ac 

ro   p 

•crop 

270     1     0 

226 

3  37 

19     0  16 

13     1     i 

67     4     9 

16 

1  26 

.    270     3  89 

9     1     2 

18     1     2 

7 

2   18 

6     3   13 

S17     0    S 

0    3     8 

4 

2     9 

23    0  34 

9     1     0 

10     1     0 

42 

1   19 

7     2  16 

56    3     t 

4     4     1 

7 

0    6 

76    0  23 

" 

WINE  MEASURE. 

ALE  AND  KEER  MEASURE. 

13. 

t4. 

16. 

1». 

th<I.ga1 

hdsgiapts 

hdsgdpta 

bd.galFt> 

13     3  16 

16  61     6 

17  37     3 

8     1  37 

17   14   13 

9  1 

10   16 

12  19     7 

14     1  20 

29  29     7 

3 

6    8 

14   16     6 

ts   0  le 

3  16     1 

s  ; 

14    0 

«     8     1 

3     1     9 

16     8     0 

12 

9     6 

67  13    4 

«    3  21 

4  36     6 

8  42     4 

6     6     0 
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COMPOUND  SUBTRACTION. 


CoMroDKD  SvBTaAGTioN  sbom  how  to  fiod  tiie  difference 
betweea  any  two  numben  of  different  deaoiBinatioD>.     To 


jperfbrm  which,  obeerre  the  TollowiDg  Rale 

*  Place  the  lei>  nnmber  below  the  greater,  so  that  the 
parts  of  the  same  deDomination  may  etAod  directly  under 
each  oUier;  umI  drsw  a  line  below  them. — Begin  at  the 
r^t-hand,  and  subtract  each  number  or  part  in  the  lower 
line,  from  the  one  just  abovt  it,  and  set  tbe  reDuinder 
stnigfat  below  it. — But  if  aoT  number  in  the  lower  line  be 
greater  than  that  abore  it,  add  as  many  to  the  apper  namber 
as  make  1  of  the  next  higher  denmunattoB  ;  then  take  the 
lower  number  Irom  the  upper  one  thus  increased,  and  set 
down  the  remainder.  Carry  the  noit  borrowed  to  tbe  next 
nnniber  in  the  lower  line  f  after  -which  sobtract  tiiis  nnmber 
fromtheoaeabove  it,  as  before  ;  and  so  proceed  till  tbe  whole 
is  finished.  Then  the  several  remainders,  taken  together, 
will  be  the  whole  difference  sought. 

The  method  of  proof  is  the  same  as  in  Simple  Subtraction. 


EXAMPLES  OF  MONET. 


1    « 

From  79  17 
Tdie  Si  1! 

Rem.  44    8 

i 
8» 

I      • 

103    3 
71  IS 

31   10 

103    S 

I    t     d 

81    10  11 
*9  13    Si 

254  1«    0 
37     9     4| 

PnoC  79  17 

fi.  Whatisthedifferencebetween73f6}<Iandl9nStlO(i.' 
Ans.  bSt  6*  lid. 


•  TtHnuMofitMlfadB*IIleMUTm|i|iiiubaawkat  Ini  bennid  iaSao- 
ple  Sotrtikctkn ;  far  the  boRmnof  Oepat^  on  the  aupe  priiKidi,  hkI  m  only 
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COMPOUND  StJBTRACTION. 


37 


Ex.  fl.  A  lendB  to  B  lOCU.  how  math  is  B  in  debt  after  A 
has  takes  goods  of  Um  to  the  amouBt  of  Tdl  12*  4fd  ? 

Am.  26/  7i  l\d.  ■ 

1.  Sappoie  that  my  root  for  half  a  year  i*  iiUl  ISi,  and  that 
I  have  laid  out  for  the  land-tax  1  a  6if ,  and  for  esveral  repair* 
W  3*  3^d,  what  have  \  to  paj  af  m;  half-yeai's  reot  ? 

Ana.  18/  I4i  2Jd. 

8.  A  trader  fiuling,  owes  to  A  36/  7f  Gd  to  B  91/  13f  Id. 
to  C  65/  ?^d,  to  D  87/  5a,  and  to  E  111/  3i  b\d.  When  this 
happOBied,  he  had  bj  him  in  cash  S'U  7«  5d,  in  wares  &3/  1 1* 
10|d,  in  household  famiture  63/  17«  TJd,  and  in  recoverable 
book-debts  35/  7*  bd.  What  will  his  creditors  lose  hy  him, 
BuppoBO  these  things  delivered  to  them  1     Ans.  SIS/  Si  3(d. 

EXAMPLES  OF  WEIGHTS,  VGASDRES,  tu. 

TROT  WI30HT.  APOTHECARIES-  WEIGHT. 


Ibozdwtgr 
Fron9    2  IS  10 
Take  5    4    6  17 

lb  oz  dwi 
7  10     4 
3     7  16 

17 
13 

lb  oz 
73    4 

29    6 

drscrgr 
7     0     14 
3     4     19 

Ren. 

Proof 

AVOIRDUPOIS  WiaCHT. 

4.                     6. 

c  qrs  lb          lb    oz  dr 
From  5    0  ir        71     6    9 
Takes     3  10         17     9  l8 

m 
14 

7 

LONG  MEASURE, 
6.                     7. 

fa    pi         yd    ft    in 
3  17         96     0     4 
6  11          7S     S     9 

Rem. 

Pnmf 

CLOTH  ME 
8. 

jd  or,  ol 
From  IT    2    1 
Take    9    0S 

aSURE. 

9. 

yd  qr   ol 

SOS 

7     2     1 

ac 
17 

16 

LAiroiffl 
10. 
ro  p 

I  14 

S    S 

iiAsraiE.' 

It. 

ac  TO  p 

fi7     1   16 

SS     3  29 

Rem. 

Proof 
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38                               ARITHMETIC. 

WINE  HE&SDIIE. 

ALE  ABD  BBXR  MEASURE. 

IS.                  13. 

t   hd  gal      hd  gal  pt 
From  17     2  23         5     0     4 
Take    9     1  3G         2  12     6 

14.                      15. 
hd  gal  pt           hd  gal  pt 
14  29     3           71   16     6 
9  36     7            10     7     1 

U  qr  bn  ba  gal  pt  mo  we  da  di  hn  taim 
From  9  4  7  13  7  1  71  3  5  1I4  17  «6 
Take    6     3     5  9     2     7  17     I     6  72  10  37 


20.  The  line  of  defoDce  in  a  certain  potj^jon  being  236 
jardi,  and  that  part  of  it  which  ia  termiaated  by  the  ourtain 
and  flbonlder  beinc  146  jard*  1  foot  4  inches  i  what  then  wai 
tbe  length  of  the  &ce  of  the  baBtion  ?    Am.  89  yda  l  ft  8  in. 


COMPOUND  MULTIPLICATION. 

CoNFouvD  MuLTiPLicATioR  shom  bow  to  find  the  anoant 
of  aoj  gireo  number  of  different  denominations  repeated  a 
certain  proposed  namber  of  times  ;  which  is  performed  hj 
the  following  rule. 

Set  the  maltipUer  nnder  the  lowest  nnmber  of  the 
maltipticand,  and  draw  a  line  below  it. — Unltiplj  the  onm> 
ber  in  the  lowest  denomination  by  the  multiplier,  and  find 
how  manj  units  of  the  next  higher  denomination  are  con- 
tained in  the  product,  setting  down  what  remains. — In  like 
manner,  mnltiplj  the  number  in  the  nest  denomination,  and 
^  to  the  product  carry  or  add  the  units,  berore  found,  and  find 
how  many  nnits  of  the  dexl  higher  desominativn  are  in  this 
amonDt, 
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COMPOUND  MULTIPLICATION.  39 

Bmoinit,  which  carry  id  like  maii&er  to  the  next  prodact,  tet- 
tiiifE  down  the  orerpliM. — Proceed  thai  to  the  higheit  deoo- 
miDation  proposed  :  >o  shaU  the  Itwt  product,  with  the  lere- 
ral  remaindere,  taken  as  one  componnd  number,  be  the  whole 
amotint  repaired. — The  method  of  Proof,  aod  the  reoion  of 
tfce  Role,  are  the  same  as  in  Simple  HnltiplJcatioo. 

EXAMPLES  OF  MONET. 
1.  To  God  the  BmooQt  of  81b  of  Tea,  at  6i  S^d  per  Ih. 

I    d 

6     i\ 


£2    6    8  Answer. 


8.    4lborTea,atT>  Sifperlb.  Am.     1  10    8 

3.  61b  of  Bntter,  at  ^d  per  lb.  Ans.    0  4    9 

4.  71b  of  Tobacco,  at  U  t\d  per  lb.  Au.  0  1111^ 
8.  9  Stone  of  Beef,  at  2*  1|(i  per  it.,  An.  1  1  0 
«.  10cirtofCheeie,at2117ilO(fpercwt.  Ans.  26  18  4 
7.  12cwtofSagar,at3J7j4tlpercwt.      Au.  40  8    0 

CCHmUCTKNIS. 

\.  if  the  mnltipltef  exceed  12,  mnltiplj  BncceiaiTelj  by 
jta  conqwDent  parts,  instead  of  the  whole  number  at  once- 

KiUHF'y-'' 

1.  -16  art  of  Cheeie,  at  17t  6(2  per  cwt. 
I     *    d 
0  17     8 


2  IS     6 


2.  20  cwt  of  Hops,  at  41  7*  td  per  cwt.    Au.  87 

3.  S4ton>  of  Hay,  at  31 7t  Sd  per  ton.      Am.  81 

4.  46  «Ua  of  Cloth,  at  U  M  per  ell.         Am.    3 


D,q,-z.-dbvGoogle 


Ex.  6.  63  gallona  of  Oil.  at  &  3d  per  galL        Am.      T  I  9 

«.  TO  barrel!  of  Ale,  at  IZ'b  per  barrel     Aua,    84  0  0 

7.  a4  4«artenor03ts,atin2i8(fperqr.ADa.  137  4  0 

8.  96<)gaiier»ofBarley,atl^3i4<fuerqr.Aiu.  112  0  0 

9.  ISOdays' W«ge£,  atfiiSiperday.      Ans.    34  10  0 
10.  144ream8ofFaper,at  13«4(<perream.AaB.    86  0  0 

^f.  if  the  mtiltiiiUer  caonot  be  exactly  produced  by  the 
nuiItiplicatKmof  (imple  namberi.  take  tbe  nearest  aumber  to  it, 
either  greater  or  less,  wbicb  can  be  lo  prodaced,  and  molttply 
by  its  parts,  m  before. — Then  multiply  the  pvea  multipU- 
cand  by  the  difference  between  this  assumed  namber  and  the 
multiplier,  and  add  tbe  product  to  tbat  before  found,  when  the 
assumed  numbnr  is  leM  than  the  multiplier,  but  anbtract  the 
■ame  when  it  is  greater. 


I.  S6  yards  of  Cloth,  at  3i  Ojcf  per  yard. 
0     3     0} 


3  IS   fi; 

S     0} 


£S  19     7^  Answer. 

I  4    d 

3.  S9qaaiteT90fCQni,atSIKf3}dperqr.Aiu.   «S  12  10^ 

3.  SSIoadflof Hxy.atSJ  I5t!edper!aad.   Aqr.  109  S  10 

4.  79bushelsofWfae8t,atnj&}dperbus.An8.  45  6  lOf 
C.  97  casks  of  Beer,  at  Di  3(i  per  cask.  Ans.  69  0  2 
t.  lUatoneofHeat.atlfitSfiiperBtoae.Ans.    87  6    7^ 

EXAMPLES  OF  WEIGHTS  AND  MEASURES. 


lb  02  dwt    gr        lb   oz  dr  sc    gt  cwt  qr    lb    oz 

S8     7     14     10         S     6     3     2     10  S9     2     ]6     14 
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COHFOUND  DmnoN. 


4. 

■Is  fu  pi*  y4i 
as    6    29    6 

4 

Ue     a     1 

7 

e. 

^M        ro      po 
iS        3       27 

.        9 

7. 

tUDf  hhd  ^  ptt 

90    «    H    S 
3 

w  ^J   ba  f 
24    t     A    3 

e 

BO  we  dk  ho  mm 

172    3     £     16  49 

10 

COMPOUND  DiriSIOlJ. 

CoKrovRD  Divtftlox  t«ackea  how  to  dirtde  i  number  of 
sevend  denonunatioiu  b;  any  given  anmber,  or  into  any  num- 
ber  of  eqaal  parti  i  aa  Ibllovri ; 

Place  the  divisor  on  tbe  left  of  the  divideod,  at  in  Simpis 
DitiuoD.— Begio  at  tbe  leA-hand,  aad  divide  Ui«  nomber  of 
tbe  bigfaeat  deoonuDatioa  b;  tbe  diviior,  getting  down  tiM 

rtient  in  iti  properplace.—lf  there  be  aoy  remainder  after 
diviiion,  reduce  it  to  tbe  next  lower  deaoininatioi].  which 
idd  to  tbe  aamber.  if  any,  belongiag  to  that  detMnnatien,  and 
diride  the  mm  by  the  divitor.— Set  down  again  thia  i)aeti«Dt, 
reduce  its  remainder  to  tbe  next  lower  deMoiDttion  agdit, 
nd  to  OK  throu^  all  the  denoannationa  to  the  laat. 

EXAMPLES  OF  HONEr. 

I.  Divide  237i  Stedbrt 
ltd 
«)  837     8     6 


£118  14    3  the  Qgotient. 

2.  Diri^*^ 


f,"Goog[c 


t.  Divide  432  l» 

3.  Divide  607    3 

.     4.  Divide  632     7 

B.  Divide  B90  M 

«.  Divide  70fi  10 

T.  Divide  760    6 

8.  Divide  761     6 

S.  Divide  829  17 

10.  Divide  937    S 

11.  Divide  1146  11 


If  br 
6  by 
6ihy 
»t  by 
2  b, 
6  by 
7|by 
10  by  10. 
Sfby  11. 
-H  by  «. 


Am.  144  4  O^ 

Ads.  126  lb  ]0| 

Ads.  126  9  B 

Adi.  1]&  2  41 

'" H 

H 
H 

H 


An*.  84  II 

Am.  Bt  19 

Ani.  8fi  4 

Am.  86  9  ^ 


I.  If  the  divinx  exceed  12,  find  whst  ufflple  ntimben, 
nnltiplied  together,  will  prodvce  it,  and  divide  by  themmpe- 
ntely,  u  in  SiiDple  Diviaion,  as  beloiv. 


.  Whal-ii  Cbe«u  per  cwt,  if  16cwt««t  26J  14*  84  * 
t       $     d 
4)  So     14     6 

4)     6       8     8 


£1     12    2  the  Answer. 


t.  If  20  cwt  of  Tobacco  come  to  ) 
im  6t  8d,  what  ia  that  per  cwt  ?  ( 

3.  Divide  98/  8f  by  36 

4.  Divide  ?|{  ISi  lOrf  by  56. 
6.  Divide  44/  4$  by  96. 

6.  At  31/  lOt  per  cwt,  bow  nnich  per  lb  ? 


t    *  <f 
Ans.  7  10  4 

Am.  2  14  6 

Ahs.  16  7i 
Ads.  0  9  «! 
Aqb.  0     6  7| 


U.  If  the  diviaor  canaot  be  produced  by  the  multiplication 
of  ■tnaU  Qambera,  div.de  by  the  whde  diviaor  at  on^,  after 
tfn  maasat  or  Long  Divmon,  as  followa. 
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■COMPOUND  DIVISION. 


1.  Divide  591  6t  Sid  hr  It. 
t   I  d  I,  a 

n)69  6  3)        (3  t  61  Am. 


46(S 


99(S 


19(1 

fid  I     $  d 

2.  Divide    S9  14    b\\tj    67.  Ana.  0  IS  11} 

3.  Divide  126    4    9   by   43.  Ana.  S  IS  3 

4.  Divide  642     7  10    bj    97.  Ana.  6  11  10 
*.  Divide  123  \V    S^bjlS7.  Ah.  0  19  6^ 


gy^MW-y-q  OF  WEIGHTS  AND  MEASURES. 

1.  Divide  17  lb  9  ez  0  dwU  2  gr  b;  ?. 

Ana.  !  lb  6  oz  8  dwta  14  gr. 

5.  Divide  17  lb  fi  oz  2  dr  1  acr  4  grby  12. 

Aos.  I  lb  6  oz  3  dr  1  scr  12  gr. 

3.  Divide  176cwt3qn  14  lb  by  53.  Asa.  3  cvrt  1  qr  Itlb. 

4.  Divide  144  mi  4  fiir  S  po  1  yd  2  ft  U  in  by  39. 

Ana.  3ini6far26pbOyda2ft8iii. 

6.  Divide  534ydatqraSoaby  47.     Ana.  1 1  yda  1  qr  2  na. 

6.  Divide  71  ac  1  ro  33  po  by  51.       Asa.  1  ac  2  to  3  po. 

7.  Divide  7  tn  0  bhda  47  gal  7  p  by  <6.       Ana.  37  gal  7  pi. 

8.  Divide  387  la  9  qr  by  72.  Ana.  5  ki  3  qra  7  ba. 
8.  Divide  206  no  4  da  by  36.            Aoa.  7  mo  3  we  S  da. 

THE 
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THE  G(H.DEN  RCLB,  OR  RULE  OF  THREE. 

Thi  Rolb  or  Tvheb  teacbea  bow  to  find  a  foorlh  pro- 
portional to  three  nnmben  given :  for  which  reason  it  is 
■o.  etime*  called  the  Rule  uf  proportion.  It  is  called  the 
Rale  of  Three,  because  three  terms  or  numbers  are  given,  to 
find  a  fourth.  And  becanse  of  its  g^at  and  extensive  use- 
fQluess,  it  is  often  called  the  Golden  Rule.  This  Rule  ii 
nsnallj  coii«de>ed  as  of  two  kinds,  uatneiy,  Direct,  and 
Imvene. 

The  Rale  of  Three  Direct  is  that  in  which  more  requires 
more,orlesBreqnirealeM.  Aainthis;  if  3  Ken  dig  2 1  yards 
of  trench  in  a  certain  time,  how  mnch  will4>  men  dif  in  the 
same  time  ?  Here  more  requires  more,  that  is,  6  men,  which 
are  more  than  3  men,  will  also  perform  more  work  in  the 
same  time.  Or  when  it  is  thus  :  if  6  men  dig  42  yards,  how 
much  will  3  men  dig  in  the  same  time  ?  Here  then  less  re- 
oaires  less,  or  3  men  will  perform  proportionably  less  work 
U)&n  6  men,  in  the  same  time.  In  hoth  these  cases  then,  the 
Rale,  or  the  Proportion,  is  Direct ;  and  the  slating  nnst  be 


Bnt  the  Rmie  of  Three  Inverse,  kwhen  more  requires  less, 
or  less  requires  more.  Aa  in  this;  if  3  men  dig  a  certson 
qnanti^  of  treach  in  14  honn,  in  boW  msny  t^nn  will  6 
Btra  itg  the  like  quantity  ?  Here  it  is  eridest  that  6  mes, 
beieg  mote  (hao  S,  will  perform  an  eqaal  quantity  of  wM-k  in 
less  time  or  fewer  hours.  Or  thus :  if  tj  men  perfonn  a 
certain  qnantily  of  work  in  7  houn,  in  how  msny  hours  will 
3  men  perform  the  same  ?  Here  ten  requires  more,  for  3 
men  will  take-  more  hoars  than  6  to  perfonn  the  same  work. 
In  bath  these  cases  then  the  Rale,  or  the  Propertioa,  is  In- 
vene ;  and  the  stating  most  be 

thus.  As  6  :  14  :  :  3  :    7, 
or  thus.  As  3  :    7  .-  :  6  :  14. 

And  in  all  these  statingi,  the  foarth  term  ii  found,  by  mul- 
tiplying the  2d  and  3d  terms  together,  and  dirtdiut  the  product 
by  the  Ist  term. 

Of  the  three  given  numbers ;  two  of  them  contain  the  - 
•apposition,  and  the  third  a  demand.    And  for  static  and 
working  questioaB  of  these  kinds  obacrve'the  foUowu^  ge- 
neral Rale  ; 

Stat* 
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RULE  OF  THREX.  4& 

State  the  qneatioii,  by  actting  down  in  ■  itraight  line  Ac 
three  given  nmnben,  >d  the  following  muner,  viz.  so  tint 
the  Sd  tenn  be  (hat  nnniber  of  inpposition,  which  is  of  the 
lame  kiod  that  the  aniwer  or  Iburth  lerni  is  to  be  ;  making  the 
other  number  of  suppOBition  the  1st  term,  nnd  the  demanding 
nnmber  the  3d  term,  when  the  question  is  in  direct  pro|>or- 
tioo ;  bnt  contrariwise,  the  other  number  of  snppoutio.i  the 
3d  term,  and  the  demanding  oomber  the  1st  term,  when  the 
question  has  inverse  proportion. 

Then,  in  both  cases,  maltiply  the  id  and  3d  tenni  ti^ther, 
and  divide  the  prodnct  by  the  Ist,  which  will  give  the  answer, 
or  4th  term  inngbt,  m.  of  the  same  deoominaliod  as  the  se- 
cond tens. 

JVai«,  If  the  first  and  third  terms  consist  of  different  deno- 
minatioiM,  reduce  them  both  to  the  same :  and  if  the  second 
term  he  a  componnd  number,  it  ia  mostly  coBveoient  to  re- 
duce it  to  the  loweirt  denomination  mentioned. — If,  after  di- 
Tision,"tbere  be  any  remainder,  rednce  it  to  the  neit  lower 
denominatioa,  and  divide  by  the  same  divisor  as  before,  and 
the  ^otient  will  be  of  this  last,  denomination.  Proceed  in 
the  tame  manner  with  alt  the  remtdnders,  till  they  be  reduced 
to  the  lowest  denomination  which  the  second  admits  of,  and 
the  several  quotients  taken  bother  will  be  the  answer  re- 
paired. 

ffott  also.  The  reanon-ibr  the  foregoing  Rnlee  will  appear, 
when  we  come  to  treat  of  the  nature  of  proportions. — Some- 
'  ttmes  two  or  more  statings  are  necessary,  which  may  always 
be  ^nown  from  the  natare  of  the  question. 


.  If  8  yards  of  Cloth  cost  U  4>,  what  will  9$  yards  cost  ? 
yds  1  s    yds     I  s 
As8: 1  4::96:  14  8  the  Answer 


-  S6 
144 

ste 

8)2304 
2,0)  8«,8» 

£14  8  Answer. 
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46  ARITHHETIC. 

Ex.  t.  An  enpneer  having  raised  100  Tarda  of  a  certain 
work  in  S4  dayi  with  &  men  ;  how  many  men  mnst  b«  employ 
to  fiuatt  alike  quantity  of  work  in  Ifi  daya  ? 

ds  men    ds  men 
As  16:  &::  24  :  8  Anf. 


1&)  120  (8  AiMwer. 

3.  What  will  7«  jardi  of  cloth  cost,  at  the  rata  of  %  Tarda 
for&f  I2f?  Aui.  442  16*. 

4.  A  person's  annnal  income  being  1461 ;  how  macb  ia  that  . 
per  day  ?  Ana.  8*. 

5.  IfS  facet  or  common  atepa  of  a  certain  penon  be  equal 
to  S  yurda,  bow  many  yaxda  will  ItiO  of  bia  pacea  make  I 

Ana.  106  y^  2ft. 

6.  What  length  maat  be  cnt  off  a  board,  that  is  9  inchea 
broad,  10  i'tuke  a  square  foot,  or  aa  atuch  n  12  inchea  ia 
length  auil  l^  id  breudtfa  conlaina?  .  Abb.  16  incheik  . 

7.  If  750  men  retjnire  S2500  ratiooa  of  bread  for  a  month; 
bow  many  ratiooa  will  a  garrison  of  1200  men  require  ? 

Ana.  36000.  ^ 

8.  If  7cwt  1  qrdf  sngarcoat26ltOi4<I;  what  will  be  th«  ; 
pHce  of  4  cwt  2  qra  *  Ana.  HWMk. . 

9.  The  clothing  of  a  regunent  of  foot  of  760  men  amount- 
ing to  ieSilbi;  wbut  will  tbe  clothing  of  tibody  of  3600 
men  amount  to?  ■       Ana.  1321 21  10*. 

10.  How  many  yarda  of  matting,  that  ia  S  ft  broad,  will 
cover  a  floor  that  is  S7  feet  long  ai^  20  feet  broad  ? 

Ana.  SOyarde. 

1 1.  What  ia  (he  value  of  6  buahela  of  coats,  at  the  rate  of 
II  14a  6d  the  chaldron  ?  Ana.  5*  9d. 

12.  1^6352  atonea  of  3  feet  loi%  complete  a-certaiD<fuan- 
tity  of  walliiv ;  how  many  stones  of  2  feet  long  will  raiae  a 
Lke  quantity  ?  Abb.  9528. 

13.  What  moat  be  given  for  a  piece  of  silver  weighing 
73  lb  5  0^15  dwta,  at  the  rate  of  6*  9d  per  ounce  ? 

Ana.  253/  TO*  OJrf. 

1 4.  A  garrison  of  636  men  having  proviaion  for  12  months  ; 
how  long  will  those  provisions  last,  if  the  garhae^  be  increas- 
ed lo  1 124  men  ?  Ana.  174  days  and  rfit- 

16.  What  will  be  the  tai  upon  7631  l&i,  at  the  rate  of  3* 
M  per  pound  sterlii^?  .  An*.  I33i  13*  l^rf. 

16.  A 
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.  RULE  OF  THREE.  47 

K.  A  certain  work  being  railed  ia  13  dajs,  b7worldiig4 
boon  eacli  daj;  bow  long  froald  it  have  teen  in  mising  by 
working  6  houn  per  day?  Ans.  8  £tjt. 

, .-   17.  What  qnantitj  of  com  can  1  boy  for  90  gaineae,  vA  the 
nte  of€f  the  baihel  7  An«.  3U  i^rfl  5  ba. 

18.  A  penon*in<iIing  in  trade,  o^jla  in  all  977f ;  at  which  • 
time  he  faa*tia  OMnifty,  goods,  and  recoreraUe  delrts,  4£(U  6» 
3^<f;  DOtr  suppoBiDg  iMJu  tbingi  delivered  to  his  creditors, 
bow  mach  will  they  g^P^  ponod  ?         ^  Ann.  8t  l^d. 

19.  A  plain  of  a  certain  eitent  hanng* supplied  a  body  of 
3000  hone  with  forage  for  18  days;  the^  how  many  dayi 
would  the  same  plaid  hare  sapplied  a  bodytf  2000  hone  ? 

Ans.  17  days, 

SO.  Sappose  a  gentleman'a  iacome  ia  600  giiiiteas  a  year, 
•nd  that  he  apendaiPfit  6d  per  day,  one  day  with  another; 
kow  iBiKh  wilt  he  have  iaved  at  tbe  year's  end  ? 

Ans.  1641  \%t  6(2. 

tl.  Wbstcost  30  pieces  of  lead,  each  wfligbiSg  I  cwt  I«]b, 
at  tbe  rate  of  I6f  M  the  cwt  ?  Ans.  Til  t*  <oi, 

Vt.  The  governor  of  a  besieged  place  having  provision  for 
&4  days,  at  tbe  rate  of  l^lb  of  bread  ;  bnt  being  desirous  to 
prvlong  the  siege  to  80  days,  in  expectation  of  ^ucconr,  in 
that  case  what  must  the  ration  of  bread  be?  Ads.  \-^Vb. 

9.rs.  At  half  a  guinea  par  week,  how  long  can  I  be  bourded 
for  30  ponnda  ?  '  Ana  38^  wks. 

54.  How  tnnch  will  76  chaldrons  7  bushels  of  coafa  come 
to,  at  the  rate  of  U  XU  6d  per  chaldron  ?      - 

Ans.  libl  1910^(2. 

55,  If  tbe  penny  loaf  weigh  8  onncea  when  the  bushel  of 
wheat  costs  7*  3d,  what  OU|^t  tbe  penny  loaf  to  weigh  when 
tbe  wheat  is  at  8*  4d?  Ans.  6ozl&iV,dr. 

't6.  How  much  a  year  will  173  acres  i  roods  14  poles  of 
taDdgive,  at  the  rate  of  Il7»  ttd  per  acre  t 

Ans.  t40i  Z»  7^<f. 
£7.  To  how  moch  amounts  73  pieces  of  lead,  each  Weigh- 
ing 1  cwtSqrs  7Ib,  at  10/  4t  perfother  of  19J  cwt? 

An%  69t4t2d  mq. 
is.  How  many  yards  of  staff,  of  3  qrs  wide,  will  line  a 
cloak  that  in  ) }  yards  in  length  and  3^  yards  wide  ? 

Ans.  8ydsOqTaS|Bl. 
39.  If  6  yards  of  cloth  cost  14t  Sd.whatmwt  be  given  for 
9 pieces,  centtuning  each  21  yards  1  quarter? 

Ans.  27/  li  lO^d. 
30.  If  a  gentleman's  estate  be  worth  2107/  13i  a  year; 
wbat  may  be  spend  per  day,  to  lare  500/  in  the  year  t 

Ans.  41  fit  l^<I. 
31.  Wanting 
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4s  arithmetic:. 

31.  Wfmtiitgjuft  8D  acre  of  land  cut  off  from  a  piece  wbicii 
ii  m  poles  ia  breadth,  what  leagth  mint  tbe  plece.be  f 

Adi.  1 1  po.  4  yia.  j  ft.  Off  in. 

3t.  At  7*  9^  per  yard,  what  ia  the  Taliie  of  a  piace  of 
cloth  coDtaioiiig  63  elU  EDglish  1  qn.  Am.  ibl.lSt  Ifd, 

33.  if  tbe  carriage  o0  cwt  14  lb  for  96  nfles  be  1/  Ip  ti<f; 
how  iar  hwj  I  have  3  cwt  I  qr  carrieCfrr  the  tame  monej  ? 

34.  Ben^t  a  silver  taokard,  wdPRg  1  4b  ?  oz  14  dwta  ; 
what  did  it  cost  me'at  6j  4d  the  ouDce  t  An.  6t  it  9|tf. 

35.  What  is  tju)  half  year's  rent  of  M7  acres  of  hutd,  at 
.    I6i6rf  the  acre  #  Ani.  S1IM9«34. 

St.  A  wall  that  it  to  be  built  to  the  hei^tof  36  feet,  wn 
railed  9  feet  high  by  16  men  in  6  daya  ;  th^  how  Bwny  mea 
must  be  empIoTctl  to  finith  the  wall  i^  days,  at  the  aame 
rate  of  working?  Ana  72  mtm. 

37.  What  will  be  the  charge  of  keepii^  SO  horses  for  a 
year,  at  the  ftte  of  H^d  per  day  lor  each  borte  ? 

Ana.  441i » IM. 

38.  If  18  ellaofatnffthstit}  yardwrde,cost38i6(l;  whet 
will  60  elh,  of  the  saAie  goodoeta,  coat,  being  yard  wide  ? 

0  Ads.  11  da  3|j(I. 

99.  How  many  yards  of  paper  that  is  30  inches  wide,  will 
hai^  a  room  that  is  SO  yards  in  circuit  and  t  feet  bigfa. 

Am.  72  yai-ds. 

40  If  a  gentleman's  estate  be  worth  964/  16t  a  year,  and 
the  land-tax  beAgessed  at  it  9}d  per  poand,  what  is  his  net 
aDmial  income  r  An«.  3:11/ 1*  9id. 

41.  The  circumference  of  tbe  earth  ia  about  34877  miles ; 
at  what  rate  per  hoar  is  a  person  at  tbe  middle  of  its  surface 
earned  round,  one  whole  rotation  being  made  in  23  hoars  fiS 
minntes  ?  Ans.  1039^^}  miles. 

43.  If  a  person  drink  20  bottles  of  wine  per  mootb,  when 
it  costs  8i  a  gallon  j   how  many  bottles  per  month  may  he 
drink,  withoat  increasing  the  npence,  when  wine  costs  lOi  < 
the  gallon  ?  Am.  16  bottles. 

49  What  cost  43  qrs  6  bushels  of  com,  at  If  8«  6d  the 
quarter.  Am.  63t  9*  Sfd. 

44.  How  many  yards  of  canvas  that  ii  ell  wide  will  line  fiO 
yards  of  «ny  diet  is  3  quarters  wide  ?  Ans.  30  yds. 

4ft.  If  on  ounce  of  gold  coat  4  guineas,  what  ia  the  value  of 
a  grain  ?  Ans.  i-^d. 

46.  If  3  cwt  of  tea  cost  401  13s ;  at  how  much  a  pound 
must  it  be  retailed,  to  gain  iOt  by  tbe  whole  1       Ans.  9,|,s. 


c,i,z:;i,,  Google 


COMPOOND  PROPORTION. 


CoaroVKD  Pkopoktioh  ihom  haw  tv  ratoln  tncb  (juth- 
btM  M  nqoire  two  or  more  •tating*  by  Simplo  Prvportion  i 
and  tfaete  mmj  be  eitbor  Direct  or  Invsne. 

Ib  Umm  qoflstioiu,  there  ia  alwaji  ^wm  ao  odd  nomber  of 
tenw,  eUbrr  fire  or  Mren,  or  nine,  fw.  Thue  are  diRtiB- 
gaiahed  into  tartm  of  toppoHtton,  aind  termi  of  demand, 
there  bein^  alwiTa  one  term  BM>re  of  the  fomaer  than  of  the 
latter,  which  ii  of  die  ume  kwi  with  the  aniwer  aonght. 
The  method  is  tfau  : 

Skt  4awB  in  &•  middle  piece  that  term  -of  aappoaitioo 
which  ii  of  the  tame  kind  with  the  antwer  aoii|^t. — Take 
one  of  the  other  tormi  of  suppoiition,  and  on^  of  the  de- 
minding  terma  which  it  of  tbeaame  kind  with  it;  then  place 
oneof  thenr  for  a  firat  term,  nod  the  other  for  a  third,  accord- 
ing to  the  directiona  given  in  the  Rule  of  Three.— Do  the 
■ame  withaoother  term  of  anppoailiMi,  and  itt  correspooding 
demandiDg  term ;  and  so  on  if  Uicre  be  more  terma  of  each 
kind ;  ae&ng  the  nombcra  noder  eacfa  otiier  which  fitll  all  on 
tha  left-huid  aide  of  the  naid^e  term,  nad  tho  aame  for  the 
othen  on  the  ri^it-haod  aide.'— Then,  to  work 

By  MMroI  OjMretuaw. — Take  the  two  apper  terma  aad 
the  middle  term,  io  the  aame  order  aa  thej  atand,  for  the  first 
Rule- of- Three  qoaation  to  be  worked,  whence  will  be  found 
a  iborth  term.  Then  take  thie  fborft  number,  ao  found,  for 
the  middle  term  of  a  second  Roie-of-Three  qae«tian,  aod  the 
next  two  nnder  terms  in  the  general  atatiog,  in  the  same 
order  aa  they  atand,  finding  a  fbnrth  term  for  them.  And  so 
on,  as  &T  as  there  are  any  nombers  in  the  geoeral  itatiog, 
making  always  the  finirth  nomber,  resnlting  from  each  aimple 
atatiag,  to  be  the  second  term  in  the  next  fcAlowing  one. 
S«  aball  the  lait  resnlting  number  ba  the  answer  to  the 
^•eatioD. 

Bjf  one  OptraUitt. — Hidtifly  tecatber  all  the  teniw  atand* 
tng  nnder  each  other,  on  the  lefi-band  aide  of  the  nuddle 
term  ;  aod,  in  like  mnnner,  aaultiply  together  all  tbose  on  the 
rigbt-haftd  aide  of  it.  Then  multiply  the  middle  term  b^ 
the  latter  product,  and  dtvide  ttie  resalt  by  the  iarmer  pro- 
dnot ;  ao  shall  the  qnotieat  be  the  Mww«r  soa^t. 

Vol.  I.  8 
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ARITHMETIC. 


EXIMFLES. 


I.  How  DUuj  men  can  complete  a  trench  of  136  jardi 
long  in  8  ii»j»,  when  16  men  can  dif  M  T^rdi  ia  6  day*  * 


yds    J 


GenertU  Sfoltiy. 


;   136  ydl 
6  dayi 


'  As  64  :  16  : :  ISB  :  40 


iCberaAioM. 

td.   ■ 
Ai8:40:;  6  :30 


t.  If  lOOJ  ID  one  yen  gain  51  interest,  what  will  be  the 
interest  of  7501  for  7  years  ?  Ans.  362/  ]0«. 

3.  If  a  fiunily  of  8  persons  expend  llM  io  9  months  ;  how 
ranch  will  serre  a  fiunily  of  16  people  IS  months  t 

Abb.  3001. 

4.  If  S7f  be  the  wages  of  4  men  for  7  Jays ;  what  will  be 
tbe  wages  of  14  men  for  10  days  ?  Ans.  61 16*. 

6.  If  a  footman  trarel  (30  milei  in  3  days,  when  the  days 

are  12 boars  long;  inhowaunydaya,  of  10 hoars  each,  may 

he  traTcl  960  nules  ?  Ans.  8f|  days. 

Ex.  0. 
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VULGAR  FKACTIOMa.  ftl 

Gx.S.  If  leObniheUof  caracanieTTe  I* bonm 66i*yt ; 
tMw  many  chys  will  94  boahdeaerv*  6  honefl  t 

Ans.  l(f«H  iayt. 

7.  irsoOOlb.  of  beef  ■eiT«340iiieB]5days;  faowtmny 
Rm  Trill  Mm  12»meafor  »  dayi  ?     Am.  17641b  11^  oz. 

fi.  if  a  barrel  of  be«r  be  safficient  (o  hit  a  fiuoily  of  S  per- 
MMU  I2daya;  how  many  bsrreb  will  be  draok  by  16  penoiw 
in  the  space  of  a  year  ?  Am.  60f  barrek. 

9.  If  180  Den,  in  6  days  of  10  hours  each,  can  dig  atMoch 
SCO  yards  long,  3  wide,  and  2  deep  ;  in  how  many  days,  of  8 
hoars  long,  will  100  men  dig  a  trench  of  S60  yards  long,  4 
wide,  and  3  deep  ?  Am.  t6  days. 


OF  VULGAR  FRACTIONS. 

A  FiucTioiT,  or  broken  number,  n  an  expression  of  a 
part,  or  soeje  parts,  of  something  cooiidered  as  a  whole. 

It  is  denoted  by  two  nnmbers,  placed  ime  below  the  other, 
t     ha  line  between  them ; 

3  oomerator         "i 

Thas,  -  \  which  is  named  S-foarths. 

4  denominator      \ 

The  denominator,  or  namber  placed  below  the  line,  shows 
how  many  equal  parts  the  whole  qnantity  is  divided  into ; 
and  it  represents  tbe  Dinsor  in  Diriiion. — And  the  Numera- 
tor, or  nomberset  abore  the  line,  sbows  bow  many  of  these 
parts  are  eipressed  by  the  Fraction ;  being  the  remainder 
after  dirinOn. — Also,  both  these  numbers  are,  in  general, 
named  the  Terms  of  the  Fraction. 

Fractions  are  either  Proper,  Improper,  Simple,  Compound, 
or  Uized. 

A  Proper  Fraction,  is  when  the  numerator  is  less  than  tbe 
denominator  ;  as,  ^,  or  \,  or  j,  &c. 

An  Improper  Fraction,  is  when  the  Dnmerator4s  equal  to, 
or  exceeds,  the  denominator;  aa,|,  orf  ,or  },&c. 

A  Simple  Fraction,  is  a  aingje  eKpression,  denoting  any 
mmber  of  parts  of  the  integer  ;  as,  },  or  }. 

A,Compoand  Fraction,  is  tbe  fraction  of  a  fraction,  or 
several  fractions  connected  with  the  word  of  between  theni  i 
as,  I  of  |,  or  j  off  of  3,  &c.    ■ 

A  Mixed  Nnmber,  is  composed  of  a  whole  number  and  a 
fraction  bother ;  as,  3^,  or  12|,  ^c. 

A  whole 


f.Gooylc 


U  ilUTIUETK;. 

Airiwlisrtal^n-  wiBberMiyha  tifnMMdlike  afttc-' 

tion,  bj  writing  1  bdow  it,  m  *  •iaoaiaMlwr }  w  8  ia  f « «• 

A  fractioQ  ^notei  dirUion ;  Mid  ito  nhie  U  aqtlal  to  Ae 
qnatieat  obtaiaad  1^  dividiDg  die  muBcnttor  bj  tlM  dui»> 
■unator  ;  wb  ^  k  eqsd  to  3,  and  V  ii  iqaalto  4. 

Hence  then,  if  tbc  FOMeratbr  I»I«m  tfain  the  danoDiuMnr, 
tbevnlaeof  tb«  fraction  ia  lets  than  1.  Bntirth«aiuDWi4M 
be  4e  mom  MUedenoaHnotor.Uiefi'MtioBia jail o^otlt*  I. 
Aod  if  the  nuaenlor  be  pester  then  Ihe  ilimiiwiMilei.  the 
the  InctioQ  ti  greater  than  1. 


REDUCTION  OF  VULGAR  FRACTIONS. 

Repvctior  of  Vulgar  Fractiaiii,  ia  the  bringing  them  out 
ef  one  form  er  denmuBatioa  into  another ;  eoraBtonlj  to  |n«- 
pare  theaa  for  the  operalioai  of  A^dithm,  Soblracttoa,  &«.  9f 
wWeh  tber*  are  aeveni  caae». 


To  Jtnd  ttf  OnaUtt  Cmmro*    MtMmn   of   Two  i 


Taa  CoiawB  Haasnre  «f  two  or  more  nmabera,  ia  that 
wmher  which  wiH  divide  them  both  without  remuBder ;  so, 
3  is  a  common  measure  of  18  and  S4 ;  tbe  qnotient  of  the 
^nqer  being  6,  aad  of  Um  Utter  8.  And  the  greatest  Dosiber 
that  will  do  this,  ia  the  greatest  comBMtnmeaanie;  so  6  is  the 
greatest  comwon  nwaaore  of  18  and  S4  ;  the  quotient  of 
the  former  being  3,  and  of  the  latter  4,  which  will  not  both 
difide  fbrfter. 

MMt. 

Ir  there  be  two  numbers  oidy ;  divide  the  greater  hy  the 
less  ;  then  divide  the  divisor  by  the  renMiader ;  aitd  so  on, 
dividing  always  the  laat  divisor  by  tbe  last  remainder,  till  no- 
thing reaaina  {  so  shall  the  last  divisor  of  all  be  the  greatest 
cmnmon  measure  sought. 

Wbeo  there  are  more  than  two  numbers,  find  the  greataat 
cenmon  measure  of  two  «f  them,  as  before  j  then  do  the  anme 
for  that  common  meaente  and  uotber  of  the  nniaben ;  and  so 
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KEDOCTIOM  or  VDLOAK  FRACTIONS. 

^  ttvni^  a  tb*  tanbm  {  M  «a  liw  owtMt  fit 
MMM  l«t  6>m4  U  dM  ■Mwwr, 


1.  T»  find  Ae  grMteit  toqaaoa  vsanre  of  1906,  990, 
mdtSO. 

936}  1908  (<  So  that  38  ii  du  grwtert  eonmim 

IBTt  meaanof  1908  «iid  936. 

36)  »36  (t6  Hmm  »S)  630  (17 
78  36 

81«  STO 


16)36(1 

lfeMotbul6'   tte  KDflwer  ni[Qired. 

i.  Wbatis  dtegmteit  cowMmmeMBre  of  t46  aad  S7t  ? 
An.  6. 

3.  WhotudMgmtMtcoauMnaMMureof  314,  6li,md 
Wtt  r  Am.  It. 


Jfc4l*fwto«  «r  JMm«  fVvdMM  to  llmr  Lonut  Timt. 

*T)irtoK  the  Un»  of  tfa«  givftn  fraction  bj  any  osmber 
tint  wW  divide  than  withonf  a  nmnodar  ;  tfaon  dirida  thoat 


^aotieotg 


•  IW  a*ttt«  b<A  dw  Una*  rf  A>  ftKttiB  br  dw 
erlil>c,wiBtl*iaBiMlMrinetioB  tqvl  '    "    ' 
(faoB  dtrinoof  are  pcrihtwri  i  tjlto  m 
•hx  !■  du  pMtnl  Mible,  Ab  WM  i' Ac 


ictdKoK  fitctka  Mvt  b*  ilw 


JVM  I.  An  HBdar  MdlBc  wilh  w  ma  MHbVi  cr  k  dfhn,  ii  dt 
3.  A^Bnbn(niDa|;wilh5,w9.»diTUtUab7  5, 
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H  :    ARmiHETlC. 

t^tiotinti  ag«ia  in  tfae  ume  pmoner ;  md  so  m,  dH  it  ap^at* 
tiiat  there  ia  no  nember  gteater  than  1  trtueb  mil  dirid* 
them  ;  thea  the  rractioD  will  be  in  its  lowest  tcnnfl. 

Or,  divide  bath  the  terms  of  the  Fraction  by  their  gmtest 
common  meaanre  at  ooce,  nd  tiw  qaoti«nti  will  be  the  tero* 
of  the  frsctioD  required,  of  the  same  valae  at  at  fint. 


1.  Reduce  \ii  to  its  least  teim. 

IH  =  if  =  i*  =  H  =  I  =  J.  Ae  «>«»€r. 

Or  thus  : 
216)288  (1  Therefore  72  ii  tfae  greatest  commoD 

216  measure  ;  and  7t}  }|f  =  {  tbe 

-'— '  Answer,  the  wbm  u  before. 

72)  flfi  (3 
316 


K  If  flw  ngfathaod  placeof  uiTnliDAerbeOi'lhewhalsiidhiable  bjlO; 
if  Ibai!  be  twociphere,  it  ii  iviahle  bv  100  ■  "  "■ —  '-^ —  •-  '™»  ■  —^  - 
W  t  wbkh  u  coly  culfiag  off  bon  cipiwrK 


IT  100 ;  if  Ihm  cifiiBn  b;  1000  :  and  » 


ti  drrinbla  bj  8.    And  <□ 

5.  If  Om  aura  t^  the  diciu  id  uy  nionbet  be  diTtKble  bj  3;  or  bj  9,  Ibe 
Whole  ii  dirloble  br  3,  or  b;  ». 

4.  If  ttHrlgtitfiBid^tbe  sTCn.udlheBuniaf  illtbedigHibediTiiiblebj 
«,  Am  d»  whole  i>  diviriUe  bf  6. 

f .  A  minber  if  divuible  by  11,  vben  (he  hub  of  the  IM,  3d,  5lb,  Ac.  or  lU 
tU  odd  jiluH,  ii  eqitti  to  the  Bum  of  Ifae  3d,  4th,  Q<b,  ftc.  or  of  ill  the  even  pl»- 
ntef  d^iUi  ■ 

I.  If  ■  niBiiber  cuUHt  bediiided  br  some  quuilitjrleii  than  tfae  si|aira  root  of 
&»  nine,  that  Diaaber  ii  •>  prime,  or  canuit  be  iTiiided  bj  anf  aumberwhkl- 

9.  All  prime  munben,  eicEpt  3  wd  S,  have  either  1,  3,  7,ot  9,  ia  &e  (dace  of 
OaiM  i  ud  all  other  munbert  arc  compoBte  or  can  be  dnlded. 
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SEDUCTION  OF  VULOAB  FRACTIOMS,        U 

t.  Bedoce  4f{  to  iti  lAwcittonui.  Am.  |. 

3.  Asduce  ^{|  taita  loweBlterms.  Ana.  |. 

4.  RcduM  m  t»  id  lowest  tetiu.  Ans.  |, 


Fraction, 

*  ^oLTiPL?  th«  intefer  oi  whole  namber  by  the  denoDt- 
-inalar  of  the  fraction,  and  to  the  prodoct  add  the  aoBMralor } 
dten  Mt  that  ram  alKrr*  the  denominator  &n  the  fractioit 
requixed. 


I.  Rediee  33}  to  t  fractioD, 
18  • 


Or, 

(t3X6)+2       117 


S.  Reduce  12}  to  a  fraction.  An*.  <|( 

3.  Reduce  14^,  to  a  fraction.  Atii.^ 

4.  Reduce  163^  to  a  fraction.  Aoi.  *ff* 


10.  WhaD  mimban.  mlb  tbs  im  of  idditicn  or  KbtractiaD  bnnnei  diOB, 
ue  10  be  tfivided  bj  u;  Dumbsi,  Owo  ewli  of  Ihon  pontvi*  mvt  )>4  dMM 

lOJ-8— * 

bya  -niii* „.,s+4_a— ». 

11.  Bat  if  die  Dmnbcn  b*ve  ixatgial  nraltipUciiliiiB  betmcD  IbMB,  <mif 
eoB  of  Ifaem  moft  be  {li'ided    Ttuw, 

J0XBX3      10X4x3      10x**1      lOKSXl      M 

6x1      "'exi       ■"     JXl"   "  '  1  X»  J  "" 

'Thiiia  dd  mure  diu  fint maltipl jii^  >  qnutilr  bf  aomB  mmbei'.  Hid  Ikai 
&idu^  ebe  KSuli  bKk  aggb  by  the  nnw  ;  which  it  ig  eridHit  doM  Dot  titer  di» 
*>iue  ;  Sx  wij  frtctiGO  rejmnalt  a  dinsiai  of  (be  DDQientor  b^  Ibo  ikocnu- 
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To  AAkc  Oft  hifnptr  Awrim  t»  Ha  Epdmalmt  tfkak  v 


*Dtvu>t  Om  ttmaeniot  hy  A*  d«nocBii»tor.  uti  tbs  qa*> 
ticDt  will  bt  the  whole  or  waai  w     ' 


c  y  to  in  t^irthiA  anmtuf. 
Hen  V  or  IC -f  8^4,  thAloMw. 
t.  Rcdooe  y  to  it!  eqaivalent  nomber. 
Here  y  or  Ifi  ->■  7«  S|  the  Amwer. 


Thdt  ir)  749(44|V 
68 

69  SoHuAfff»=4i^,am*a»mv. 


4.  Redace  y  to  ite  eqninleiit  maber.  Adi.  8. 

6.  Reduce  *if*  toils  eqainJent  anaber.        Au>  U|}. 
6.  Redace*f4'toit>eq(iinleDtiHniber.        Am.  I71f|- 


a  Onwt  denoimMator. 

t  MvLTiFLT  the  whole  nomber  b^  the  gfren  denomiottor ; 
then  aet  the  prodoct  orer  tbp  atid  donosuiutor,  ukd  it  will 
fom  the  fimction  required. 


iufe«I  &niB  (be  natni*  at  flomdai  MriaoB. 
"tMaltipaetiboimdnfirioDlniDg  bnadpaRr  aMd,aunailt»M  ballw 

EXAMINES. 


D,q,z.-3bvGoOgle- 


REDUCTION  OP  VULGAR  FRACTIONS,        « 


1.  Red«»  9  to  a  fraction  wbose  denominatnr  sfaall  be  7. 
Here  9  X  7  =  63  :  then  y  u  tbe  Answer ; 
For  V  =  63  ^  7  =  9,  tbe  Proof. 
S.  Reduce  12  to  afractioa  whos^  deBomiDatorifaaltbe  13. 
Ana.  SV, 
3.  Reduce  37  to  a  fractiop  wbose  deBominator  iball  be  1 1. 
^  Ant.  W- 

CASE  V. 

}b  Xtimea  a  Cm^Mwid  /Vocfnm  ta  on  Eiqnh^tnt  Siv^  Oiu, 

*  Hultiplt  all  the  nnmeraton  farther  fi>r  a  nniaerator, 
and  all  tbe  dcBonunaton  together  fer  a  deoominator,  and  thej 
will  (ana  the  simple  fraction  gon^t. 

When  part  of  the  compound  fivctioD  is  a  whole  or  mixed 
number,  it  nraat  first  be  reduced  to  a  fractioii  bj  <Hie  of  the 
former  cases. 

And,  when  it  can  be  done,  any  two  terms  of  the  fraction 
waj  be  divided  bj  the  same  number,  and  Uie  qaotients  nsed 
instead  of  tbem.  Or,  wbeu  there  are  teiu  that  ara  coqamon, 
tibej  ma^  be  omitted,  or  cancelled. 


1.  Reduce  ^  of  (  of  }  to  a  simple  fnctiea. 
1X2X3       6        t 

Here »  —  =  -,  the  Answer 

SX3X4       24       4 
IXifX^       I 

Or,  =  -,  by  canceDing  the  2'b  apd  3*1. 

gXgXi       4 
8.  Rednce  f  of  |  of  |}  to  a  simple  fraction. 
2X3X10      60      12      4 

Here =* = — = — ,  the  Answer. 

3X5X11     185     33     II 

*  The  tiatfa  of  thn  Rule  maj  be  Eli0<rnu  follow! :  Let  Iba  ccmpound  fnctloi 
bej<rf(.  Nowiof4isf-T-3,wiudii»/rcaisK|«otljlorfwlllbBAX 
X  or  ^f  ;  Ihat  it  Ihe  Bunttraton  ire  mollij^^  ingolher,  tad  ntn  (he  densoiin- 
ton,  u  in  tlw  Role.  Wbai  tlw  ccfnaund  fnclJoD  ca««ts  oC  more  tbu  tiro 
KB^aaet;  having  fint lednccd  tvo  irf' UKm  u  itiovg,  Sioi  I>H  renildoE; (nction 
and  ■  third  Hill  be  thr  MOW  ■■  a  «ompDiuid  fnctico  of  ma  pan*;  a^idiacota 
tbi  lut  oT  Bll. 

9.  Reduce 
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b&  ARITHMETIC. 

Or,  =  — ,  the  ume  a  befon,  by  cincdliu 

gycg-xn       11 

tbe  3.'8,  md  tlinding  by  S's. 

3>  Reduce  f  of  }  to  »  iinple  ftvctisB.  Am.  ^. 

4.  Rednce  }  o{|  oC  f  to  a  ttaifdi  ftxctida.  Aw.  |. 

^  Redaoe  |  of}  ofi}  1o  a  Bimple  fraction.  Ani.  f 

ft  R«ilgce  fa£fofXof4ta*  iii^>le  frictioo.  Ana.  f . 

7.  Reduce  S  and  (  off  to  a  frsctioi).  Atu.  {. 

CASE  VI. 

r»  ilnJiKe.  FrMtiov  of  D^tttnt  BtatmmotMt,  U  E^mnaltat 

Fractumi  haeing  a  Common  Denominator. 

*  HiTLTiPLreacbsuowrator  by  i«U  the  deaoDUfiaton  except 
its  ot«D,  f»r  tbe  new  numerftton  :  and  multiply  ftU  the  d«Do- 
miaaton  together  for  a  coiMoon  deooauualor. 

Abi*,  It  u  evident  that  ia  this  and  several  other  otierationij 
when  any  of  the  proposed  qnaatitiei  are  integers,  or  mixed 
■liiobers,  or  compoand  fraction,  thej  must  first  be  reduced, 
by  their  proper  Knks,  to  the  form  of  simple  fractiou, 


1.  Redace  i,  \,  and  },  to  a  common  deoomiiiator. 
1X3X4  =12  thejievr  numerator  for  ^ 
S  X  2  X  4  sl6  ditto  I 

3  X  Z  X  3=18  ditto  { 

2X3X4  =84  the  common  dettomiiiator. 
Therefore  tbe  eqaivalent  fractions  are  |f ,  }j,  and  IJ, 
Or  the  whole  operation  of  multiplying  may  be  best  per- 
formed mentally,  only  setting  down  the  resalts  and  given  frac- 
tions thus  ;  i,  1. 1,  =  il,  a,  a  =  tV.  tV»  a  It  abbreria- 
tion. 
S.  Reduce  ^  and  (  to  fractions  of  a  common  denominator. 
.    ^-  H.  «■ 

3.  Redace  \,  |,  and  },  to  a  common  denommator. 

AnB.  «,«,». 

4.  Reduce  |,3|  and  4,  to  a  common  (lenomiDator. 

Ans.  f|,«.  V^. 

JVote  I.   When  the  denemioators  of  two  given  fracticms 

have  a  common  measure,  let  them  be  divided  by  it )  then 


*  Tim  ill  FVidentlj  do  man  than  imlliplyiRg  each  numcninr  and  Ha  denani- 
natDr  bj  the  nine  qmotil;,  uid  cauetiuentlj  tho  itkie  of  tbe  fnctiao  ia  not  kl- 

3.  Rednce 
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REDUCTION  or  VUL6AR  FRACTIONS.       M 

nolttply  tlie  teran  of  «aoh  givea  fraction  by  the  qtotient 
wriiiDg  from  the  other's  deoominator. 
Ex.  A,  and  ^  =  /^  and  -f,^,  hj  omlt^ljinf  the  fvrmer 


br  7,  aD4  the  latter  by  6. 
r  of  t       '      ■ 


S.  Whea  the  lesi  denominator  of  two  fraction!  exactly 
divide!  the  greater,  mnltiply  the  terms  of  that  which  haa  the 
lufl  denominator  by  the  qnotient. 

Ex.  ij  and  ^  =  A  and  ^^  by  malt,  the  former  by  2. 
2 

3.  When  more  than  t**0  fractions  are  propoaed,  it  is  some- 
times convenient,  first  to  reduce  two  of  them  to  a  common 
denominator  j  then  these  and  a  third  ;  and  so  on  till  they  he 
all  reduced  to  their  lent  oomnon  denominator. 
.      £x.  )  and  I  and  {=|  and  J  and  }= j4  and  \\  aofl  \\. 

CASEVir. 

ToJiniihevaltttofaFra^vninpaTti^  tht  Jfttltgtr. 
MvLTirLr  the  integer  by  the  nnmerater,  and  divide  the 

E-odact  by  the  denominator,  by  Compound  Huttiplicatioia  and 
iviaion,  if  the  intei^r  be  a  compound  qnantity. 
Or,  if  it  be  a  sii^e  integer,  multiply  (he  nomerator  by  tb« 
porta  in  the  next  inferior  d^Bomination,  and  divide  the  pro- 
duct by  the  denominator.  Then,  if  any  thing  remains,  mul- 
tiply it  by  the  parts  in  the  next  inferior  denomination,  and 
divide  by  the  denominator  as  before  ;  and  ao  on  as  &r  as  ne- 
cessary ;  to  shall  the  qootiedts,  placed  in  order,  be  the  vahte 
of  tiw  fraction  required.* 

■  Tbc  niunanbir  of  ■  fnrliai  being  cxniidcKil  u  ■  rcDXiDdar,  in  Dtrukm, 
mai  tha  deii«niji*ti>r  as  the  diviBar,  thit  niLe  is  of  dv  nnM  nature  na  Corufioimd 
DiviHia,  or  the  velnitiin  al  reimuiden  in  lbs  Rule  of  Thr«,  belbre  cTpliincd. 

JVbCc,  by  tin  Editor.— Fracliaaa  naj  tu  redaced  to  Ihtii  hut  conBnaa  dttn. 
jdiMtor  "  ibltsm. 

Vm  M,n,  ait.  3i,  36,  ia,  45, «  be  fhtieooajaiitan:  mliKs  «ch  deoanuin- 
tn  inio  lbs  pndoct  of  dw  powen  at  it*  prim  ftcUm.  ud  the  fprai  oiunbBn 
keBomeS'xS,  3'.  9X3X6,8',  1»X3',  3»X6,  3*  XS,  «' XS:  nm  Uke 
theUgfaesI  poirer  ol  each  pniiK&ctor  lad  «e  btreS',  3*,  6;  the  jsoductof 
which  S'X3*X5  =  3IX3TX5=43I0.udui  Isatt  noaatea  denomiaaeor  n. 
qninHl  Agun,  M  S,  3,  4,  6,  G,  T,  S,  9, 10  be  die  (lawmiiMton.  Id  Out  cue 
awpomnaf  diepuiK«iae>chaBmber*i«S,3,  S*,6,  3X3,T,3',3',3XS; 
nod  Ibc  bij^wil  pair«n<<  the  prittei  mre  S' ,  3' ,  G,  T,  cf  wbkta  Ok  {inxhict  ii 
!*X3'X5xT=>X9X5XT's63X40=2»0,  which  ■>  tha  leM  comooo 


lliii  melbod  is  *dranta{;«oai  wbeMhe  pnine  IKcton  *n  extlj  ducovii.nd,  in 
other  CUM  m  maj  proceed  in  Ibe  iMlawing  nrniner.  Find  the  gmtuit  rmii- 
woa  diTiBor  of  tfie  finA  end  Becoad  ■t'eik  mnubert;  diiide  the  product  of  the 
fim  uid  Kfnid  tired  EHDubeTa  faj  tUi  graateM  common  divisor,  (nd  call  the 
r  difids  tbe  ptoduct  of  c  and  the  diud  preo  number 
I  diviMT,  and  call  tbe  quotienl  d  :  procceo  in  Yik^  nan- 
L  gi>«ii  lUBiilier,  and  die  latl  number  thiu  fbond  will  ha 


ner  with  d  and  the  Iburlh  gi 
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AkltHHEtt^. 


1.  Whatuthet  of  SI6i? 

%y  the  fenoer  part  of  the  Rak 

S/  6( 


5)  9  4 
I.      II  I6t  9d  %. 


2.  Whid  u  tba  nine  off  of  II  ! 
Bjr  tbe  3d  part  of  the  Role, 


3)40(I3«4<JAm. 


3)  12  (4<I 


3.  Find  the  Talue  of  j  of  apooad  stcriiif.         Am.  7t  tid. 

4.  What  V  the  value  of  |  of  a  guioea  ?  Ana.  4t  Sd 

5.  What  is  the  valae  off  of  a  half  crown  ?    Am.  U  10)d. 

6.  What  is  the  value  off  of  4(  lOd?  Ads.  U  1i|(I. 

7.  What  is  the  value  of|  lb  troy  ?  Ans.  9  oz  12  dwta. 

8.  What  is  the  value  of  ^  of  a  cwt  ?  Aos.  1  qr  7  lb. 

he  IbuI  nmnoD  mnldple  of  the  gheo  DDniben  i  that  is,  Ihe  Uut  commco  de- 

»r  of  the  n*eli  fnctioiu. 

L.  Let  34, 31,  30,  3!,  3S,  40, 4£,  4S  be  the  given  Buniben.  The  greal- 
EH  caniDOD  divinr  of  14  wmI  ST  it  lbui)d  b;  the  ccaw^  rule  la  be  3,  then 
"?^staLE=c.    Aruo.therreMHtcauinndiTUord'ateBDdSOiifbuiid 


±31G=c.    Aeud,  the  Kreunt  ca 
tobcCrad  (beR£ireii=^^-^  =  1«8a.     Ajun  Ibe  ^nUait  c. 
tixafi(mOtBd3XnB,tbeTefana='^^^p—=*310.     Fertber,  the  greatett 
caauion  £Tinr  oT  4330  end  36  is  36,  «)>.iiaf  =  ^^1^  =  4320.     la  like 


4330.  and  lastly 
jT  ■■  1=  43S0  91  the  Itnal  coamoo  multiple  itf  the  given  itumbert. 
Ei.  2.  Let  a,  3,  4,  S,  6,  7, 8, 9,  10  be  the  given  number*.    Here  c=  '''~ 


8X4 


8X3 
_«0X8 


Biulfipli;  required. 

This  gcnecsl  rule  may  be  expressed  as  ^ilmrs. 

Divide  Ihe  £nt  by  (be  ([rastttit  commoa  mcisuni  ot  tb«  £rsi  and  enrond,  and 


pullifd]'  (be  qdodent  by  tb*  wcmd,  and  c«ll  Iho  pn>dui:t 

rpniBU  mmmn.  n_«.»  of  c  uid  the  (bird  gtvcii  number, ^.j  _. 

his  juodnct  D  :  Id  like  manner  procped  with  0  »»dth 
giveD  number,  *ud  (he  Imit  product  will  be  the  leul  common  multipia  re 


quntient  by  (he  third,  call  this  product 
foarth  givea  number,  *ud  (he  Imit  p  ^ 


-:l,vG00gIC 


ADDITION  OF  VULGAR  FRACTIONS. 

9.  What  ia  the  Talua  of}  of  an  acre  ?        Ane.Sro. 
10.  What  is  th«  value  of  ^  of  a  daj  ?      Atn.  7  hn  1 


To  Rtduce  a  JVoctton/rom  one  Dtnotnination  to  another. 

*.  CoNsiBU  how  msnj  of  the  le«i  deooniiiution  make  oae 
of  the  greater ;  tbeo  multipljr  the  Dumerator  hy  that  Dumber, 
if  the  reductioD  be  to  a  len  name,  bat  mnltipl;  the  deBomr> 
aator,  if  to  a  greyer. 


1 .  Reduce  (  of  a  ponnd  to  the  fraction  of  a  peoDj'. 

JXVXV=*J»='fVthe  Awwer. 
3.  Reddce  |  of  a  penny  to  the  fraction  of  n  poimd. 


♦  X  tV  ^  A  =  sir  'lie  anewet. 


3.  Redace  ^l  to  the  fraction  of  a  penny.  Am.  '\'d. 

4.  Rednce  fq  to  the  fraction  of  a  ponnd  Ans.  j^|. 
fi.  Redace  4  cwt  to  the  fraction  of  a  lb.  Am.  y. 

6.  Redace  }  dirt  to  the  fraction  of  a  lb  troj.       Ads.  ^iv 

7.  Redace  |  crown  to  the  fraction  of  a  guinea      Ans.  fy. 

8.  Redace  f  htdf-crown  to  the  fract.  of  a  sbJUing.    Ana.  }\. 

9.  Rednce  2*  ed  to  tbc  fraction  of  a  £,  Ana.  }. 
10.  Rednce  n»  ^d  Sj?  to  the  fraction  of  a  £. 


ADDITION  OF  VULGAR  FRACTIONS. 

Ir  the  fractions  hare  a  common  denominator  j  add  ail  the 
mmeratois  tt^ethef,  then  place  the  snm  orer  the  common 
denominatort  and  that  will  be  the  snm  of  the  fractions  re- 
qsired. 

t  If  the  proposed  fractions  have  not  a  common  denomina- 
tor, they  mast  be  reduced  to  one.     Abo  compound  fractions 

•  Ttiii  ii  Ibc  same  u  tbc  Rule  of  Redudim  in  irhdle  numben  tinn  one  daoo- 

t  Before  fnclioiu  ire  nduccd  to  a  cmvDOO  duunilnalor,  Ibej  are  quite  dJAsJ. 
milu,  Bi  nwcb  as  riullu^  ax\S  pence  are,  and  therefbra  raoiiM  be  incorpontcd 
wiib  mc  another,  hay  num  ibui  (hew!  can.  But  when  litcj  are  reduced  to  a 
mnunon  denoBxinator,  utdmadepartsof  ibe  lame  thiog,  (heJriHttiitor  diffbre^ice, 
iDafltivn  be  as  properly  cipiMied  bf  the  nun  or  dtSercnce  of  the  nuiiKreton,  us 
the  Him  or  dilfcrcntv  of  any  two  quanlilieE  whateTer,  bj^  (he  Miin  or  diflerenee  of 
their  kidividiuils.  Wbeuvo  the  natid  of  Ibe  Rule  ii  tnaaifiiM,  bulb  lor  Addition 
and  Snblrabliou- 

Wlien 


D,q,-z.-dbvGoogle 


«f  AnfTHHETie. 

mtt  be  reduced  to  aiiqtla  obm,  and  frictiou  of  dUTenst 
dcHOmluetiou  to  those  ut  th«  tumedeiioiBiiuitivi).  Then  mM 
the  numeraton  u  before.  A*  to  mixed  nvmbara,  thej  tiw 
cither  be  reduced  to  inprope*  fraction!,  and  to  added  irita 
the  othen ;  or  else  the  fractional  parti  oal/  added,  and  the 
integer!  united  afierwarde. 


1,  Te  <tdd  I  and  i  together. 

Here  j  + 1  =  )  =  if ,  the  Anawer. 

5.  To  adtf  }  and  t  together. 

I  + 1  =  Jl  +  H  =  H  =  t  Jl,  the  Aniwer. 

3.  To  add  f  and  TJ  and  i  of  J  together. 

f  +  7i  +  +  of  i  :=  f.4-  y +t  =i+  V  +  l"V=  «l- 

4.  To  add  I  and  t  tofether.  Ana.  If. 
».  To  add  j  and  (  together.                               Ana.  IJJ. 

6.  Add  f  aod  fy  together.  An!,  ^.  : 

7.  What  is  the  sum  of  )  and  |  and  f  ?  Ana.  l||j. 

8.  What  ia  the  aum  of  {  and  j  and  2^  ?  An!.  3(|. 

9.  What  is  the  snm  of  {  and  ^  of  ^  and  9^  ?     Ads.   10J|^. 

10.  What  is  the  som  of  f  of  a  pound  and  f  of  a  shilliog  1 

Ana.  'I^j  or  I3t  iOd  2|f. 

11.  What  is  the  nub  of  J  of  ashillingaadyYof  apenny? 

Ads.  V/^or  7iJ  l|ff. 
13.  What  is  the  snm  of  |  of 'a  pound,  and  {  of  a  shilling, 
and  ^  of  penny  ?  Ans.  f  {]{<  or  3i  id  I^f  j. 


SUBTRACTION  OF  VULGAR  FRACTIONS. 

Pkefirc  the  fractions  the  same  as  fat  Addition,  when  ne- 
eei!Hr7 ;  then  subtract  the  one  nnmerator  from  the  other,  and 
net  the  remainder  over  the  common  denominator,  for  the  dif- 
ference of  the  fraction*  sought. 

EXAMPLES. 
1,  To  find  the  difference  between  I  and  }. 

Here  |— j  =}  =  },  the  Answer. 
t.  To  find  the  difference  between  j  and  |. 
»-«  =  »-«  =  A.  Ih*  Answer. 

Del;  b«It  im  lo  add  rm 
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MULTIPLICATION  OF  VULGAR  FRACTIONS.  $9 

X  What  ii  tha  differenee  fcctween  fy  ani  ^  f        Am.  ^. 
4.  What  is  the  diSerQnce  between  ^  utd  ^  *      Adi.  fy. 

6.  What  il  the  difference  betweeit  fy  aod  X  ?    Ans.  ,ijy. 
a.  What  il  the  diff.  between  6}  and  a  of  4 j-  ?      Au.  4yfy. 

7.  What  U  the  difference  between  f  of  a  pound,  and  |  of 
}  ttf  a  ahilliag  1  Ana.   uy  or  lOf  Ti^  1^9. 

8.  Vriiat  ia  the  di&renue  between  ^  ofb^  of  h  p.i-inJ  and 

f  of  a  thilUiig  ?  Aoi,  i*iii  or  IJ  8f  1 1  ^;t/.  J, 


MULTIPLICATION  OP  VULGAR  FRACTIONS. 


*  Rbmck  mised  numben.  if  there  be  my,  t»  eqniralent 

fraetiona ;  ifaen  ai'tltiiily  all  the  RumerHtort  tt>g«!lher  for  a  ■»- 
meraMr.  and  all  the  (tenoininattfr*  together  for  «  denotniiutor, 
which  wiUgire  the  yrodnct  required. 

EXAMPLES. 

1.  Required  the  prodaclof  }  and  {. 
Here  |X|  ^-^  '^i.lha  Answer. 
Or|X   «=^Xi  =  i. 
S.  Required  toe  continaa]  product  of  {,  3{,  5,  nnd  J  of  f, 
g     13    g      If      a      13X3     39 

Here  — X— X— X— X— *- *=— =  4J  Au. 

3      4      1      4     A      4X<      i 

5.  Required  the  product  of  f  nod  |.  Ads.  /f. 
4.  Required  the  product  of  ^  and  -ff.  Ani.  j'^, 

6.  Required  the  product  of  f,  },  and  f}.  Ana,  ^, 


of  (oy  dting  by  a  (nctkn,  bi 


9.  Beqwre4 
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«4  ARITHMETIC. 

6.  Reqnlred  tke  product  of  ^,  4,  and  3. 

7.  Required  the  product  of  J,  |,  and  4  ^j.  Ads.  2  J_ 

8.  Required  the  praduct  of  f ,  aod  }  of  f .  Am.  I». 

9.  Required  the  product  of  6,  and  \  of  B.  Ana.'  20* 

10.  Required  the  prodnct  of  j  off,  and  |  of  3f .      Aos.  «. 

11.  Required  the  product  of  S^  and  4^.  Ana.  I44*f 
It.  Requir«d  the  prodvct  of  &,  |,  f  «r{,aiid4^    Ana.  ?^. 


DIVISION  OF  VULGAR  FRACTIONS. 


*  Prepare  the  rractions  ai  before  in  moltiphcfttMii ;  tbea 
divide  the  nuinerator  by 'the  anmentor,  and  the  denominstor 
by  the  denominator,  if  they  wiH  exactly  divide  :  but  if  not, 
tfaea  iuTert  the  tenna  of  the  diviaor,  and  m«ltiply  the  diridend 
by  it,  as  io  maltipUcatioB. 

•  1.  Divide  V  tj4- 

Here  y  ^  |  =  |.  =  i|,  by  the  first  method. 
2.  Divide  f  by  ^. 

Here  t^A=f.XV  =  *X4=y  =  4i. 

I.  It  18  required  to  divide  ^  by  |.  Ana.  1, 

.  It  H  required  to  divide  ^\  by  |.  .     Am    A. 

Ans.  fy. 
Ana.  4. 
Ans.  i^. 


6.  It  is  required  to  divide  V  ^ J  i 

6.  It  is  required  to  divide  f  by  y 

7.  It  is  required  to  divide  H  by  j. 

8.  It  is  required  to  divide  f  by  J. 


■  DivisioQ  beiiK  tha  nrtrte  ot  Multiiilicalia 
dei)t 

AMt,  A  fncfkn  la  be*t  djirMbd  bf  «d  jaiega 
it ;  but  if  h  idll  not  exact!}  diiida,  tbeo  mnltipT]' 
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RtTLE  OF  THREE  IN  VTLOAR  FRACTIONS.    M 

9.  It  M  required  to  dinje  ^  by  3.  Am.  Vy. 

H).  It  ii  required  to  divide  f  by  t.  Au.  ^. 

II.  It  IB  required  to  divide  7^  b;  9f.  Au.  }|. 

19.  It  U  required  to  divide  I  of  ^  1^4  «f7{.  Ant.  j^t- 


RULE  OF  THREE  IN  VUI^AR  FRACTIONS. 


Maee  the  iieceHiii7  preparatiMt  m  be&re  directed ;  tbcQ 
rnnltiplj  cootiBoaltj  t^tber,  the  ucond  lod  the  third  termi, 
•ad  the  fitvt  with  it>  parta  i&verted  m  ia  Division,  for  du 


1.  Iff  rfkfard  of  velvet coflt)  of «  pouid  ■tcrling;  what 
will  -ftof*  yard  coat  ? 

3        X         6       8      IT       JT 

—  :—,:;_:  _x— X =U  =  6i  M,  AiMwer. 

8        5        16      S     J$     jXf 

5.  What  will  S|  oz  of  litver  coet,  at  6i  4<J  en  onoce  T 

Ana.  II  It  4^. 

X  If  Ao''B>lup^*"rth273i2t6il;  what  are  y^  of  hex 

worth  *  Ant4  till  Iti  Id. 

4.  What  a  the  parchue  of  12301  baDk-etock,  et  IO84  per 

cest.  T  Ad>.  13361  li  Bd. 

6.  What  ia  the  inlereat  of  £731  ]fii  Utr  a  year  at  3^  per 
cent.  ?  Adb.  8/  17i  ll^i. 

6.  If)  of  a  ship  be  wortili  73^  It  3d;  irtiat  part  of  her  ia 
worth  ibOl  10*  7  Am.  |. 

7.  What  leogth  mut  be  cot  off  a  board  that  is  7}  inches 
broad,  to  coDtam  a  aonare  foot,  or  as  raech  as  another  pi«ce 
of  ISiockes  long  aoa  IK  broad  ?  Am.  ]{4f  inches. 

8.  What  qnaDtit;  of  sbaUooa  that  is  j  of  a  yard  wide,  will 
line  9|  yards  of  cloth,  that  is  t^  yards  wide  T     Ana.  31}  ydi. 


>  lagtSxT,  and  ittridil«  As 
le  nnmben. 

9.  If 
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M  ARITHMETIC. 

9.  1/  the  penny  loaf  weight  6  ^  ok,  when  the  {wicc  ot 
wheat  ii  6(  tha  bwbcl ;  what  on^t  it  to  weigh  when  (he 
wheat  ia  Si  6d  the  baahel  7  ,  Ana.  4^  ox. 

10.  Hoff  much  ID  length,  of  a  piece  of  IsDd  that  »  I1|| 
polea  broad,  will  make  an  atre  of  land,  of  as  much  as  40 
polea  in  length  and  4  in  breadth  t  Ana.  13  y^  potea. 

11.  IfaGoarier  perform  a  certain  journey  in  35i  iaja, 
trarelling  )3|  hours  a  day ;  bow  long  would  he  be  in  per- 
fomuDg  the  lame,  trarelUng  only  llfy  hoars  a  day  ? 

Ana.  40f i  j  days. 

12.  A  regiment  of  soldiers,  consisting  of  976  men,  are  to 
be  new  cloatbed  ;  each  coat  to  contain  S^  yards  of  cloth  that 
ia  If  yard  wide,  and  lined  with  shalloon  J  yard  wide  :  how 
many  yards  of  shalloon  will  line  them  ? 

Am.  46SI  yds  I  qr  Sf  nmls. 


DECIUAL  FRACTIONS. 

A  DiciMAL  Faictiom,  is  that  which  has  for  its  denomina- 
tor ao  nnit  (I),  with  as  many  cjpben  annexed  as  the  nmoe- 
rator  baa  places  ;  md  it  ia  nsoslly  expressed  by  tettiof  down 
the  numerator  only,  with  a  point  before  it,  on  the  left  hand. 
Thi»,  A  »  •*.  "tl  ^  M  •**.  and  jHt  "  'O'^.  and  TiWif 
ia  '00124  ;  where  ciphers  are  prefixed  to  malie  up  as  maoy 
places  OS  are  ciphers  in  the  denominator,  when  there  is  a  de- 
ricieBcy  of  figures. 

A  mixed  nvimber  is  made  np  of  a  whole  nnmber  with  some 
decimal  fraction,  the  one  beiog  separated  from  the  other  by 
a  point.     Thua,  3-26  is  the  same  as  3^,  or  f  H- 

Giphen  on  the  right  hand  of  decimals  make  no  alteration 
in  tfaeir  valne  ;  for  -4  or  40,  or  400,  are  decimals  haviag  all 
the  saae  Talae,  each  being  =  ■^  orf .  Bat  when  they  are 
placed  on  the  left  hand  they  decrease  the  nlue  in  a  ten-foM 
proportion  :  Thus,  '4  is  fy,  or  4  tenths  :  hot  '04  is  only  yfn 
or  4  hondredtbs,  and  -004  is  only  y^j>  ■>'  ^  tboosandths. 

The  1st  place  of  decinwls,  counted  from  the  left  hand  to- 
wards the  right,  is  called  the  place  of  primes,  or  tOtbs  ;  the 
2d  is  the  place  of  seconds,  or  lOOtbs  ;  the  3d  is  the  place 
of  thirds,  or  lOOOUis  ;  and  ao  on.  For  in  decimals,  as  well  as  ■ 
in  whole  numbers,  the  valaes  of  the  places  increase  towanls 
(be  left  band,  and  decrease  towards  the  right,  both  in  the 
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ADOfTION  or  DECIKALS.  «7 

•aae  ten-fold  proportion ;  as  in  the  foHowiDg  Scale  or  TaUe 
of  Notation. 


• 

Ii 

!  i 

3      3      3      3       3       3 

III: 

3       3       3      3 

1 1 

S      J 

i 


ADDITION  OP  DECIMALS. 

Set  the  Bombers  ooder  each  other  .aceorduig  to  tfae  talna 
(^  their  places,  bke  a»  in  whole  namber*  ;  in  whi^  atate  the 
decioMl  separating  pointi  will  itaod  all  esacllj'  under  each 
other.  Then,  beginning  at  the  right-hand,  add  up  all  the  co- 
lumns of  nambers  as  in  integers  j  and  point  off  as  maoj  placet. 
Sat  decimah,  as  are  in  the  greatest  namber  of  decimid  placet 
in  ao5  of  the  lines  diat  are  added ;  or  place  the  p<»nt  directly 
below  all  the  other  points. 

eXASIFLIS. 
].  To  add  together  29-0146,  a&d  3146-8,  and  SI09,«ul 
-SS4l7.wd  14-16. 

29-0146 
3146-6 
SI09- 

.6S417 
14-16 


629&-29877  the  S 


Ex.  S.    What  is  the  sum  of  376,  39-213,  72014-9,  417, 
and  5032  T 

3.  What   is  the  son  of  7630,  16-201,  3-0142,  957-13, 
I      ■7S119and-O30I4. 

4.  What  is  *ht>  sum  of  312-09,  3-5711,  7195-6,  71*496, 
9738-2lfi,  179,  and  -0027  ? 

SOBTRACTION 
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ARITHBIETIC. 


SUBTBAOnON  OF  DECIMALS. 


Placi  die  nnmben  ondar  «ach  otber  Kcordit^  to  Ow  t*- 
loe  of  their  phcei.  m  in  the  Uri  Rule.  Then,  beginniog  at 
the  right  hand,  inbtnct  m  ia  whole  aoo^tenf  and  point  eff  Ute 
'n^ditiea. 


.  TofindOiedilenlncebetweeDSt-TSuidS'ISS. 
91-75 
£•138 


ft.  Find  the  diff.  between  1-9186  and  t-73     Am.  0-8116. 

3.  To  ■abtnctVdOlM  from  214-81.         Am.  209-90868. 

4.  Find  the  diff.  between  2714  end  -916.    Aim.  27I3-Q84. 


MUtTIPUCATION  OF  DECIMALS. 

*  Pu«Kthe&ctan,«Ddmiilt}pl5tbemU^thertbeeaneai 
if  thej  were  whole  Doinbera. — TlieB  point  off  in  the  product 
jut  m  nun;  place*  of  decimalB  bb  there  are  decimili  in  both 
the  &Gton.  But  if  there  be  not  w  maoj  fignree  in  the  pro- 
duct, then  loppl}  the  defeet  b;  prefixing  ciphers. 


•  'naltnlewillbeatidealtraii  Ibia  suinplt :— Let  h  be  raquind  In  mBlliiilf 
-IS  bj  -361  i  thaea  raotMra  bts  equlnkiit  to  xVf  "^  riSh ;  *^  ptodnct  of 
^^'^  <*  riHit=OiS3i,  b;  Ihe  Mtiin  of  NoOtioo,  wtuch  conuU  of  u  IM- 
nr  pUoa  u  dwM  an  didien,  Hut  u,  of  u  amy  ftMot*  M  Ifacn  ua  in  bodl 
K^abm,    Audio  like  m«awr  far u^oAtrimnbeni, 
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MULTIPUCATIOM  OF  DECiVALS. 


!.  Hdliply  -3SI096 
bj        -3466 

1606480 

1926676 
in4SB4 
fi4ZI» 

Ani.  •0741MI640  th«Prodact. 


3.  Mii}tiplT7S-M7b7£3l&  Ana.  1836-86305. 
9.  Multiply  -63478  bj  8204.                     Am.  ■620773612. 

4.  Unhiply  -386746117  -00464.  Am.  -00178986144. 

cmnucTKWL 

TV  wnUlnty  Dtdmali  h/  1  wi&  any  nmiAer  of  Cmhen,  at  bv 
10,  or  100,  or  1000,  4v. 

This  Ib  done  by  tmlj  remorii^  the  decimal  poipt  lo  mny 
places  farther  to  tbe  right  band,  a*  there  are  cipben  in  tbe 
■mltiplier ;  and  anbjtMiung  ciphers  if  need  be. 

1.  The  product  of  51-3  and  1000  is  61300. 
i.  The  prodact  of  2-714  and  100  is 

3.  Tbe  product  of  -918  and  1000  if 

4.  Tbe  prodact  of  21-31  and  10000  is 

ccMTEAcncm  n. 

3i  Contract  tkt  Overalion,  toot  u r*lain  onJi/ at  nuaiy  Dtei- 
«wl«  w  ike  Prodmct  at  mai/  be  thovgkt  Aecfiiary,  «A«i  the 
Prodmtt  9oidd  natvrmiiy  aontain  uveral  more  PUict*, 

Sar  the  noita'  place  of  the  mnltiplier  ander  that  fignre  of 
tbe  maltiplicaod  whose  place  is  the  iame  as  is  to  be  retained 
ibr  the  laat  in  the  prodact ;  and  diipoae  of  the  rest  of  the 
figures  ia  the  inverted  or  contrary  order  to  what  they  are 
oaaaHy  placed  in. — Then,  in  maltiplyifig,  reject  all  tbe  fignrea 
that  are  more  to  the  right  hand  than  each  multiplying  figure, 
and  set  down  the  product*,  ao  that  their  right  hand  figures 

may 
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70  ARITHMETIC. 

may  Tall  in  a  columo  straight  below  each  other ;  bqt  Qbierv. 
iog  to  increase  the  first  ligure  of  every  line  with  what  would 
aiiie  from  the  figures  Emitted,  is  this  maoner,  nameij  i  froa 
fi  to  14,  !f  from  15  to  24^  3  from  Sfi  to  34,  ttc.  ;  and  the  sum 
afBlI  the  lines  will  be  the  product  na  required,  commoDly  4o 
the  oearest  unit  in  the  last  figur^. 

EXAMPLESL 

I.  To  mnltiply  27-149S6  by  9S'41035.  so  as  to  retain  onlj 
four  places  of  deGimls  in  the  product. 

ContraeUd  Way.  ComauHi  Way. 

2714986  27-14986 

Si0I4-2»  92-4IQ3a 


24434874 
5429£g 


574930 
44958 


3608-9280  S6O8-9280  650610 


«.  Multiply  480-14936  fay  3-72416,  retaining  only  four  de- 
cimals in  the  pr«duct. 

3.  Holtiply  2490-3048  by  •573286,  retaining  only  fire  dft- 
cimals  in  the  product. 

4.  Multiply  325-701438  by  -7311393,  retaining  only  three 
decimals  in  the  product 


DIVISION  OF  DECIMALS. 

Divide  as  in  whole  nustbers  ;  and  point  off  in  the  qnotient 
as  many  places  for  decimals,  as  the  decimal  places  in  uie  divi- 
dend eiceed  those  in  the  divisor.* 


•The  reMonoflhu  Rule  i*  erideat ;  br,  gincs  tb«  dirkar  nmlliiilml  b;  Uv 

Siiodejil  gives  tha  diviiknd,  Ittenlim  ibt  DiunboT  c^  decfawl  ptucM  ia  ll»  dlTi- 
ruA,  is  eijuil  W  (hose  in  the  diviajr  uid  cjuxicnt,  lakan  logclber,  b;  Ihe  HBlare 
of  MuUiplmtioo ;  lutd  nowqinntl^  (be  ^uotkal  Uself  nuM  cootKlD  ai  imDy  ■> 
tbe  dJTHkad  aiceeds  Ibc  dirbin. 

Another 
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DIVISION  OF  DECIMALS.  TI 

Another, my  to  kaow  the  place  Tor  the  decimal  point,  ii 
Ihi* ;  The  fint  figure  of  the  quotient  nint  be  made  to  occa- 
pv  the  same  place,  of  integen  or  docioMlf.  a«  doth  that  ligure 
of  titn  dividend  which  itandt  over  the  unit'i  figure  of  the  fint 
pivduGt.  ' 

When  the  places  of  the  quotient  are  not  to  many  at  the 
Rule  reqnireB,  the  defect  ia  to  be  supplied  bjr  pretixiog  ci- 
phers. 

When  there  happens  to  be  a  remninder  after  the  lUTiaion. 
or  when  the  decimal  phccfrin  the  divisor  are  more  than  those 
ia  the  dividend  i  then  ciiihera  mny  be  annexed  to  the  dividend, 
and  the  quotient  carried  on  as  Jar  as  repaired. 


EXAMPLES. 


1. 


116)  -48SZ0988  (  -00272689 
JS92 
460 
1049 
1699 
1758 
1&6 


•2639)  27-OOO00(  102-3114 
6100 
8220 
3030 
3910 
12710 
2154 


3.  Divide  123-70536  by  54-25. 

4.  Divide  12  by  7854. 

5.  Divide  4195-68  by  100. 

6.  Divide  -8297592  by  ■  153. 


Ana.  2-2802. 
Am.  15-878. 
Ans.  41-9568. 
Ans.  5-1232. 


O0NTRACTK)."(  I.         ^ 

Whiit  the  divisor  is  an  integer,  with  any  Dumber  of  ci- 
phers anaesed :  cut  off  those  cipfaen,  and  remove  the  deci- 
mal point  in  the  dividend  as  many  places  farther  to  the  left  as 
there  are  ciphers  cut  off,  prefixing  ciphers  if  need  be  ;  then 
proceed  as  before.* 


<•  lliiitBiMinonllundiriilingbnOiilivuaruiddiviilMdbflbannienninbFr 
either  10,  or  100,  or  1000,  kc.  according  lo  te  niunber  oT  cipbcra  cnl  dS,  which. 
lna.*iBf  dma  ia  the  eune  propDrikii,  doa  not  kffiKt  Ihe  quotinl.  And,  in  th> 
■mne  way,  ihc  dacimal  potnt  nuy  be  mofd  Ihe  nine  BtmbBr  of  pbc<a  in  bMl 

Die  diriw)rBnd(iiviilaaH,fiil>ar  lo  the  nfht  or  left,  wbelher  ihaj'  ham  ciplxrs  ui 
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ARITHMETIC. 


1.  DintleiS'Sbj'tHW. 

ai-OO)  -466  (-0816,  &G. 


S.  Divide  41020  by  SiWOO. 

3.  Divid«      963  by  21600. 

4.  Divide        61 1^  7Se00. 

CQRTE&CTHHI  H. 
Hence,  if  tbe  dinaor  be  1  wttb  ciphen,  m  10, 100,  or 
1000,4k.  :  tfaeo  the  ^vodeat  will  be  toaod  by  nerely  mov- 
ing tbe  decimal  point  id  the  dividend,  w  auuiy  plscen  brtfaer 
to  the  left,  u  the  divisor  hM  ctplu^ ;  prefixing  ci^n  if 
need  be. 


So.  S17.S..f.  100=«S.173  And418-i-      10  a 

Aad  6.ia  ^  100  =>  And    21  -f-  1000  ss 

0«rTBJt.CTI0n  DX 

Wher  there  are  maj  figures  i&  the  diraor ;  or  whea 
only  a  certaiD  nnmber  of  decimals  are  Mceuary  to  be  re- 
tained in  the  qnotient;  then  take  only  as  aiany  fignrei  of 
the  diriaor  as  will  be  equal  to  the  number  of  figarea,  both  in- 
tegert  and  deciiaah,  to  be  in  tbe  quotient,  and  fiad  how  bwbt 
dmes  th^  may  be  cootained  in  tbe  fint  fignrea  of  tbe  dividend, 
as  nsual. 

Let  each  retnaiader  be  a  new  dividend ;  and  for  every  inch 
dividend,  leave  ^t  one  figure  mora  on  the  right-hand  ude  of 
the  divitor  ;  remembering  to  carry  for  the  increase  of  the 
figures  cut  off,  ai  in  the  2d  contraction  in  Multiplication. 

Abte.  When  there  are  not  so  many  figures  in  the  divisor, 
89  are  required  to  be  in  the  qnotient,  begin  the  operation  with 
all  the  figures,  and  continae  it  as  usual  till  the  number  of  fi- 
gures in  the  divisor  be  eqaal  to  those  remaioiog  to  be  found 
in  tbe  quotient:  after  which  begin  the  contraction. 

KXAMFLEL 

1 .  Divide  2508-99806  by  92-4 1036,  so  m  to  have  only  jbnr 
decimali  in  tbe  quotient,  in  which  case  the  quotient  will  con- 
tain six  figures. 
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BEDfCTION  OP  DECIMALS. 


GmtncUd.  CommM. 
K^4103^)3S0e-9S8,06(3r-1498      9?4103^)3S08-938,Q6(S7-I49(} 

660r21  66073IQ6 

1384S  13B486M 

4606  46O7S7i0 

912  91116100 

80  79467850 

6  -                   5539570 

2.  Divide  4109'23S1  by  S30-409,  lo  that  the  qaoli«nl  Hwy 
contain  only  four  decimaU.  Ana.  17-&34fi. 

3.  Diride  37- 10438  by  67  lS-96,  that  the  ({votient  may  cM' 
tain  only  five  decimali.  Ana.  00649. 

4.  Divide  913-08  by  2137-9,  that  tbc  qaotitnt  mty  COoUia 
only  tbtm  dscisiBli, 


REDUCTION  OF  DECIHjtf.S. 


Ti>  reSiut  m  FWgar  FnuHtM  b>  itt  tqwoaf^  Decimal. 

Divide  the  numerator  by  the  denonunator  as  in  Division 
of  Decimal!,  annKong  ciph^n  to  the  numerator  as  fiu-  ai  n«- 
csnaiy ;  so  atwll  the  quotient  be  the  decimal  required. 


.  Rednee  3^  to  a  decimal. 
34=4X6.    Then  4  } 


2.  Reduce],  aod|, and  ],  to  decimals. 

Ads.  -25,  biuI  -6,  and  -76. 


3.  Reduce  |  to  a  decimal. 

4.  RedocQ  -^  ^  <^  decimal. 
*.  Reduce  rfj  to  a  decim^. 
6.  Reduce  f/^  to  a  decimal. 


Vol.  I. 


11 


Ana.  -625. 

Ao9.  -12. 

Am.  031  >£0. 

Ans.  -USibblu. 

CASE 
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CASE  II. 

To  find  the  Valtu  of  a  Didrnal  in  Urtnt  of  lAa  h^arior  DtM- 


Hdltiplt  the  decimal  by  the  nnmber  of  parti  ia  the 
next  lower  denomiiiatioD  ;  and  cot  off  u  many  places  for  a 
remainder  to  the  right  hand,  as  there  are  places  to  the  giren 
deciBwI' 

Multiply  that  rematoder  by  the  parti  in  the  neit  lower 
denomiaatioD  again,  cntting  off  tor  another  remainder  as  be- 
fore. 

Proceed  in  the  lamc  mumer  through  "H  the  parti  of  the 
integer ;  then  the  lOTeral  denomiDationa  leparated  on  the 
left  hand,  will  make  op  the  anawer. 

Jfott,  Tfaii  operalioB  ia  the  aame  aa  Redoction  Deaccnding 
in  whole  ntuahera. 


I.  Rehired  tt>  find  the  rahie  of  'TIS  pooada  Aeiiii^- 


d.  4.000  Ant.  lBt6d. 


C.  What  11  the  ralne  of  -626  ahil  T  Ani.  7^^. 

3.  What  ia  the  ralne  of  -8636/  7  Am.  1 7*.  3.34(1. 

4.  What  ia  the  value  of  •01X5  lb  troy  ?  Ana.  3  dwto. 

5.  What  ia  the  ralae  of  -4694  lb  troy  I 

Ana.  6  oz  12  dwta  15*744  gr. 

6.  What  ii  the  valoe  of  -625  cwt  ?  Aaa.  2  qr  14  lb. 

7.  What  ii  the  value  of  -009943  miles  ? 

Ads.   17  yd  I  ft  5'98848iiK. 

8.  What  is  the  Talae  of  -BSTS  yd  ?  Ans.  2  qr  3  dIs. 

9.  What  is  the  Talae  of  -3376  acr  ?        Ana.  1  rd  14  poles, 
to.  What  is  the  nine  of  -20S3  fahd  of  wioe,? 

Alb.  13-I229gal. 
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REDUCTION  OF  DfiCIUAi^S. 


to  rtiuce  httgtn  or  DtcimaU  to  Eqmvatent  Duimal*  of 
Higktr  Dinomimatioiu. 

Divide  by  the  namber  of  parti  in  tha  nest  higher  denomi- 
nation ;  coDtiDning  the  operatkm  to  aa  nuuij  hi|^er  denomina- 
tNiu  AS  raaj  be  Deceaaarjr,  th«  aane  at  ia  Raduction  Aacanding 
Bt  whole  Dunbers. 

inuMnxs. 

1 .  Reduce  1  dwt  to  the  decimal  of  a  peoad  troy. 

SO  I  1  dwt 

IS  I  005  oz 

I  0-004166  &c.  lb.  Ana. 
t.  Redace  Qd  to  the  decimal  of  a  pound.         Am.  *037S/. 

3.  Reduce  7  drama  to  the  decimal  of  a  pound  aroird. 

Adh.  •0S73437Stb. 

4.  ReiliKe  SSiJto  thedecimalofa/.     Ana. '0010833 &c./. 
6.  Redoce  i- 15  lb  to  the  decimal  of  cwt. 

Ana.  -OlSlse+cul- 
6.  RedttceS4yarda  to  the  decimal  of  a  mile. 

Ana.  -013636  &c.  mile. 
1,  Reduce  -065  pole  to  the  deciokal  of  an  acre. 

Ana.  •06035  ae. 

8.  Redace  1-2  pint  of  wine  to  the  decimal  of  a  bhd. 

Ans.    OOSSe+hhd. 

9.  Reduce  (4  miootes  to  the  decimal  of  a  day. 

Aos.  -COOTS!  Sic.  da. 

10.  Reduce  -31  pint  to  the  decimal  of  a  peck. 

Ana.  -OlSISfipac. 

1 1.  Redace  £8*  iS'"  to  the  decimal  of  a  minute. 

Note,  Whta  there  art  tneral  nambtri,  to  be  rtduted  all  to 
ike  decimal  of  the  higheil  .- 

Set  the  given  numbers  directly  under  each  other,  for  divi- 
dends, proceeding  orderly  from  the  lowest  denomination  to  the   a 
bigheat. 

Opposite  to  each  dividend,  on  the  leA  hand,  aet  such  a 
nomber  for  a  divisor  aa  will  bring  it  to  the  next  higher  name  ; 
dnwing  a  perpendicolar  line  between  all  the  divisors  and  di- 
videnda. 

Begin  at  the  uppermost,  and  perform  all  the  diviaiona ; 
only  observing  to  set  the  qnotient  ef  each  divisien,  as  decimal 

parts 
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fl»  AfllTHUKtiC. 

partg,  on  the  right  hand  of  lh«  dividend  next  below  it ;  (» 
Bhall  the  latt  quotieDt  bfl  the  decimal  reqaind. 


1.  Reduce  I7i9)dlathe  deciDMldf  apDtm'di 


4  1    3- 
li       9-75 
«0l  17-81! 
£0.8901 


8l3fi 
,890626  Am. 


Z.  Reduce  191  )7«  Sjd  to  t.  Ani.  19  8G3f)4ie6&c.  I. 

3.  Reduce  15«  6rf  to  tbe  decimitl  of  a  /.  Ani.  '^r&J. 

4.  Rednce7^dtatheHecimBlofaahilliDg.         Ana.  -6361. 

5.  Reduce  6  oz  12  dwti  16  gr  to  lb.        Ads.  -46944  lie-  Ih. 


RULE  OF  THREE  IN  DECIMALS. 

t*REFARK  the  terms  by  redacing  the  -nlgar  fr&ctiona  to  de* 
cimah,  and  any  compoond  numbers  either  to  decimal  of  the 
higher  deaominationi,  or  to  integers  of  the  lower,  alto  tha 
Grat  and  third  tenns  to  &m  same  name  ;  Tbeomnltiidj  anddi- 
TJde  a*  in  whole  numbera. 

JVofe,  Any  of  the  conTeoient  Esamples  in  the  Rule  (d 
Three  or  Rnk  of  Fire  in  i»t»eers,  or  Vulgar  Fractiona,  may 
be  taken  as  proper  esunplet  to  the  aarae  rules  in  Decimals. 
—The  following  Evample,  which  is  the  first  in  Vulgar  Frac- 
tiona, is  wroQ^t  out  here,  to  show  the  method. 

If  f  of  a  yard  of  TeWet  cost  {i,  what  will  fy  yd  cost  f 

yd       t  ji        I  *  ^ 

^  s=  -375   ■  -375  :  -4  ;:  -3126  :  -333  &c.  or  6  8 


•373)  -12600     (.333335  &c. 
1850  20 


•3l9fl 


Atn.  ^s-  G(7. 
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DUODECIMALS. 

DooDtefMiLS  or  Ckoss  MuLTirtiuTiej,  is  a  rule  mei  by 
irarknen  and  aitificen,  in  conpntiDg  tfae  contents  of  their 
woifa. 

Dimansioiu  are  usoalty  taken  in  (e«t,  JBcfaes,  and  quarters ; 
SBjr  put*  sntajW  than  tbese  bang  neglected  aa  of  no  conae- 
qaeDce.  And  the  aame  ii  inullipl^Dg  tbem  togather,  or  catt- 
ing  up  the  contents.    The  method  ia  ai  foUova. 

Set  down  the  two  dimenstoH  to  be  mohipUed  together,  one 
ander  tfae  ether,  so  that  feet  maj  stand  nadier  Ihet,  inches  un- 
der inches,  be 

tTuItiply  each  tero)  in  the  miiltiplicaad,  beginnii^  at  the 
lowest,  by  the  feet  is  the  multiplier,  at^  set  the  result  of 
aach  itnugbt  under  its  corresponding  tenn,  obierniq;tO  car- 
'ry  I  for  erery  12,  from  the  iochei  to  the  feet. 

In  Uke  manner,  multiply  all  the  multiplicand  by  the  inchei 
aod  porta  of  the  moHiplier,  and  set  the  result  of  each  term 
one  place  removed  to  the  right  hand  of  those  in  the  multipli- 
caod  ;  omitting,  bowerer,  whtf  is  below  parts  of  inches,  only 
cerryiog  to  these  the  proper  nnmber  of  nniU  from  the  lowest 
denomination. 

Or,  instead  of- multiplying  by  the  inches,  take  such  parts  of 
Ibe  multiplicand  as  there  are  of  a  foot. 

Then  add  the  two  lines  together  aAer  the  manner  of  Com- 
pound Addition,  carrying  1  to  the  feet  for  12  inches,  whea 
these  come  to  so  many. 


EXAMlk£3. 


1.  Mnltiply4  r7inc. 
by  6      4 

87  6 

Ans.  29  OJ 


3.  Multiply  4  feet  7  inches  by  9  f  6  inc. 

4.  Ilfnitipty  12  (&  inc  by  6  fS  inc. 

5.  Multiply  35  f  4|  inc  by  le  f  3  inc  . 

6.  Miritiply  64  f  6  inc  by  8  f  9^  inc. 


2.  Multiply  U  f  9  inc. 
by     4      6 


Ads.     4Sf61im; 
Ans.     8S     9). 
Ans.  453     4} 
Ans.  G€e    sif'  :' 

INVOLUTION. 
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INVOLUTION. 


iHrOtvTioii  ii  the  raimng  «f  PoweA  from  any  giveo  aan- 
ber,  as  a  root. 

A  Power  ii  a  qaasti^  produced  by  muldpling  snj  given  num- 
ber, called  the  Koot,  a  cetttio  number  of  timea  continually 
by  itsel£     Tfaua, 

t  ^    2  u  the  root)  or  1st  power  of  2. 
2X2=    4iath«Sd  power,  or  aqoare  of  X. 
t  X  2  X  2  =    8  is  the  Sd  power,  or  enbe  of  2. 
2X2X2X2=3  16isthe4th  power  of  2,  &c. 

And  in  this  manner  may  be  calcalated  the  following  Table  of 
ihe  first  nine  powers  of  the  first  9  nnmbers. 

TABLE  OF  THE  FIRST  KINX  POWERS  OF  NUMBERS. 


1st 

23 

■■M 

4th 

atb 

6th 

7th 

8th 

^      " 

1 

1 

1 

I 

1 

1 

1 

1 

1 

2 

4 

8 

16 

3C 

64 

138 

8M 

512 

3 

9 

27 

81 

243 

729 

2187 

6561 

19683 

4 

16 

847 

266 

10Z4 

4096 

16384 

65536 

262144 

6 

26 

12S 

626 

3125 

iefi25 

78125 

390625 

1953125 

6 
1 

36 

316 

1296 

7776 

466fi6 

279936 

1679616 

1O077C96 

49 

343 

2401 

16807 

117649 

823543 

6764801 

40353607 

s 

64 

513 

4096 

32766 

262144 

2097! 52 

16777216 

134217728 

s 

8. 

7«J 

6561 

68049 

631441 

4782969 

43046721 

SB  7420489 
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Tb«  index  or  Erponcnt  of  a  Power,  if  the  DOmber  denot- 
ii^  tbe  beight  or  degree  of  that  power ;  ukd  it  Ja  I  more  than 
the  Domber  of  multipticMioBi  uud  in  prodnciag  tbe  game. 
So  I  i*  tiie  indei  ftr  axponent  of  tbe  first  power  or  root,  two 
of  tbe  2d  power  or  iqaare,  3  of  tbe  third  power  or  cnbe,  4 
«f  tbe  4tb  power,  end  id  on. 

Powen,  that  ere  to  be  r«iwd,are  usually  de»et«l  by  plac- 
ing the  index  nbore  tbe  root  or  first  power. 


So  2*  =34  is  the  2d  power  of  S. 
2>— 8  is  the  3d  power  of  8. 
£•=16  is  the  4th  power  of  2. 
£40*        w  the  4tb  power  of  640,  tt9. 


Whence  er  more  power*  are  moltiplied  tt^etfaer,  their 
product  is  tbd  power  whose  index  is  the  lum  of  the  expo- 
nents oftbifiictorsor  powers  mnltiptied.  Or  the  mnltiplics- 
tion  of  the  powen,  answers  to  the  addition  of  tbe  indiccK 
Thus,  in  tbe  following  powers  of  2, 

1st    2d    3d    4th    6th    eih    7th    0th    9th     lOth 
2     4       6       18      32      64      128     266    612    1024 
,    or  2>   t*     2»     2*      2"      2*     »'      ««      2»      2'» 


Here,  4X  4=>  16,  and  S-f-2=  4  its  index 
and  8X16=  128,  and  3-H4=:  7 its  index 
•ls«J6Xe4=«  1024,  snd4-i-6^I0ita  index 

OTHER  EZAHPLE5, 


1 .  What  is  the  2d  power  of  45  ?  Aos.  202«. 

2.  WhatisthesqaBreof4l6?  Ans.  17-3066. 

3.  What  is  tbe  Sd  power  of  3-6  Au.  42-876. 

4.  What  is  the  6th  power  of -029  ?  Ans.  -0000000205]  1 149. 

6.  Whatistbe  sqnareoff  ?  Ans.  f. 
fi.  What  is  the  3d  power  off  ?  Au.  ||f . 

7.  Whati«lfa»4tbpewerof  j  ?.  Ans.  ^. 
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ARITHHETtC. 


EVOLUTION. 


EvoLffTioir,  or  ^  rerene  of  lurdatiim,  is  Hie  ettnctng 
or  findiog  the  roots  of  kny  given  powen. 

The  root  of  anj  Dumber,  or  power,  is  such  a  Dumber,  as 
being  maltiplied  intti  itself  it  certain  number  of  times,  will 
produce  that  power.  Thni,  2  ii  Ikt  sqaare  root  or  2d  root 
of  4,  because  8*=2XS=4;  and  3  ia  tke  CQbe  root  or  3d  root 
of  27,  because  3'=3X5XS=27. 

Any  power  of  a  given  number  or  root  mey  be  found  ex- 
actly, namely,  by  multiplying  the  number  continnally  into  it- 
nelt.  But  there  are  many  Binabera  of  which  a  propoae<I  root 
can  never  be  exactly  found.  Yet  by  laeaiw  of  decimals,  we 
may  approximate  or  approach  towards  the  not,  to  any  dmrec 
of  exactness. 

Those  roots  which  only  approitmate,  are  called  Sard  roob  ; 
but  those  which  can  be  Kiund  ^uita  exact,  an  called  Rational 
Roots.  Thus,  the  square  root  of  3  is  a  surd  root ;  but  the 
square  root  of  4  is  a  rational  root,  being  eqaal  to  2 ;  also  the 
cube  root  of  8  is  ratioDal,  being  equal  to  2 ;  but  the  c^be  root 
of  9  is  surd  or  irrational.  ^ 

Roots  arc  sonietimea  deneted  by  writing  the  character  ^ 
before  the  power,  with  the  index  of  the  root  against  it.  Thus, 
the  third  ro«t  of  30  is  expressed  ^  20  ;  and  the  square  root 
or  Sd  root  of  it  is  ^  20,  the  index  2  being  always  omitted, 
when  only  the  square  root  is  designed. 

When  (he  power  is  expressed  by  several  numbers,  with 
the  sign  -f*  or  —  between  them,  a  line  is  drawn  from  the  (op 
of  the  sign  over  aH  the  parts  of  it :  thus  the  third  root  of  46 
—  12  is  »/  45- li,  or  thus  J/  (4S  —  12),  inclosing  the  num^ 
bers  in  parenthesis. 

But  all  roots  are  new  often  designed  like  powers,  with  frac 
tional  indices  :  thus,  the  square  root  of  6  is  8*,  the  cube  root 
of  25  is  26^,  and  the  fourtb  mot  of  45— 18  is  45-19)*,  or 
(45-ia>*. 
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s<u;ahe  root. 


TO  EXTRACT  THE  S<tUAIt£  FOOT. 

*  DinoE  tha  gircn  number  into  periodi  of  two  figures 
•Kb,  bj  ifttii^  1  poiDt  over  the  place  of  unitt,  another  over 
the  place  of  buodredi,  and  sa  on,  over  erery  lecond  Bgnre, 
both  to  the  left-hand  ii  iDtegerB,  utd  to  the  right  in  deei- 
mtia. 

Find  the  sreatett  iquare  in  the  fint  peiiod  on  the  left-hand, 
and  >et  its  root  on  the  right-hand  of  the  giren  namber,  after 
the  Eoanoer  of  a  quotient  figure  in  Diviaion. 


*  Ita  iMMU  far  muilinK  ttE  Agore*  of  lb*  dindeod  into  pnlodi  or  pordiM 

rf  Md  phcM  imA,  fa,  tkU  lb*  nu*  of  tfl;  liOgk  fignn  Mrer  coadMi  oT 

BMa  tbMi  nro  vboM  (  Ibe  iquue  «r  ■  Mnbar  o(  twa  fi^ntei,  cf  nol  nun  Ihu 

'  i)aridKa,Md«o<n.     S»  that  tlitn  irill  b«  u  Diuiy  BgDru  m  Ow  lOM  u  ba 

■IrMi  aanktr  csbMu  peiioik  ■>  dirtdad  sr  puMd  tJE 

Aad  lb>  raaNn  oT  Oa  anTani  M^  i>  ihe  afKimliai  qytmn  from  Aa  >]«ebr^ 
fas  of  dw  fqaan  of  ur  pnobar  <J  Hmn,  ^Mthar  two  (b  thrM  «  uivb. 
TiMa, 

(•■f  »)*■■■* 4.Sa&+«*-9c*4>na-fk)(,  tlwwiBMof  two  bmna;  when 
Haapcan  ifaM  ■  k  Ik  finl  (em  of  Ok  root,  ud  «  die  ascend  Wm;  alnadn 
bMdinKir,a*dlheBa*diiFum'ub4-(,  01  double  Ac  IrM  totn  mcraaaed  by 
ftaacccod.     A^  hcDca  tta  raaniBr  Cf  annctkn  ii  tbw : 

Irtdlria*  ■>*  .f  ta6+i*  (■■{-&  Ibe  root. 
!ddiriK«'Za4.Aj9it4.ti 

Afaai,&rBiW)laf  domputa,*,  6,e^dui: 

(B+i-f  e)'         oj  -Hai+l*  +aiu:4.«<  +  e»»a 


ro)  <■ +t»t  +  fc* +Sae+ati+e»C«  +  *-f.i  tba  root 

UdiTMbr9a-{-U.f  E  I  SwO-Uc-t-e* 
e|«-«4-t*c-|-.' 

Tot.  I.  1«  Siibtrwjt 
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Bt  ARITHHSnC. 

SobtTKCt  the  sqnare  Uku  Ibund  from  the  Mid  period,  mA  to 
the  remaiader  uinax  the  two  figarei  of  the  aeit  foUawing 
period,  for  s  diTidend. 

Double  the  root  abore  meotioiied  for  a  dinsor  i  md  find 
bow  often  it  it  contained  in  the  laid  diTidend,  excloaive  of 
iti  ri^t-hand  figure  ;  and  Kt  that  qaotient  figure  hothin  th« 
qnotient  and  diriior. 

Ualtiply  the  whole  aogmented  dinfor  by  thii  last  qaotient 
fiftire,  and  subtract  the  product  from  the  uid  diTidend,  brib- 
ing down  to  it  Ae  next  period  of  the  giren  uamber,  for  a 
new  dividend. 

Repeat  the  ume  preceas  orer  ag»n,  riz.  find  another  new 
diviaor,  by  donbling  all  the  fignrea  now  foniid  ia  the  root ; 
from  which,  and  the  last  divideod,  find  the  neat  ^are  of 
the  root  at  before  ;  end  ao  on  through  all  the  periodi,  to  the 
kit 

ffott.  The  belt  way  of  donbling  the  root,  to  form  U>e  n«ir 
dtviion,  ia  by  adding  the  lait  figure  always  to  the  last  diriwr, 
aa  appear!  in  the  fallowing  examples ^-Jlao,  after  the  figsrea 
belongii^  to  the  giren  snmber'are  all  ezhansted,  the  opera- 
tion may  be  continued  into  decim^  at  pleanire,  by  adding 
any  number  of  periods  of  ciphers,  two  in  each  period. 


1.  To  find  the  sqnare  root  of  S9&06«24, 
^006624(6432  the  root. 


.«j 

450 

4ie 

1013 

3466 
3249 

lOSSl 

a 

1  tmt 

1  J1W4 

NoTK,  tHttittk«notiMtob»exltiuUdtomam/plae*iof,figura, 
the  work  may  he  eoniiderabli/  Aortened,  ihta : 

Having  proceeded  in  the  extraction  after  the  comnoo  me- 
thod, till  there  be  foond  half  the  repaired  nomber  of  fignrei 

ia 
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in  Ow  root,  or  one  figan  mor^  ;  Uten,  for  the  mt,  divide  the 
iMt  mDainder  bj  its  caimponling  dinwr,  after  the  niMincr 
of  ibe  third  coatractiofi  in  DiTiaion  of  DecinuU ;  tfaw, 
S.  To  fijkl  the  root  of  3  to  nine  pUcea  of  figure). 
2  (  1-414215&6  the  root. 
1 


•II'IS 

»JI 

400 
261 

.»J 

11900 
11296 

S8S8S 

1  60400 

1  66504 

S82C4 

)  3836  ( 

loot 

1S£6 

19 


3.  Vrhtt  ia  the  square  root  of  2026  ?  Am.  A9. 

4.  What  is  the  aqoare  root  of  17-3056  ?  Aas.  4-16. 
6.  What  is  the  sqiiBre  root  of   000729  T  Au.  -027. 

6.  What  is  the  square  root  of  3  ?  Ads.  l-7320fiO. 

7.  What  ii  the  sqaare  root  of  6  ?  Ant.  2'23eo6S. 

8.  What  is  the  sqaare  root  of  8  T  Am.  8*449489. 

9.  What  is  the  square  root  of  7  ?  A&s.  2-64G75I. 
to.  What  ia  the  sqaare  root  of  10  >  Ass.  3-162277. 

11.  What  ia  the  sqaare  not  of  11 1  Ans.  3-316$94. 

12.  What  is  the  square  root  of  12  T  Ana.  3-464101. 


First  prepare  all  vulgar  fiwctions,  I^  reducing  them  to 
their  least  tenns,  both  for  (hit  and  sU  other  roots.     Then 

1.  Take  the  root  of  the  nnmerator  and  of  the  denomiuator 
fer  the  reapectire  terms  of  the  root  required.  And  this  is 
the  best  waj  if  the  den(»Minator  be  a  complete  power  :  but  if 
it  be  not,  then 

2.  Holtiply  Qie  numerator  and  denominator  t^ether^ 
take  the  root  «f  the  pro^Kt ;  this  mot  bong  made  the  nume- 

ralor 
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M  ARITfUlETIC. 

ntor  to  Aa  dcnuunator  of  the  gtrea  finctim^  n  Mtde  As 
deaaminator  to  the  nnmentor  <^  iX,  will  foiM  th*  frectioiMl 

root  nqvred. 

And  Ibis  rale  will  eeire,  whether  the  root  be  finite  or  infinite. 

3.  Or  rednce  the  Tulgar  fraction  to  a  decinal,  and  extract 
itoroDt. 

4.  Mixed  nntnberB  ma;  be  either  reduced  to  improper 
firactioni,  and  extracted  bj  the  first  or  second  .nilo,  or  the 
TQ^ar  fraction  m>j  be  reduced  to  a  decinal,  then  joined  to 
the  mt^tr,  and  the  root  of  the  whole  eitrwAed. 

1.  Wliat  is  the  root  o(^1  An.  j. 

i.  What  i«  the  root  of  ^  !  Am.  If. 

3.  What  is  the  root  of  ^  1  Ana.  0-8660U^ 

4.  What  is  the  root  of  y^  T  Ans.  0-646497. 
6.  What  IB  the  root  of  17j  1  Ans.  4-  1SS333. 
By  means  of  the  aqoare  root  aho  may  readily  be  fovtti  the 

4tb  root,  or  the  8th  root,  or  the  16th  root,  &c.  that  is,  the 
root  of  any  power  whose  index  is  some  power  of  the  nnm- 
bor  3  ;  namely,  by  extracting  so  often  the  tqaare  root  as  is 
denoted  by  that  power  of  2 ;  that  is,  two  extractions  for  the 
4Ui  root,  three  for  the  8th  root,  and  so  on. 

So,  to  &id  the  4th  not  of  the  number  21036-8,  extract  the 
eqoare  root  two  times  as  fellows : 


31036-aOOO         (146-037237  (120431407  the  4lh  root-. 


£85  I     1435 
A       1485 


29003  I  108000  24083  I    75637 
3       B7009  3       72249 


20991  (7237         3388  (1407 
687  980 

107  17 

Gt.  2.  What  is  the  4th  root  of  97-41  f 
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TO  EXTRACT  THE  CCBE  ROOT. 

I.  Byttu  CovmuM  Ruit.* 

I.  HlviHo  Glided  the  gire*  nambar  into  periedi  of  three 
figares  each,  (bj  satting  b  point  or«r  the  place  of  noiti,  and 
ako  orer  ereiy  third  figure,  from  thence,  (o  the  left  huki  in 
whole  nomben,  and  to  the  right  in  decimals),  find  the  neareit 
leu  cabe  to  the  fint  period  ;  set  ita  root  in  the  quotient,  and 
•abtract  the  raid  cube  from  the  first  period ;  to  the  remainder 
bring  down  the  lecond  period,  ami  c«U  this  die  resolrcnd. 

S.  To  three  timea  the  aqoare  of  the  root,  jut  foond,  add 
tliree  timea  the  root  ittelf,  letting  tfaia  one  place  more  tn  the 
tight  then  tbe  former,  Aid  call  thie  anm  the  diriAor.  Then 
divide  Ute  molr«id,  wanting  the  last  figare,  bj  the  diriaor, 
for  the  next  figore  of  the  root,  which  annex  to  the  former ; 
calling  this  laat  figure  «,  and  the  part  of  the  root  before  found 
let  be  called  a. 

Add  all  together  theie  three  prodncta,  namely,  thrice  a 
■qnare  mvlttphed  b/  a,  thrice  a  mnltipUed  by  «  iqTiare,  and 
a  cabe,  setting  each  of  them  one  place  more  to  the  right  than 
the  former,  and  call  the  aum  the  aubtrahend ;  which  mnat 
not  exceed  the  reaolvend  ;  hot  if  it  does,  then  make  the  last 
figure  <  less,  and  repeat  the  operation  for  fioding  the  anbtra- 
hend,  till  it  be  leia  than  the  reaolrend. 

4.  From  the  resolveod  take  the  aabtrabend,  and  to  the  re- 
mainder join  the  next  period  of  the  given  nnmber  for  a  new 
resolvend ;  to  which  form  a  new  diriaor  from  the  whole  root 
DOW  fonnd  ;  and  from  thence  another  fignre  of  the  root,  aa 
directed  in  Article  i,  and  lo  on. 


*  "Hka  z«oDn  tor  pointing  dke  ^ven  niuiibflr  idId  perioili  of  tfu¥«  fi|&ivB  nch, 
w  bccaUB  du  cabe  sf  oiBfigvn:  Deier  uDnmU  (o  man  Ana  tluw  placet.  And, 
kr  *  BialkT  mmd,  *  gino  punber  u  pcuoted  iaio  periodi  of  four  Sfon*  Tor 
du  4lh  niiM,  of  in  lima  br  Ok  Sth  root,  and  n  OD. 

And  the  nuMD  Jbr  Ik*  Mter  pwH  of  tt»  nd*  dapendvoB  Uw  ■IgBbtaic  fonaa- 
llDDc^Bcabe:  farif  tbt  nutcoDriMflf  ihetm  psitt  a-f-fr,  (h«  iHcuhe  i>  u 
bOmt:  C«+*)'-«»+ai»*+ai**+*»j  wi»r««i»llierootof(l«^fi™tpMt 
«*;  Ou  nwlNKl  ii  3a  t44|»*-f.i^itUElii>anIb*aMiHMtel}inepttrM 
offlwtabtntendi  alBothadlTiisruSit'-fSa,  by  trtiich  aiTiding  b  im  twD 
tMmtitAaiml<iMA3**k+al>',  pna  i  In  Ibe  aecoid  fut  of  the  ra<X  j  and 

KXAMPI£, 


.-3bvGoogIc 


ARITHMETIC. 


To  eitnct  tbe  cube  root  of  48S28-644-. 

4822S-644  (36-4  root. 
S7 

31228  reBolreod. 


3XS»Xfi  =162      ) 
3X5  X6«=  324   >  add 

6*=    tie) 


SX36»=3888 
3X36  =     108 


1672644  resolTeml. 


SX36«  X4  =1*662    ] 
SX36   X4»  = 


X4  =1»662    ) 

X4»=     1728  >• 

4»=         64) 


1672644  SBbtralieBd. 


0000000  reuuunder. 


Bi.  2.  Extnictthecnberootof  571482-19. 
Ei.  3.  Extract  the  cobe  root  of  1628-1582. 
Ex.  4.  Extract  tbe  cube  root  of  1332. 

11.  To  extract  the  CtAe  RMt  ts  a  Aort  Way.* 

) .  Bt  trials,  or  b;  the  table  of  roou  at  p.  M,  ki.  take  tbe 
nearest  rational  cube  to  the  given  number,  whether  it  be 
greater  or  less ;  and  call  it  the  assumed  cube. 


•  The  mtbod  nsally  pto  fbr  eitnettag  At  cube  mot,  is  u  mcae^u^  Ic- 
Saa.  »nd  diacn"  «>  u*  itjimabered,  Ihat  faifous  o(b*r  (pproiiiuling  lalei 
hTrrbnii  brented  i  -nt,  by  KmrtOB,  Raftum,  Halley,  De  L^sr.  Simpson, 
Baatai  tai  KntH  odisr  naAemalidiiu ;  bnt  no  odb  thai  I  bare  yet  acta,  it 
SA«iUioitifc«ii.«"aM*>'«Jl«d»pwlfi«geMmi •»».•■  ftM ■bore  gi.- 
■""T^  given. 
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CtJBE  ROOT.  8T 

i.  TheDKiy.l^theRiileofTliree,  AstheiiimofthegiTeB 

anatMr  ami  donUe  tbe  aaaniDed  cube,  ia  to  tfa«  earn  of  the 
aasomed  cube  and  doable  die  given  namber,  lo  ■«  the  root  of 
the  aiaamed  cabe,  to  the  root  required,  nearly.  Or,  As  the 
firtt  Slim  ■■  to  the  difierence  of  the  pven  and  auomed  cube, 
M  ii  the  ■Mtiined  root  to  the  difference  of  the  roots  nearly. 

3.  Again,  by  osiiq;  in  like  naitaer,  the  cube  of  the  root 
hut  foood  aa  a  new  aaanmed  cube,  another  root  will  be  obtain- 
ed stBI  nearer.  And  ao  on  as  for  as  we  plewe  ;  niiog  always 
the  cube  of  the  lastfbund  root,  for  the  aasomed  cabe. 


•  JXAMFI£. 

To  find  the  cnbe  root  of  21036-8. 

Here  we  soon  find  that  the  root  lie*  between  30  and  30,  and 
then  between  27  and  38.     Taking  therefbre  27,  its  cnbe  u 
1 9663,  which  is  the  assumed  cnbe .     Then 
19683  21036-8 


As  60401-8:617M-6  ; ;  27  :  S7-6047. 


60401-8)  1667374-2  (27-8047  the  root  nearir 
459338  ' 

36626 


uljr  exoresHd  1  and  die  fint  invsMigBtiai  oT  il  ms  giroi  in  nre  Tncli. 
K  klgcbrsM;  form  at  it  it  thii : 


where  r'aOie  iiron  anmber,  a  Uie  iWDOMd  ocamt  cabe,  r  tba  cnbe  root  eC  a 
^  ■  the  mot  ^  r  ■gi^iiL 


Again, 
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Agiuit  for  *  Mcmd  operation,  the  cabe  af  thii  root  ii 
S1036SIW46156823,  aod  the  pmew  by  the  litfter  Method 
viU  be  thw  i 


9I006-3I8C46,  &c 


tlOU-8 

1 1036-3 1 8«45.  Ac. 


4iC  481S6fi  ::  17-4047:    . 
the  diff.  -OOftSlOfifiO 


coDMq.  the  root  req.  ia  27-804910M0. 
Ex.  2.  To  extract  the  cube  root  ol  -67. 
Ei.  3.  To  extract  the  cnbe  root  of  -01. 


TO  EXTRACT  AOT  HOOT  WHA1TTER.* 

Let  r  be  the  giTcn  power  or  notnber, » the  index  of  the 
power,  A  the  eHnmed  power,  *■  ito  root,  m  the  reqirfred  root 
of  r.    Then  wy, 

Aa  the  flam  of  n  +  1  tinefl  a  end  n  —  1  ttmei  p,  is  to 

the  aam  of  »  +  I  tinea  r  and  %  —  1  timea  a  ;  ao  ia  the  m- 
■amed  root  r,  to  the  required  root  k. 

Or,  oa  half  the  aaid  mm  of  »  +  ■  tinea  *,  and  »  —  1  tinea 
p,  is  to  the  diflference  between  the  given  and  aasiuDed  powert, 
ao  ia  the  aainnMd  root  r,  to  the  difference  between  the  tme 
and  aeaamed  roots  ;  which  difference,  added  or  anbtracted,  at 
the  case  reqnirei,  gives  the  tme  root  nearlj. 

Thatia,»+1.A  +  *— h  t  t  n+l.  p. +*—!.*  :*.  i* :  m. 

Or,  n+l.^A+n — 1,|»  :  p  <a  a  ;:  r  :  b  o9  r. 
And  the  operation  mi^  be  npeated  aa  often  aa  we  pleaae, 
by  naing  alwm  the  lut  foand  root  for  the  aaanmed  root,  and 
iti  Nth  power  for  the  aaaumed  power  a. 


•  lUt  if  >  tor  >»enm . „ 

■  paninkr  cue,  and  ii  the  beit  adaptnl  for  pncticc,  mi  hi  namxj,  «  ani 
tli«i  I  hare  fit  taea.  It  w«a  tint  diiconnd  in  Oit  focm  bj  Bjaelfi  ■nd  tbe  ni 
>eille>tiaa  nd  on  of  it  vara  girai  It  kis>  >a  a7  TncM,  p.  4S,  *c. 
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GENERAL  ROOTS.  89 

Uampli. 

To  eitnct  the  6th  root  of  CI036.8. 

Here  it  appears  th«t  the  Sth  root  u  between  7.3  and  7.4. 
Taking  7.3.  iU  Sth  power  is  307  30.71693.  Hence  we  hare 
r  =  2I0SS.8,  ft  =>  6  r  =  7.3  and  *  »  X0730.71593  ;    theiT 

•t+l.^i  +  n—  I.  Jpipoa  A!:r:Rco  r,thHti( 
3X20730.71693-f-2Xei035.8  :  306.084:  :  7.3: 


I04f63.74779 


4Sori.6      sietec 

81S6668 


].  What 
S.  What 

3.  What 

4.  What 

5.  What 

6.  What 
V.  What 

8.  What 

9.  What 

10.  What 

11.  What 
It.  What 
IS.  What 


OTBSR  KXAMPtES. 

ia  the  3*1  root  of  S? 
iathe  sa  root  of  3314  ? 
is  the  4th  root  of  2  ?     - 

the  4th  root  of  97.41  f 
i>  the  Gthroot  ofS  I 
IB  the  6th  root  of3l036.8  ? 

the  6lh  root  of  2? 
it  the  7th  root  of21036.8  ? 

the  7th  root  of  2  7 
ii  the  Sth  root  ofSlOSfi.S  7 
ia  the  8th  root  of  2  ? 
ii  the  9th  root  of  21035.8  * 
u  the  Sth  root  of  9? 


■  7.3S1360=ii,  tme 

to  the  last  figure. 

Am. 

1.859921. 

Ana. 

14.76758. 

Ads. 

1.189207. 

Am. 

3.1416999. 

Ads. 

1. 1 48699. 

Aiu. 

6.264037. 

Ana. 

1.122462. 

Adi. 

4. 146392. 

Am. 

1.104089. 

Ads. 

3.470323. 

Ads. 

1.090508. 

Ana. 

3.028239. 

Ana. 

1.080069. 

The  followiif  ia  i  table  of  aqaar«a  AA  cubes,  aa  alio  the 
•qnare  root!  and  cnbe  roota,  of  allnaiDhers  tirom  I  to  lOOO 
which  win  be  foand  rery  neefnl  oh  many  occasioD* .  in  nn- 
meral  calcalatioDi,  when  roots  or  powen  are  cODcemcd. 

Vol  T.  13  a  tabU 
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M    A  TABLE  OF  SQUAKES,  CUBES,  AND  ROOTS.  ' 


Namber. 

Square. 

Cabe. 

Sqnire  Root. 

TiaU  ftoot. 

1 

1 

1 

1.0000000 

l.OOOOOO 

3 

4 

8 

1.4142136 

1.359931 

3 

9 

27 

1.7330508 

1.443330 

4 

16 

«4 

3.0000000 

1.387401 

5 

3S 

125 

3.3360680 

1.709976 

6 

36 

316 

3.4494897 

i.sirisi 

7 

49 

•    343 

S.  64575 13 

1.913933 

8 

64 

513 

2.8384271 

3.000000 

9 

81 

729 

S.O0OO0OO 

3-080084 

10 

100 

1000 

3.1623777 

3.134433     I 

11 

121 

1331 

3.3 1 66348 

2.333980 

It 

144 

1728 

3.464 101 6 

3.389438 

13 

169 

2197 

3.6055513 

3.35 133S 

14 

196 

■    3744 

3.7416574 

3.410143 

15 

32S 

3375 

3.8729833 

3.466313 

16 

3S6 

4096 

4.0000000 

2.319842 

ir 

389 

4913 

4.1331056 

3.571282 

18 

324 

iB33 

4.3436407 

3.630741 

19 

361 

6659 

4.35B89B9 

3.668403 

20 

400 

8000 

4.4721360 

3.714418 

Si 

441 

9361 

4.5835757 

3.7S8933 

33 

484 

10648 

4-6904158 

S.803039 

33 

539 

13167 

4-7938315 

3.843867 

94 

576 

13834 

4-8989793 

3.884499 

35 

62J 

15625 

5-0000000 

5.924018 

2fi 

676 

17576 

3.099019S 

2.963496 

37 

729 

19683 

5. 1961534 

3,000000 

28 

784 

3I9S3 

5.3915036 

3.036389 

39 

841 

S4389 

5.3851648 

3.073317 

30 

900 

37000 

5.4773356 

3.107233 

31 

961 

39791 

S.  5  577644 

3.141381 

33 

1024 

32768 

5.6568543 

3.174803 

33 

1089 

35937 

5.7443636 

3,207534 

34 

1IS6 

39304 

5.8309519 

3.339612 

3S 

1335 

43873 

fr 9160798 

3-271066 

36 

1396 

46656 

6-0000000 

3-301937 

37 

1369 

50653 

6.0837633 

3.338222 

38 

1444 

54872 

6-1644140 

3.361975. 

39 

1531 

S9319 

6.3449980 

3.391311 

40    * 

1600 

64000 

6.3343353 

3.419952 

41 

1681 

68921 

6.4031343 

3.448217 

42 

1764 

74088 

6.4807407 

3.476037 

43 

1849 

79507 

6.3574383 

3.503398 

44 

1939 

85184 

6.6333496 

3.330348 

45 

3035 

91135 

6.7083039 

3.536893 

46 

2116 

97336 

6,7833300 

3.383o« 

47 

2209 

103823 

6-8366546 

3.608826 

48 

3304 

110593 

6.9S83032 

3.634341 

49 

S401 

117649 

7.0000000 

3.639306 

SO 

3500 

135000 

7.071O678 

3.684031 
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94ViRES,  CUBES,  AND  ROOTS. 


N.mb.r.|  S<|n.,«.  | 

Cobe.   1 

SqanK  Root. 

Cube  Root. 

51 

3601 

133651 

r. 1414384 

3.708430 

93 

J704 

140608 

7.2111026 

3.733511 

53 

3809 

148877 

7.2801099 

3.756386 

64 

3BI6 

157464 

7.3484692 

3.779763 

95 

3035 

166375 

7.4161983 

3.803953 

56 

3136 

175616 

7  4833148 

3.825862 

57 

8349 

185193 

7-549S344 

3.848301 

S8 

3364 

193113 

7.6157731 

3-B70877 

S9 

3481 

305379 

7.6811457 

3,892996 

60 

3600 

316000 

7.7439667 

3.914867 

61 

3731 

336981 

7.8103497 

3-936497 

63 

3844 

338388 

7.8740079 

3-937892 

<S 

3969 

250047 

7.937353ff 

3-979057 

«4 

4096 

362144 

■  8.0000000 

4.000000 

6) 

4335 

274635 

8.0623577 

4-020726 

.  66 

4336 

387496 

8.1 240384 

4.041340 

67 

4489 

300763 

8-  1833538 

4.061548 

68 

4634 

314433 

S3462I13 

4.081656 

«9 

■  4761 

338509 

8-3066339 

4.101566 

ro 

4900 

343000 

8-3666003 

4.131385 

n 

5041 

357911 

8-4361498 

4.140818 

73 

5184 

373348 

8.4853814 

4-100168 

73 

5339 

389017 

8.5440037 

4.179339 

74 

5476 

405334 

8.6023253 

4-198336 

75 

5635 

421873 

8.6603340 

4.317183 

76 

5776 

438976 

8.7177979 

4-335834 

77 

5939 

456533 

8.7749644 

4-354331 

78 

6084 

474553 

e.ssireo9 

4.273659 

79 

6341 

493039 

8.B881944 

4.390841 

80 

640O 

513000 

8,9443719 

4.308870 

81 

6561 

331441 

9.0000000 

4.336749 

83 

6734 

351368 

9.0533831 

4.344481 

83 

6889 

571787 
593704 

9.1104S36 

4.362071 

84  ' 

7056 

9.1631514 

4.379319 

83 

7335 

614135 

9.3193445 

4.396830 

86 

7396 

636036 

9.3736185 

4.414005 

87 

7569 

638303 

9.327^791 

4.431047 

88 

7744 

681473 

9.3808315 

4.4-17960 

89 

7931 

704969 

9.4339811 

4.464745, 

90 

8100 

730000 

9.4868330 

4.4ai40S 

91 

8381 

753571 

.  9.5393930 

4.497943 

93 

8464 

778688 

9.3916630 

4.514357 

93 

8649 

804357 

9-6436508 

4.530655 

94 

8836 

830584 

9.6953397 

4.546836 

95 

9035 

857375 

"  9.74fi7943 

4.363903 

96 

9316 

884736 

9.7979590 

4.S78857 

97 

9409 

912673 

9-8488378 

4.694701 

9S 

9604 

941193 

9-8994949 

4.610436 

99 

9801 

970399 

9.9498744 

4.626065 

100 

lOOOO 

1000000 

10-0000000 

4.641389 

:iv,Goog[c 


ARITHMETIC. 


Vamb. 

Sqwre— 1 

Cabe. 

Square  Root. 

c«beRoot:: 

101 

10301 

103030 I 

10.0498756  * 

4.657010 

103 

10404 

1061308 

10.0995049 

4.67S330 

103 

10609 

1093727 

10.1488916 

4.687548 

10* 

10816 

1 134864 

10.1980390 

4.703669 

105 

11025 

1157625 

10.3469308 

4.717894 

106 

I12S6 

I1910I6 

10.3456301 

4,732684 

107 

11449 

1335043 

10.3940804 

4.747439 

t08 

11664 

1359713 

10.3933048 

4.763203 

109 

11B81 

1 £95039 

10.4403065 

4776856 

110 

13100 

1331000 

10.4880885 

4>7dl430 

Hi 

13321 

1367631 

10.5356338 

4.80389 S 

113 

13544 

1404938 

10.3830053 

4-830284 

113 

1276B 

1442B97 

10>6301458 

4.834588 

lU 

13996 

1481544 

10.6770783 

4.848808 

113 

1333  J 

153087s 

10.7238053 

4.863944 

116 

13456 

1560B96 

10.7703396 

4.876999 

iir 

13589 

1601613 

10.8166S38 

4.890973 

IIB 

13934 

1643033 

1O.8687B05 

4.904868 

119 

14161 

1685159 

10.9087121 

4.918685 

ISO 

14400 

iraeooo 

10.9544513 

4.93S424 

131 

-14641 

1771561 

11.0000000 

4.946088 

133 

14S84 

1B15848 

11.0453610 

4.959675 

123 

I5I89 

1860867 

11.1)905365 

4.973190 

124 

15376 

1906634 

11-1355387 

4.986631 

125 

15635 

19SS135 

11-1803399 

S.OOOOOO 

136 

15876 

3000376 

11 -3249722 

5.013398 

137 

16129 

30483S3 

II-S694277 

3.036336 

138 

16384 

8097133 

11-3137085 

5  039684 

139 

16641 

2146689 

11-3378167 

5.052774 

130 

16^00 

2197000 

11.4017543 

3.065797 

131 

17161 

3348091 

11.4455231 

5.078753 

132 

17434 

3399968 

11.4891353 

5.091643 

133 

17689 

3353637 

11.5335636 

5.104469 

134 

17956 

3406104 

11.5758369 

5.117230 

135 

18335 

3460375 

11.6189500 

5.189938 

136 

18496 

3313456 

11.6619038 

5,143363 

137 

18769 

3371353 

11. 7046999 

5.153137 

138 

19044 

3638073 

11-7473444 

5,167649 

139 

19331 

3685619 

11-7898261 

,S  180101 

140 

19600 

3744000 

11-8331396 

5. 192494 

141 

19881 

2803331 

11.8743421 

5.204828 

143 

80164 

3863288 

11-9163753 

5.217103 

143 

30449 

3924207 

1 1.958-2607 

5.229331 

144 

30736 

3985984 

18.0000000 

3.34UG3 

145 

81035 

3048625 

18.0415946 

3.353588 

146 

31316 

3112136 

13.0830460 

5,363637 

147 

31609 

3176323 

13.1243557 

3.277633 

US 

31904 

3341793 

13.1653231 

5,289373 

149 

23201 

3307949 

12.3065556 

5.301459 

iso 

32500 

'  3375000 

13.3474487 

5.313393 

I;   G(.XV;[C 


S().DAIIES,  CUBES,  AND  ROOTS. 


iTiSi; 

SquB»- 

fcobe. 

Square  RcKit. 

Cube  ft«.t  ■ 

131 

3280 1 

3443951 

13.2883037 

5.325074 

153 

33104 

331)808 

12.3388280 

5.336803 

1S3 

S3409 

3381 377 

I3.36U3I69 

5.348481 

lU 

33716  , 

36531164 

13.4096736 

5.360108 

155 

S403S 

3733875 

13.4498996 

3.371685 

156 

34336 

3796416 

12.4899960 

5.383313 

1 37 

S4649 

3869893 

13-5399641 

5.394690 

138 

S4964 

3944313 

13'3698051 

5.406130 

19» 

SS381 

4019679 

13-6U95202 

3.417301 

160 

33606 

4096000 

13.6491106 

3-438833 

161 

33931 

4173281 

12.6885775 

3-440122 

tea. 

36344 

4231538 

13.7379331 

5-451363 

163 

36569 

4330747 

12.7671453 

5.4G3536 

164 

26896 

4410944 

13.8063485 

5.473703 

163 

S7235 

4493133 

U.S<l53i26 

5.484806 

166 

27556 

4374396 

13.8840987 

5.493863 

Ifif 

378B9 

4G37463 

13.9338480 

3.306879 

168 

38224 

4741632 

12.9614814 

5.317848 

169 

28561 

4838809 

13.0000000 

5.538775 

170  , 

38900 

4913000 

13.0384048 

5,339658 

in 

39241 

5000311 

13.0766968 

5.  330499 

173 

39564 

3068448 

13.1148770 

5-561398 

173 

29929 

5177717 

13.1339464 

5-573054 

174 

30376 

9268024 

13.1909060 

5-582770 

173 

30625 

3359375 

13.3387366 

5.593445 

176 

S0976 

5451776 

13-3664993 

5.604079 

17T 

31339 

3545233 

133041347 

5.614673 

17B 

31684 

5639752 

13-3416641 

3.635336 

179 

32041 

3735339 

13.3790882 

3.633741 

180 

32400 

58 33000 

13.4164079 

5.646216 

)8l 

32761 

5929741 

13.4536240 

5.630632 

18? 

S3I24 

6028568 

13.4907376 

5.667031 

183 

33480 

6128467 

13.5277493 

5.677411 

184 

33836 

6339504 

13.5646600 

5.687734 

US 

34223 

6331635 

13.6014705 

5*698019 

186 

34396 

643*856 

13.6381817 

5-708267 

187 

34969 

6539303 

13.6747943 

5  718479 

IBS 

33344 

6644673 

13.7113093 

5.738654 

189 

35721 

6731269 

13.7477271 

6.738794 

190 

36100 

6859000 

13.7840488 

5.748897 

191 

36481 

6967871 

13.8202750 

5.758965 

193 

36864 

7077888 

13.8564065 

5.768998 

193 

37249 

7189057 

13.8934440 

3.778996 

194 

37636 

7301384 

I3.9J83883 

5.783960 

193 

38025 

7414873 

13.9643400 

5.798890 

196 

38416 

7529536 

14.0000000 

5.808786 

197 

38809 

7643373 

14.0356688 

5.818648 

198 

39304 

7763392 

14.0713473 

9.838476 

199 

39601 

7880399 

14J  067360 
l#43l;i5S 

3.638273 

300 

40000 

8000000 

3.848035 

D,q,-z.-dbvGoogle 


H„nA. 

1  Square. 

Cube. 

Square  Root. 

.<}aU  Root. 

"Mi- 

40401 

8130601 

14.1774469 

5.8S7765 

SOS 

40804 

t242408 

14.3136704 

5.867464 

203 

41309 

8365437 

14.2478068 

5.877130 

804 

41616 

8489664 

14.3828569 

5.686765 

305 

43025 

861512S 

14.3176311 

5.896368 

306 

42436 

B741B16 

14.3527001 

5-905941 

207 

43B49 

8859743 

14.3874946 

3-915481 

3oa 

43364 

8998912 

14.4332051 

5-934991 

309 

43681 

9123339 

14'4568323 

3-934473 

210 

44100 

9361000 

14-4913767 

5-943911 

Bll 

44531 

9393931  . 

14'52(8390 

5-953341 

212 

44944 

95aH138 

14-5602198 

5.963MI 

2U 

45369 

9663597 

14-5943193 

5.972091 

214 

45796 

9800344 

•  14-6267388 

5-961420 

311 

4633S 

9938373 

14.6628783 

5.909737 

216 

46656 

10077696 

14.6969385 

6-000000 

317 

4r089 

10218313 

U.7309199 

6-009344 

S18 

47334 

10360333 

14.7648231 

6-016463 

31B 

47961 

10503459 

14.7986486 

6-027650 

230 

48400 

10648000 

14.8323970 

6-03£8ll 

331 

48841 

10793861 

14.8660687 

6.045943 

333 

49384 

10941048 

14.8996644 

6-035048 

223 

49729 

1 1089S67 

14.9S31845 

6.064136 

334 

SO  176 

11339434 

14.9066295 

6.073177 

2£5 

50625 

1I39QS35 

15.0000000 

6.083201 

226 

51076 

11543176 

15.0382964 

6.0B1  199 

22r 

51529 

11697083 

15.0665192 

6,100170 

238 

51984 

1 1832352 

15.0996689 

fi.l091l5 

229 

52441 

13008989 

13.1327460 

6.  H  8033 

330 

SS900 

13167000 

13.1657309 

6.126995 

331 

53361 

12336391 

15.1986842 

6.133793 

232 

53834 

12487168 

19.3315462 

6.144634 

333 

54389 

12649337 

15.2643373  . 

6-153449 

334 

54756 

13812904 

15.2970585 

£.163339 

tss 

35325 

13977875 

13.3297097 

6.171001 

339 

5J696 

13144256 

13-3633915 

6-179747 

237 

58169 

13312053 

15.39480"43 

6-188463 

23B 

36644 

13481273 

15.4372486 

6- 1971 54 

239 

57121 

1S6519I9 

I5.459624S 

6-305821 

240. 

57600 

13824000 

15.1919334 

6-214464 

241 

58081 

1 39975* I 

I5.S341747 

6.333083 

342 

58564 

14173488 

15.3563492 

6.331678 

243 

59049 

14348907 

1  5.5884573 

6-240231 

244 

39336 

14526784 

15.6304994 

6-346800 

34S 

60023 

14706133 

13.6334738 

6357534 

24« 

60516 

14686936 

15.6843871 

6-365836 

347 

6)009 

15069233 

15.7162336 

6-274304 

S4e 

61504 

152S3993 

15.7480157 

6.382760 

349 

63001 

15438249 
1362%O0 

15.779733? 

6.291194 

2B0 

62500 

13.8113883 

6.399604 

D,q,z.-3bvGoogle 


SqPARES,  CUBES,  AND  K00T8. 


Niinb. 

SquBK. 

Cnbe. 

Sqaiire  Root. 

Cuhek^ 

3Jl 

63001 

15S13SS1 

15.8439799 

6.307992 

95% 

63304 

16003008 

13,8745079 

6.316359 

S53 

64009 

16194377 

-13.909973? 

6.334704 

954 

04516 

16387064 
16381373 

15.9373773 

6-333033 

335 

6S095 

19.9687194 

6.341335 

«3fi 

65536 

16777216 

16.0000000 

6.349609 

<57 

66049 

16974593 

16-0312195 

6,337859 

35a 

86564 

I7I735I2 

I6-06237S4 

6,366095 

239 

67081 

17373979 

16.0934769 

6.374310 

360 

67600 

17576000 

16-1343135 

6-383304 

361 

68131 

17779581 

16-1534944 

6-390676 

S«3 

68644 

17984728 

16.1864141 

6.398837 

«63 

69169 

I819I447 

163172747 

6.406958 

364 

69696 

18399744 

16.3480768 

6.415068 

265 

70233 

18609623 

16.2788206 

6.433157 

S6S 

70736 

18831096 

16.3099064 

6.431936 

367 

71289 

19034163 

16.3401346 

6.439373 

368 

71824 

19248833 

16.3707053 

6.447305 

269 

73361 

19463109 

18.4012195 

6,455314 

370 

73900 

19683000 

16.4316767 

6.463304 

271 

73441 

(99035 M 

16.4630776 

6-471374 

373 

73984 

30123648 

164934223 

6.479224 

373 

74529 

20346417 

16-S33rn6 

6.487153 

274 

7S076 

30370824 

16-5529434 

6-493064 

37S 

75635 

20796873 

16-5831240 

6-503936 

376 

76176 

21034576 

16.6133477 

6.310839 

377 

76729 

21293933 

16-6433170 

6-518684 

37S 

77284 

3! 484953 

16.6733330 

6.526319 

279 

77841 

21717639 

16.'7032931 

6.534333 

380 

78400 

31933000 

)6-733200S 

6.343133 

38 1 

^78961 

33188041 

16.763094G 

6.549911 

383 

79334 

22425768 

16.7938536 

6.557673 

S83 

80089 

32665137 

16.8226038 

6.565413 

284 

80656 

33906304 

16.8533995 

6.573139 

385 

81235 

33149123 

16.8S19430 

6-580844 

386 

81796 

333936G6 

169115345 

6-388531 

387 

83369 

95639903 

16-9410743 

6.396302 

988 

82944 

33887873 

16.9703627 

6-603834 

389 

83521 

34137569 

17.0000000 

6-61 1488 

290 

84100 

34389000 

17.0393864 

6.619106 

991 

84681 

24642171 

17  0387221 

6.626705 

393 

8S364 

34897088 

17.0880075 

6.6S49S7 

293 

83849 

23153737 

17.1172438 

6.641831 

294 

86436 

25413184 

■7.1464383 

6,649399 

395 

87035 

23673375 

17.1735640 

6.636930 

396 

87616 

25934336 

17.2046503 

6.664443 

297 

8B309 

26198073 

17.3336879 

,6.671940 

398 

88804 

26463993 

17.2626765 

6,679419 

299 

89401 

36730899 

17  39 1 6 165 

6.686883 

300 

90000 

37000000 

17.3903081 

6-694S3B 

-:i,vGo6gIc 


iNT^Db. 

Square. 

Cu\^. 

gqwellMt. 

CnbeRool.' 

301 

90601 

47270901 

17.3493516 

6.701758 

303 

91304 

37543608 

17.3781473 

6.709172 

303 

9I8U9 

37818127 

17.4068933 

6.716569 

304 

.  92416 

38094464 

17.4355951 

6.73^990 

305 

93025 

38373635 

17.4643493 

6.731316 

306 

93636 

386336 1 6 

ir. 49385 37 

6.738665 

307 

94349 

38934443 

17.S3U153 

6.745997 

SOS 

94864 

39318113 

17,5499288 

6.753313 

309 

95481 

39303639 

17.3783958 

6-760614 

310 

96100 

29791000 

17,6088169 

6.767899 

311 

gersi 

30090231 

17.633 1921 

6-775168 

313 

97344 

3037  J  338 

17.6635317 

6-783433 

313 

97989 

30664397 

17.6918060 

6.789661 

314 

98596 

30959144 

17.7300451 

'  6.796884 

315 

99235 

31381875 

17.7483393 

6-804091 

316 

99856 

31554496 

17.7763888 

6.811384 

Sir 

100489 

3185 50  IS 

17.8044938 

6.818461 

318 

101134 

33157432 

17.8325545 

6.  S3  5624 

319 

101761 

33461759 

ir.8605711 

6-832771 

330 

103400 

33768000 

17.8885438 

6-839903 

331 

103041 

33075161 

17-9104739 

6-847031 

338 

103684 

33386248 

ir.9443584 

6-834114 

333 

104339 

33698367 

17.9733008 

6-861211 

334 

104976 

34013234 

18.0000000 

6-868284 

S3S 

105635 

34328139 

18.0377564 

6.875343 

336 

106276 

34645976 

18.0554701 

6.883388 

337 

106929 

34965783 

18.0831413 

6.889419 

338 

107384 

35387553 

18.1107703 

0.896435 

339 

10834 I 

35611289 

18.1383571 

6.9O3430 

330 

108900 

33937000 

18.1659031 

6.910433 

331 

109561 

36364691 

18.1934054 

6.917396 

333 

1 10334 

36394388 

18.3208673 

6.924335 

333 

1 10889 

36926037 

18.3483876 

6.931300 

334 

111356 

37359704 

18.3736669 

6-938333 

335 

113335 

37595375 

18.3030052 

6-943149 

336 

113896 

37933056 

18.3303028 

6-953033 

337 

113369 

38373753 

18.3575598 

6.958943 

333 

1 14244 

38614473 

18.4847763 

0.965819 

339 

114931 

38958219 

18.4119536 

6.972683 

340 

115600 

39304000 

18.4390889 

6979533 

341 

1 I63S1 

39651821 

18.4661853 

6  986369 

343 

116964 

40001688 

18.4933420 

6-993191 

343 

117649 

40353607 

18.  5302  S9  2 

7-000000 

344 

118336 

40707384 

18-8472370 

7006796 

345 

1I903S 

41063625 

18'5741756 

7-013579 

346 

119716 

41421736 

18-6010752 

7.020349 

347 

130409 

^1781933 

18-6279360 

7-037106 

348 

131104 

43144193 

18.6547581 

7-033850 

349 

1S1801 

43308549 

18.6815417 

7.040581 

350 

133500 

43875000 

18.7083869 

7.047308 

D,q,z..3bvG00glt' 


SQUARES,  CUBES,  AND  ROOTS. 


ira: 

Square. 

Cube. 

Sqaare  Hoot. 

Cube  Knot. 

35 1 

133201 

43343331 

18.7349940 

7.054003 

353 

133904 

43614308 

18.7616630 

7.060696 

353 

124609 

43985977 

18.7883943 

7.067376 

334 

125316 

44361 864 

18.8148877 

7.074043 

355 

136035 

44738875 

18.8414437 

7.080698 

3S6 

126736 

4Sl 18016 

18.867<»633 

7.087341 

357 

127449 

43499393 

18.8944436 

7.093970 

358 

138164 

45882713 

18.9208879 

7. 100588 

359 

13888! 

46368379 

18-9472953 

7.107193 

360 

139600 

46636000 

18-9736660 

7- 113786 

361 

■  130321 

47045881 

19-0000000 

7-130367 

363 

13)044 

47437928 ' 

19-0262976 

7-126935 

363 

131769 

47832147 

19.0335589 

7.133492 

364 

132496 

48328544 

19.0787840 

7-140037 

365 

133225 

48627125 

19.1049733 

7.146569 

366 

133956 

49037896 

19.1311365 

7.1S3O90 

3«7 

134689 

49430863 

19.1573441 

7.159599 

368 

135424 

49836033 

19.1633261 

7.166095 

369 

136161 

50343409 

19.3093727 

7.17»S80 

370 

136900 

50653000 

19.3353841 

7.I790S4 

371 

137641 

S1064BI1 

193613603 

7.185516 

372 

138334 

51478848 

19-2873015 

7.191966 

373 

139129 

31895117 

1931330r9 

7. 198405 

374 

139876 

53313634 

19-3390796 

7-304833 

375 

140623 

52734375 

19.3649167 

7.211247 

376 

141376 

53157376 

■19-3907194 

7-317653 

377 

143139 

53583633 

19.4164878 

7-32404S 

378 

143884 

540101 5S 

19.4433331 

7-330437 

579 

143641 

54*39939 

19.4679233 

7-336797 

380 

144400 

54872000 

19.4935887 

7-243156 

3SI 

145161 

55306341 

19.5192313 

7-349504 

383 

145934 

55743968 

19.5448303 

7.353841 

383 

14«68» 

56181887 

19.5703858 

7.262167 

3B4 

147436 

56633104 

19.5959179 

7.368483 

385 

148335 

57066625 

19.6314169 

7.274786 

386 

148996 

57512456 

19.6468837 

7.281079 

387 

149769 

S796B603 

19.9733146 

7.287363 

388 

I50S44 

58411072 

19.6977156 

7.393633 

389 

151331 

5S863869 

19-7230629 

7,299893 

390 

152100 

59319000 

19-7484177 

7.306143 

3^1 

153881 

59776471 

19.7737199 

7.313383 

399 

153664 

60336288 

19.7989899 

7.318611 

393 

154449 

60698457 

19.8243376 

7.324839 

344 

135336 

61163984 

19.8494332 

7.331037 

395 

156035 

61639873 

1 9.8746069 

7.137334 

396 

156816 

63099136 

19.8997487 

7.343430 

397 

15760* 

62570773 

19.9248588 

r>349594 

399 

138404 

19.9499373 

7.335763 

39« 

159201 

63531199 

19-9749844 

7.361917 

400 

160000 

64000000 

20.0000000 

7.368063 

Vol.1 

I 
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ABITHHETIC. 


Nnmb. 

Square. 

Cube. 

Square  Root. 

Cube  Root 

401 

160S01 

64481301 

.30.0249844 

7. 374 1 98 

403 

161604 

64964808 

20.0499377 

7.380322 

403 

162409. 

65450837 

30,0748399 

7.386437 

404 

163316 

65939864 

30.0997512 

7.392542 

405 

164035 

66430125 

20  13461 18 

7.398636 

406 

164836 

66933416 

30-1494417 

7.404720 

407 

165648 

67419143 

20.1742410 

7.410794 

4Q8 

166464 

6791 1313 

20-1990099 

7.416839 

409 

167281 

68417929 

20.2337484 

7-432914 

410 

168100 

68991000 

203484567 

7-428958 

4(1 

168931 

69426531 

30-3731349 

7:434993 

413 

169744 

69934538 

30.2977831 

r.441018 

4)3 

170569 

70444997 

20.3224014 

7.44703S 

414 

171396 

70957944 

90.3469899 

7.463039 

415 

172325 

71473375 

20.3715488 

7.459036 

416 

173056 

71991396 

30.3960781 

7.465023 

417 

173889 

73511713 

2O4205779 

7.470999 

418 

174784 

73034632 

20-4450483 

7-476966 

41» 

175561 

73560059 

30'4e94893 

7-482924 

430 

176400 

74088000 

204939015 

7-488872 

421 

177841 

74618461 

20-5182845 

7-494810 

432 

178084 

75  IS  1448 

20-3426386 

7-500740 

433 

176929 

75686967 

20-5669638 

7.506660 

434 

179776 

70225034 

20-5912603 

7-512571 

425 

180625 

r«76S6S5 

30.6155381 

7.5 18473 

436 

181476 

77308776 

20.6397674 

7.534365 

437 

1S3329 

77854483 

20.6639783 

7.S30248 

498 

183184 

78403753 

20.6881609 

7.S36I2] 

439 

184041 

78953589 

20.7123153 

7.541986 

430 

184900 

79507000 

20.73641 14 

7.547841 

431 

185761 

80062991 

20-7605395 

7.553688 

432 

186634 

80691568 

30  7846097 

7,559533 

433 

187489 

81182737 

20-8086530 

7.565393 

434 

1SS356 

81746504 

20-8336667 

7.571173 

435 

189335 

82313875 

30-8566536 

7.576984 

436 

190096 

83881856 

30-8806130 

7.582786 

437 

190969 

83453453 

20-9045430 

7.588579 

438 

191844 

84027673 

20.93844S9 

7.594363 

439 

192721 

84604519 

20.9523268 

7.600138 

440 

193600 

8J1B4000 

20.9761771 

7.&OS90S 

441 

194481 

857B6121 

21.0000000 

7.61  ie«3 

44S 

I9S364 

86350888 

3)03379  60 

7.517411 

443 

196249 

86938307 

21-0473653 

7.613151 

444 

197136 

87538384 

31-0713075 

7.62BSS3 

44S 

198025 

88121135 

31-0950231 

7.634606 

446 

198916 

88716536 

21-1187131 

7, 640331 

447 

199809 

89314633 

21-1433743 

7646037 

448 

300704 

89915393 

31-1560103 

7.651735 

449 

S0160I 

90518849 

21.1896301 

7.657414 

460 

303500 

91135000 

21.3133034 

7-663094 

L,:,z.-3bvGoogle 


saUARES,  CUBES,  AND  HOOTS. 


l^omb. 

Square. 

Cube. 

Square  Itool. 

Cube  Koot. 

4S1 

30S401 

91733851 

31.33676U6 

7.66B766 

452 

204304 

93345408 

31.2603916 

■  7.674430 

453 

305209 

93959677 

21.3837967 

7.680085 

434 

3061 16 

93376664 

21.3073758 

7.6857S2 

453 

207033 

94196373 

21.3307290 

7691371 

456 

307936 

94818816 

31.3341565 

7-697003 

457 

208849 

96443993 

31.3773383 

7-702624 

4S8 

S09764 

96071912 

21.4O09346 

7-708238 

459 

310681 

96702579 

31.4243853 

7-713844 

.  460 

211600 

97336000 

21.4476106 

7-7194^3 

461 

313331 

97973181 

SI. 4  709  mo 

7-725032 

46a 

313444 

98611 138 

31.4941853 

7-730614 

463 

314369 

99252847 

21.5174348 

7.736187 

464 

315396 

99897344 

31.3406593 

7.741753 

465 

216335 

100544685 

21.3638587 

7.747310 

456 

317156 

10 U 94696 

21.3870331 

7.752860 

467' 

318089 

101847563 

31. 6101838 

7.758403 

468 

219024 

103303333 

21-6333077 

7-763936 

469 

3I996I 

103 1  SI  709 

31.6564078 

7-769462 

470 

320900 

103823000 

31-6794834 

7-77*980 

471 

38I84I 

104487111 

'31-7033344 

7-780490 

473 

323784 

105)54048 

21.7355610 

7-785992 

473 

233739 

105833817 

31.7485633 

7-791487 

474 

234676 

106496424 

21.7713411 

7-796974 

475 

235625 

107 17 1875 

31.7944947 

7.803453 

476 

226576 

107850176 

21.8174343 

7.807925 

477 

237539 

108331333 

31.8403297 

7.81338» 

478 

338484 

109315352 

31-8633111 

7.818845 

479 

33944 1 

109903339 

31-8860686 

7.834294 

480 

330400 

1 10392000 

31-9089033 

7.829735 

481 

23I36I 

111384641 

21-9317123 

7.833168 

482 

233324 

111980168 

31-9344984 

7.840594 

483 

233289 

112678587 

21  9772610 

7,846013 

484 

334235 

113379904 

32-0000000 

7.831424 

485 

335225 

114084123 

23-0327155 

7-836838 

486 

236196 

IU'791356 

33.0454077 

■7  863224 

487 

337169 

1 1550 1 303 

32.0680765 

7.867613 

488 

388144 

116214273 

33.0907320 

7.872994 

4B9 

339131 

116930169 

22.1133444 

7.878368 

490 

340100 

11 7649000 

33.1359436 

7.883734 

491 

341081 

118370771 

32.1585198 

7.689094 

493 

343064 

1 19095488 

23.1810730 

7894446 

493 

343049 

119823157 

23.2036033 

7-899791 

494 

344036 

120553784 

32.2261408 

7-905129 

495 

345035 

131387375 

33.8485955 

7-910460 

496 

346016 

133033936 

22-3710575 

7-915784 

497 

247009 

122763473 

32-2934968 

7-921100 

498 

348004 

133305992 

32.3159136 

7-936408 

499 

349001 

124231499 

33.3383079 

7-931710 

iOO   1 

350000 

123000000  1 

33.3606796 

7.937005 

-:l,vG00gIC 


ABiTHMETIC. 


y«a>t>. 

Sqoare. 

Ctib«. 

SqQUK  RoM. 

Cube  Root 

SOI 

351001 

•135751501 

23.3830293 

7.M32B3 

SQ3 

353004 

186506008 

23.4053563 

r.947573 

SOS 

353009 

137263527 

22,4276615 

r.953847 

504 

354016 

138034064 

32.4499443 

7.958114 

505 

3S5035 

138787625 

22.47220SI 

7.963374 

S06 

3560:i6 

1395S43I6 

32.4944438 

7.968637 

507 

357049 

190333843 

23.516G60S 

7  973173 

508 

35S064 

1 3 10965 12 

32'53885S3 

7.979113 

509 

359081 

1  SI  872329 

33.5610283 

7.984344 

510 

360100 

1336SIOO0 

23.5831796 

7.989569 

511 

361121 

133433831 

32.6053091 

7.9947B8 

513 

263144 

1343 17728 

33.6374170 

8.000000 

513 

363169 

135005697 

33.6495033 

B.00530J 

3li 

364196 

135796744 

22.6715681 

8.010485 

SIS 

36533S 

136590875 

22.69361  U 

8.015595 

516 

366356 

137388096 

22.7156334 

8.030779 

517 

367389 

138188413 

33.7376340 

8.033957 

518 

368334 

138991833 

22-759«134 

8.031139 

519 

369361 

139798359  ■ 

33-7815715 

8.036293 

530 

3704O0 

1 40608000 

33-8035085 

8-04143 1 

531 

371441 

141 420761 

33-8354344 

8-046603 

533 

373484 

142336648 

32.8473193 

8051748 

533 

273539 

1430S5667 

33.a$9l933 

8.056886 

534 

374576 

143877834 

33.8910463 

8.063018 

533 

275635 

144703125 

33.9128785 

8.067143 

536 

376676 

145531576 

33.934*899 

8073862 

ssr 

277739 

U6363183 

33.9564806 

8.077374 

538 

278784 

147197953 

33.9783506 

8.083480 

539 

279841 

148035889 

23.0000000 

8.087579 

530 

380900 

148877000 

330217389 

8.092673 

531 

381961 

149781291 

33>0434373 

8  097758 

S33 

383024 

150568768 

23-0651353 

8-103838 

533 

284089 

151419437 

33-0867938 

8-107913 

534 

K85156 

153373304 

33.1084400 

8.113980 

53S 

386335 

153130373 

33-1300670 

8118041 

536 

387296 

163990656 

33.1316738 

8.133096 

S37 

388369 

154854153 

33.1738603 

8-138144 

538 

389441 

155720872 

33.1948370 

e.l3318« 

S39 

390531 

156190819 

23.2163735 

B.I  38333 

540 

391600 

157464000 

23- 237900 1 

8.143253 

541 

293681 

138340431 

23-3594067 

8.148376 

543 

295764 

139220088 

33-3808935 

8.153293 

543 

394849 

160103007 

33-3033604 

8.158304 

544 

295936 

160989184 

23- 3238076 

B.  163309 

545 

29702S 

161878625 

33-S4S33S 1 

8. 168308 

546 

396116 

162771336 

33-3668439 

8-173302 

547 

29«09 

163667333 

23-3880311 

8-178389 

548 

300304 

164566S93 

33.4093998 

8-1838S9 

S4» 

301401 

16S469149 

33.4307490 

8-I88244 

550 

302500 

166375000 

33.4330788 

8. 1933  IS 

D,q,-z.-dbvGoogle 


SQUARES,  CVBIt,  AND  ROOTS. 


Mainb. 

Square. 

Cube. 

SquHre  Root. 

Cube  Root. 

iSl 

303601 

167384151 

33.4733893 

8.198173  - 

Sj3 

304704 

168196608 

33.4946803 

8.203131 

55^ 

305809 

169113377 

33.5159520   . 

8.308083 

354 

306916 

170031*64 

23.5373046 

8.313037 

555 

308035 

1709S387S 

33.3384380 

.8317965 

566 

309136 

171879616 

33.3796533 

8  322898 

557 

310349 

173808693 

33.6008474 

8  337835 

sss  . 

311364 

173741113 

«3. 63303  36 

8.332746 

559 

313481 

174676879 

33.6431808 

8.237661 

560 

313600 

175616000 

33.6643191 

8.343370 

561 

314731 

176358481 

33.6854386 

8.S47474 

563 

316844 

177504338 

33.7065393 

8.352371 

563 

316969 

178453347 

33.7376310 

8-337363 

564 

31 8096 

179406144 

8  363 149 

565 

319335 

180363 I 33 

33.7697286 

8-267039 

566 

330336 

181331496 

33.7907345 

8-371903 

567 

331489 

)S33S4S63 

33.8117618 

■  8  3y;73 

568 

333634 

183330433 

33.8337506 

8-38 1&35 

569 

333761 

184330009 

33.8537309 

8-386493 

570 

334900 

185193000 

33-8746738 

8  391344 

571 

336041 

186169411 

33.8956063 

8.296190 

573 

327184 

187149348 

33.9163315 

8.301030 

573 

538329 

188 133517 

23.937il84 

8.305865 

574 

339476 

189119334 

33.9383971 

8  510694 

575 

330635 

190109375 

23.9791376 

8-313517 

576 

331776 

191103976 

34.0000000 

8-390335 

377 

333939 

192100033 

34.0208343 

8-325147 

578 

334084 

193100553 

34.0416306 

8-3M934 

579 

333341 

194104S39 

34  0634188 

8-334755 

380 

336400 

1931130»O 

34.0831893 

8-339551 

581 

337561 

196133941 

341039416 

8-344341 

583 

338734 

197137368 

34-1246763 

8-349135 

5S3 

3S9889 

198155387 

34' 1453939 

8.333904 

584 

341036 

199176704 

34-1660919 

8-338678 

385 

343235 

300301635 

34-1867733 

8.363446 

586 

343396 

301330056 

24-3074369 

8.368309 

387 

344569 

303363003 

34.3380839 

8.373966 

588 

345744 

203397473 

24.3487113 

8.377718 

589 

346931 

304330469 

34.3693323 

8.382465 

5C0 

348100 

305379000 

34.2399156 

8.387306 

391 

349381 

306133071 

24-3104916 

8.391943 

593 

350464 

307474688 

34-3310501 

8.396673 

.   593 

351649 

208337837 

34-3515913 

8.401398 

594 

353836 

309384384 

34-3721153 

8.406118 

59'5 

354035 

310644873 

34-3926318 

8.410833 

596 

355316 

311708736 

34-4131113 

8.415541 

597 

356*09 

312776173 

34-4335834 

8.430345 

398 

357604 

313847192 

24-4340385 

8.434944 

599 

358801 

S 1493 1799 

34.4744765 

8.439638 

600 

S600<K) 

216000000 

34.4948974 

8.434337 

o.bvGooglt; 


Numb. 

Snuare. 

Cube. 

Square  Root. 

Cube  Kool. 

£01 

361301 

217081801 

34.3153013 

8.439009 

603 

362404 

318167308 

24.5356883 

8.443687 

603 

363609 

219356227 

34.5560583 

8.448960 

604 

361816 

220348864 

24.5764115 

8.453037 

605 

S6602S 

221445135 

24,5967478 

8.437689 

606 

367236 

333545016 

24.6170673 

8.462347 

60T 

368449 

223648543 

24-6373700 

8.466999 

608 

369664 

234755712 

34-6576560 

8.471647 

609 

370881 

285866539 

34-6779254 

8.476389 

610 

372100 

336981000 

34.6981781 

8.480926 

611 

373331 

228099  J  31 

94.7184142 

8.485557 

613 

374544 

22932092B 

34.7386338 

8.49018* 

613 

375769 

2S0346397 

24.7588368 

8.494806 

6U 

376996  ■ 

331475544 

34.7790334 

8.499433 

615 

378225 

23260837S 

24.7991935 

8.504034 

61fi 

379456 

3337448S6 

34.8193473 

8.508641 

61V 

38O680 

334885113 

24-  8394847 

8.513343 

618 

381S34 

236039032 

S4-8596058 

8.517840 

619 

383161 

337176659 

34-S797106 

8.S2243S 

830 

384400 

238328000 

34-8997993 

8.5270  IS 

631 

3B564I 

239483061 

34-9198716 

8.531600 

622 

385884 

240641848 

34-9399378 

8.536177 

653 

388139 

241804367 

24.9399579 

8.540749 

624 

389376 

343970634 

34.9799920 

8.545317 

625 

39063S 

244140635 

25.0000000 

8.549879 

635 

39 1 876 

245314376 

26.0199920 

8.S54437 

627 

393139 

246491883 

35.0399681 

8.S58990 

638 

394384 

2476731S2 

35.0599383 

8.S6S53T 

629 

395641 

248858 Ifi9 

350798734 

8.S6SO0D 

630 

396900 

250047000 

25-0998008 

8.573618 

631 

398161 

351239591 

25-1197134 

8.577153 

633 

399434 

252435968 

35-1396102 

8.581680 

633 

400689 

353636137 

23-1594913 

8.586804 

634 

401956 

354840104 

25-1793566 

0-590733 

636 

403325 

356047873 

25-1992063 

8-595338 

636 

404496 

357259456 

353190404 

8-599747 

637 

405769 

258474853 

35.3388589 

8.60425rf 

638 

407044 

259594073 

25.3586619 

8.608752 

639 

408331 

360917119 

25.2784493 

8.613348 

640 

409600 

268144000 

35.3982313 

8  617738 

641 

410881 

363374731 

35.3179778 

8.633234 

643 

412164 

364609388 

23-3377189 

8.636706 

643 

413449 

265847707 

25-3574447 

8. 631 183 

644 

414736 

367089984 

5S-377I55I 

8-635655 

645 

416025 

268336125 

21-3968503 

8-640122 

646 

417316 

369586136 

254165301 

8.644585 

647 

41S60S 

370840023 

25-4361947 

8-649043 

648 

419904 

272097793 

25  4558441 

8-6S3497 

649 

4S1201 

373359449 

25.4754784 

8.657946" 

650 

432500 

374625000 

25.4950076 

8.66«301 

-:i,vGoog[c 


»VIARES,  CUBES,  AND  ROOTS. 


Nnmb.' 

»qu>re.    | 

Cub«. 

Square  Root. 

tiabe  Root. 

ear 

433B0t 

373894451 

29.5147016 

8.666831 

693 

435104 

377167808 

35.5342907 

8.671366 

«<3 

438409 

37B445077 

35.9938647 

8.675697 

6S4 

437716 

379736364 

35.5734337 

8.680133 

«6S 

439035 

381011375 

35.9939678 

8.684545 

656 

430336 

383300416 

25.6134969 

8.688963 

657 

431649 

383S93393 

35,63201 1« 

8.693376 

65S 

433964 

384890313 

35.6515107 

8-697784 

659 

434381 

3S6191I79 

39,6709953 

8.702188 

660 

43J600 

387496000 

25. 6904693 

8-706587 

661 

436931 

3B8B04781 

35.7099303 

8-710983 

663 

438344 

390117538 

29.7203607 

8.715373 

663 

439569 

391434247 

35.7487864 

8.71 97  S9 

664 

440896 

293754944 

35.7681975 

8-734141 

666 

443335 

394079625 

35.7875939 

8.728518 

666 

443556 

395408396 

25.8069758 

8.739891 

68? 

444889 

396740963 

25.8363431 

8.737360 

66S 

446334 

298077632 

35,8456960 

8.741634 

669 

447561 

399418309 

25.8650343 

&  749984 

670 

448900 

300T63000 

35.8843583 

8.790340 

671 

490341 

302111711 

35>9036677 

8.794691 

673 

451584 

303464448 

35.9239638 

8.759038 

673 

453939 

304S31217 

25.9433435 

8.763380 

674 

454376 

306182034 

35.9615100 

8.767719 

.675 

455635 

307546875 

3fi.9807631 

8.773053 

676 

456976 

308915776 

36.0000000 

8.776383 

677 

438399 

310268733 

36.0193337 

8.780708 

678 

459684 

31I66S753 

36.0384331 

8.785029 

679 

461040 

313046839 

26.0976284 

8.789346 

680 

463400 

314433000 

26.0768096 

8.793659 

681 

46376 L 

315831341 

36-0959767 

8  797967 

683 

465134 

317314568 

36-1151397 

8.803873 

683 

4S6489 

318611987 

36.1342687 

8-806973 

684 

4678S6 

330013504 

36.1533937 

8.810868 

685 

4693S5 

331419135 

26  1739047 

8.815159 

686 

470596 

321828896 

26.1916017 

8.819447 

687 

471969 

334343703 

36.310^848 

8.823730 

688 

473344 

335660673 

26-32g7911 

8.828009 

689 

474731 

33708W69, 

36.348S09S 

8.833285 

690 

476100 

338509000 

36.2678511 

8.636556 

69t 

477481 

339939371 

26.2868789 

8.840833 

692 

478864 

331373888 

36  3058929 

8.845085 

693 

480349 

333813557 

36-3348933 

8.849344 

694 

481636 

334259384 

26-3438797 

8893598 

695 

483035 

335702375 

26-3638537 

8-857849 

696 

484416 

337153536 

26-3818119 

8-863095 

697 

485809 

.  338608873 

26.4007576 

8.866337 

698. 

487204 

340068393 

26.4196896 

8.870575 

699' 

488601 

34I5'33099 

.    36.4386081 

8.874809 

700 

490000 

343000000 

36.4579131 

8.879040 

D,q,-z.-dbvGoogle 


Numb. 

Sqnare. 

C«be. 

Square  Root. 

Cube  Root. 

701 

49U01 

344473101 

26.4764046 

8.883366 

T03 

493804 

346948008 

26.4953826 

8.887488 

7D3 

494309 

347428927 

36.5141473 

8.891706- 

ro4 

490616 

348913664 

26.5329983 

8.893930 

705 

497025 

360403625 

26.5518361 

8.900130 

706 

498436 

361896816 

36,5706605 

8.904336 

■KIT 

499B49 

3B3S93343 

26.9S947I6 

8.908538 

708   . 

S01364 

364894913 

36.6083694 

8.913736 

ro» 

S02681 

366400829 

36.6S70539 

8.916931 

710 

504100 

8j79U(J00 

36.6458353 

8.921121 

711 

S0553I 

359436431 

36.66*5833 

8.925  30r 

71Z 

506944 

360944138 

39.6833X81 

S.919490 

713 

S08369 

362467097 

36.7030598 

8.933668 

714 

50979ft 

363994344 

36.7307784 

8937843 

ri5 

511225 

366695875 

a6.7394839 

8.94201* 

716 

513636 

367061696 

26.7S8176S 

8.946180 

717 

514089 

368601813 

36.7768557 

8.930343 

7ta 

51 5534 

3701 46832 

26.7955330 

8.934503 

719 

516961 

371694969 

26.8141754 

8.958«58 

730 

518400 

373248000 

S6.S82S157 

8.968809 

721 

519841 

374806361 

26.8514433 

8.966957 

723 

53138* 

376367048- 

36.8700577 

8.9T1100 

723 

523729 

377933067 

26.8886393 

8-975240 

724 

524176 

379603424 

36.9073481 

8.979378 

73S 

5236« 

381078135 

36.9358340 

8.983508 

736 

537076 

382667176 

«6. 9443873 

8.987637 

727 

.  528539 

384340683 

26.9629375 

8.991763 

728 

529984 

586828353 

36.9814731 

9.993883 

73fl 

531441 

387420489 

27.0000000 

9.OOO00O 

730 

532900 

389017000 

27.0  J  85 129 

9.004113 

731 

534361 

390617B9I 

27.0370117 

9.008233 

733 

635824 

393333168 

37.0354983 

9.018328 

733 

5S7389 

393832837 

27.0739727 

9.016430 

.    734 

538756 

395446904 

27.0984344 

9.03O5S9 

735 

640235 

397065375 

27.1108834 

9.034623 

736 

541696 

398688356 

37.1393199 

9.038714 

737 

543169 

400315553 

27.1477439 

9.033803 

738 

544644 

401917272 

27.1661564 

9.036885 

739 

546121 

403583419 

27.18435*4 

9.04O969 

740 

647600 

405324000 

273029410 

9.043041 

741 

549081 

40686902] 

27-9313152 

9-049114 

742 

550164 

408518488 

27-3396769 

9033183 

743 

552049 

410173407 

27.3580363 

9.057248 

744 

563536 

411830784 

27-8763634 

9-081309 

745 

655035 

413493633 

27-3946881 

9.064367 

746 

556516 

41 5 160936 

373130006 

9.069433 

747 

S58O09 

♦16832733 

27-3313007 

9.073473 

748 

559504 

4 18508993 

17.3495887 

9-077519 

749 

661001' 

420189749 

37.3678644 

9.081563 

750 

063300 

431875000 

27.3861279 

9.086603 

-:l,vG00gIC 


SQUARES,  CUBES,  AND  ROOTS. 


Numb. 

1  Sqnare. 

Cube. 

Square  Root. 

1  Cube  Root. 

751 

364001 

433564731 

37.4043793 

9.0S9639 

7S2 

663504 

435239008 

37.4236184 

9.09  J  673 

753 

367009 

436937777 

37.4408435 

9.O9770J 

734 

368316 

498661064 

37.4390604 

9.IO:7i6 

735 

570035 

430368873 

37.4772633 

9.105748 

rss 

371536 

433081216 

37.4954543 

9. 109766 

757 

573049 

433798093 

375136330 

9. 1 1378 1 

7J8 

374364 

4333)9313 

37-5317998 

9-117793 

7J9 

576081 

437345479 

17-5499546 

9.)3]B01 

760 

577600 

438976000 

37-5680973 

9.185805 

761 

S79ISt 

44071 1081 

27.3863384 

9.129806 

763 

380644' 

443430728 

37-6043473 

9. 1 33803 

T63 

583169 

444194947 

37-6334546 

9.137797 

764 

383696 

445943744 

37-6403499 

9-141788 

765 

583333 

4476971 35 

37.6586334 

9.  r43774 

766 

386756 

4494SSU96 

27.6767050 

9. 149757 

767 

588389 

4313)7663 

37;694r548 

9.1S3*'3r 

768 

589B34 

433984833 

27.7138139 

9-157713 

769 

591361 

414736609 

37.7308493 

9.  J  61686 

770 

393900 

456533000 

37.7488739 

9-165056 

771 

594441 

4583140) 1 

37.7668868 

9.169683 

772 

595984 

460099648 

2r.78M8S0 

9.173585 

773 

397539 

4618899)7 

37.8028775 

9-177344 

77* 

599076 

463684834 

27.8308335 

9.181300 

773 

600635 

4654B4375 

27.8308318 

9.185432 

77s 

60S176 

467388576 

37.8367766 

9.189401 

Tr7 

603739 

460097433 

37  87*7197 

9.193347 

rra 

605284 

470910953 

37.8936314 

9.197389 

T7B 

606841 

473739139 

37.9103713 

9.2012i8 

780 

608400 

4745SSO00 

37.0384801 

9-305164 

7bI 

609961 

476379341 

37.9463773 

9-309096 

783 

61)534 

47831 17G8 

37-9643639 

»-2 13035 

783 

613089 

480048687 

37.9821373 

9-316950 

T84 

6)4656 

481890304 

38-0000000 

9-33t'873 

7»S 

616335 

483736023 

28.0178313 

9-334791 

786 

61 7796 

485587656 

38.03569)3 

9338,06 

78T 

619369 

487443403 

38.0533303 

9.S32G1S 

788 

680944 

489303172 

38.0713377 

9-337337 

789 

633521 

491,69069 

38.0891438 

9-340433 

790 

634100 

493039000 

38.1069386 

9-344333 

791 

633681 

494913671 

^8.1347333 

9.248334 

793 

627364 

496793088 

36.1434946 

9.333130 

793 

6SS649 

498677237 

38.1602337 

9-366033 

794 

430436 

300566)84 

28.1780036 

9.359911 

795 

633033 

303459873 

38.1937444 

9.363797 

796 

6336.6 

504358336 

38.3134720 

9.267679 

79r 

633309 

306361 S73 

28.3311884 

9.971359 

798 

63680* 

5081«S9« 

38.3488938 

9.375433 

799 

63M01 

310083399 

28.3663881 

9.279308 

800 

640000 

313000000 

38.3843713 

9.383177 

166 

ARITHMETIC. 

■Nomb"! 

8q««*. 

Cabe.          Square  Koot. 

tube  Root 

SOI 

641601 

5139113401 

26.3019434 

9.387044 

»03 

643304 

613649608 

38.3196043 

9.390907 

803 

644609 

617781637 

38.3373546 

9.394767 

804 

646416 

5197 18464 

38.3548938 

9.298633 

W5 

648035 

531660135 

38.37853  [9 

9.302477 

806 

649636 

533606616 

38.3901391 

9.304337 

aor 

651349 

535557943 

38.4077454 

9-310175 

•08 

6M864 

537514113 

38.4333408 

9-314019 

809 

654481 

53947ftl39 

38.4439333 

9-317859 

810 

656100 

531441000 

38  4604989 

9.331697 

811 

657731 

533411731 

38  4780617 

9.335533 

813 

659344 

536387338 

38  4956137 

9.339363 

813 

660969 

537366797 

28.5131549 

9.333191 

814 

66SS96 

539353144 

38.5306833 

9.337016 

813 

66433 S 

54)343375 

38.5483048 

9.340838 

816 

66SS96 

S4333S496 

28.5657137 

9.344657 

Sir 

667489 

54S33SS13 

28.3833  U9 

9.348473 

818 

669134 

547343433 

38.6006993 

9.353885 

819 

670761 

349363359 

38.6181760 

9.356095 

830 

673400 

S61366OO0 

38.5336421 

9.359901 

831 

674041 

SS33B7661 

28.6330976 

9.363704 

833 

675684 

355413348 

28.6706424 

9.36750S 

833 

677S39 

557441767 

28.8879766 

9  371303 

834 

678976 

359476324 

28.7054002 

9  375096 

895 

680635 

561515633 

28.7328133 

9  376887 

836 

683376 

563339976 

38  7403157 

9  383675 

837 

663939 

365609383 

38  T576077 

9.386460 

888 

6855B4 

567663352 

28  774989 1 

9.390241 

839 

6S7341 

369723789 

28.T93360I 

9.39403O 

830 

688900 

371787000 

28.8097206 

9.397796 

B3I 

690561 

573856191 

38.8370706 

9.401569 

833 

693334 

573930368 

38.8444103 

9.405336 

633 

693689 

S78009S37 

3B.8617394 

9.409 105 

834 

695556 

58009 J704 

38.87905  8t 

9.413869 

833 

697335 

583183873 

38.8963666 

9.416630 

836 

698696 

394277055 

98.9136646 

9..43038r 

837 

700569 

586376233 

38.9309533 

9.434141 

838 

703344 

388480473 

3B.9483S97 

9  437893 

899 

70393 1 

390589719 

38.9634967 

9.431643 

840 

70S600 

592704000 

28.9837335 

9.435388 

841 

707381 

394833331 

99.0000000 

9.439139 

843 

7»a964 

596947688 

29.0172363 

9.443870 

S43 

7106*9 

399077107 

39.0344633 

9.446607 

844 

713336 

601311584 

39.0316781 

9.430341 

845 

714035 

603351135 

29.0688837 

9.454071 

846 

715716 

605495736 

39.0860791 

9.457799 

147 

717409 

60T64S433 

39.1033644 

9.461534 

848 

719104 

609800192 

39.1204396 

9.465347 

849 

730801 

6)1960049 

39.1376046 

9.46S966 

8*0 

1    713600 

614135000 

39.1547505 

9.473683 

I;,C.00J^[C 


S^HARES,  CnrtS,  AND  ROOTS. 


Numb. 

Square. 

Cube. 

Square  Root. 

Cube  Root 

B5I 

724301 

616395051 

39.1719043 

9.476395 

B53 

735904 

61847U308 

3^.1690390 

9.480106 

853 

737609 

620650477 

29.2061637 

9.483813 

S54 

7393)6 

62383S864 

29.2232784 

9.487518 

855 

731035 

635026375 

29.2403830 

9.491319 

856 

733736 

637322U16 

39.2i747T7 

9.494918 

8sr 

734449 

629423793 

2^.3745623 

9,498614 

B58 

736164 

631638713 

39.3916370 

9.SOSJ07 

859 

737881 

633839779 

29.30870 1 S 

9.505998 

fffiO 

739600 

636056000 

39.3J57566 

9  50D685 

861 

741321 

638277381 

2g'342aOI5 

9  513369 

S62 

743044 

640503938 

39.3598365 

9  517051 

863 

744769 

642735647 

29.3768616 

9'530730 

864 

746496 

64497X544 

39.3>.>38769 

9;S24406 

fl6J 

748325 

647214625 

29.4108823 

9.528079 

866 

7499S6 

649461896 

39.4278779 

9.531749 

867 

75l«89 

651714363 

39,*4*8537 

9.535417 

868 

7S3434 

6^53972033 

39.4618397 

9.539081 

869 

.    755161 

656234909 

39.4788059 

9.542748 

870 

756900 

658503000 

39.4957634 

9-546402 

871 

758641 

660776311 

39.5127091 

9  550058 

87$ 

760384 

663054848 

39.5296461 

9-553713 

873 

762129 

665338^17 

3<».5465734 

9-557353 

874 

763876 

667627634 

.29.5634910 

9.561010 

875 

765635 

669921875 

29.5803989 

9  564655 

876 

767376 

67323.1376 

39  5973973 

9-568297 

877 

769139 

674526133 

39  614185B 

9.571937 

•78 

770884 

676836153 

99.63  J0648 

9.575574 

879 

773641 

67915I4S9 

39  6479335 

9.179208 

880 

774400 

681472000 

29'6S47939 

9.583839 

881 

776161 

683797841 

39'6a  16443 

9-586468 

8B3 

777924 

686128968 

a9'6984848 

9-590093 

883 

779689 

688465387 

39 '71531 59 

9-5937.6 

884 

781456 

690807104 

?9>331375 

9.  s 97337 

B85 

783225 

693154135 

29'7489496 

9-600954 

BBfi 

784996 

695506456 

99'r65753l 

9.6(>4S69 

S87 

786769 

698764103 

29.7835453 

9.608181 

8SS 

788544 

700227073 

39.7993289 

9.511791- 

889 

790331 

703595369 

39.8161030 

9.615397 

890 

792100 

704969000 

29.8338678 

9.519001 

891 

7938B1 

707347971 

89.8496331 

9.6«3603 

B93 

795664 

709733SB8 

39  8663690 

9.626301 

893 

797449 

7l«[219S7 

39,'8a3ins« 

9.629797 

894 

799236 

714516984 

29.8998328 

9.633390 

895 

801035 

716917375 

29.9165506 

9.636981 

896 

803816 

719323136 

29.9332591 

9.640569 

897   ^ 

804609 

731J'34273 

39.9499583 

9-644134 

898 

806404 

73415079* 

S9. 9666481 

9-647736 

899 

BOflSOl 

736573699 

29-9833387 

9.651316 

900 

810000 

73900000 

30.0000000 

9.654893 

l;,C00g[c 


)^nmb. 

Square. 

Cobe. 

Square  Root. 

Cube  Hoot. 

901 

811801 

731433701 

30.0166630 

9.658468 

902 

813604 

733870808 

30.0333148 

9.662040 

9U3 

815409 

736314327 

30.0419584 

9.665609 

904 

8IT3I6 

738763264 

30.0665928 

9.669176 

905 

819035 

7*1217635 

30.0832179 

9.673740 

906 

820836 

743677416 

30.0998339 

9.676301 

9or 

832649 

746143643 

30.1164407 

g.679B60 

908 

834464 

748613313 

30.1330383 

9.683416 

909 

836281 

751089439 

30,1496269 

9-686970 

910 

SZBIOO 

753571000 

30.1632063 

9690521 

911 

8299*1 

756058031 

30.1837765 

9.694069 

919 

83ir44 

758S50S3B 

30  1993377 

9.697615 

913 

833569 

761048497 

30.'2 158899 

9.701138 

914 

835396 

763551944 

30.2334339 

9.704698 

9)J 

83r2*5 

766060875 

30.3489669 

9.708936 

916 

839056 

76857fi396 

30.3654919 

9.711773 

917 

840889 

771095313 

30.2830079 

9.715305 

918 

843734 

773630633 

30.t985148 

9-718835 

919 

844561 

776151559 

30.3150138 

9-722363 

930 

846400 

778C88000 

30.3315018 

9785888 

981 

848341 

781339961 

30.3479818 

9>7294I0 

932 

SS00S4 

783777448 

30.3644539 

9.732930 

933 

S51939 

786330467 

30  3809151 

9.736448 

934 

853776 

788889024 

30  3973683 

9.739963 

925 

8S5635 

791453 125 

304I'W127 

9.743471 

936 

857476 

794028776 

30  43024B1 

9.746985 

93r 

859339 

796597983 

30  4466747 

9.750493 

938 

861184 

799178753 

30.4630934 

9.753998 

929 

863041 

801765089 

30.4795013 

9  757500 

930 

864900 

804357000 

30.4959014 

9T6IOOO 

931 

866761 

806954491 

30.5122926 

9-784497 

933 

668634 

809557568 

30.5316750 

9-767992 

933 

870489 

813166237 

30.5450487 

9-771484 

034 

873356 

814780504 

30.5614136 

9.774974 

93S 

874335 

817400375 

30.5777697 

9.778461 

936 

876096 

830035856 

30.5941 171 

9.782946 

937 

877969 

832656953 

30.6104557 

S.7854$S 

938 

B79844 

835293673 

30.6367857 

9  788908 

939 

881731 

837936019' 

30  6431069 

»-792386 

940 

883GOO 

830584000 

30  6594194 

9-795861 

941 

885481 

833237621 

30  6757333 

9-791^333 

943 

887364 

835896888 

30,6920183 

9>802803 

943 

889349 

838561807 

30.7083051 

9-806271 

944 

891136 

841333884 

30.7345830 

9-809736 

945 

893025 

843908635 

30.7408523 

g-«13198 

946 

894916 

846590536 

30.7571130 

9-816659 

947 

89SS09 

84BS78133 

30.7733651 

9-830117 

948 

898704 

851971393 

30.7896086 

9.823573 

949 

900601 

854670349 

30.8058436 

9-837035 

950 

902500  ^ 

857375000 

30.8230700 

9.830475 

L,;,z.-3bvG00gle 


S<iUARES,  CUBES,  AND  KOOTS. 


Numb. 

Square.    1 

Cube.       1  Square  Koot. 

Cnk>e  Root. 

9Sl 

904401 

860085331 

30.8382879 

9.833923 

9i3 

906304 

863801408 

30.8644971 

9.837369 

9J3 

908209 

865523177 

30.8706981 

9.840812 

9S4 

910116 

.    868230664 

S0.88 68904 

9.844253 

9S5 

913025 

870983875 

30.9030743 

9.847692 

956 

913936 

873722816 

30.9193497 

9.831128 

957 

915849 

876467493 

30.9354166 

9.854361 

958 

917764 

879317912 

S&95137S1 

9.837992 

9S9 

919681 

881974079 

30-9677251 

9.861431 

960 

921600 

884736000 

30-9838668 

9.861848 

961 

923521 

887503681 

■   31.0000000 

9.868272 

963 

9X5444 

890377138 

31-0161248 

9.871694 

963 

937369 

M30S6347 

310323413 

9.875113 

964 

929396 

895841344 

31.0483494 

9.878330 

966 

931 22S 

893632135 

31.0844491 

9.881943 

966 

933136 

901438696 

31.0805403 

9.885337 

96T 

935089 

904331063 

31.0966236 

9.888767 

968 

9370S4 

907039332 

31.1126914 

9.897174 

969 

938961 

909853209 

31,1887648 

9.893580 

9T0 

940900 

912673000 

31.1448230 

9.898983 

971 

942841 

915498611 

31.1608729 

9.902383 

972 

9*4784 

91 8330048 

31.1769145 

9.905781 

973 

946729 

921167317 

31. 1939479 

9.909117 

974 

948076 

934010434 

31.2089731 

9.912371 

975 

950625 

936899375 

31.3249900 

9.915963 

976 

953376 

939714176 

31.3409987 

9.919351 

977 

954529 

932574833 

31.2569993 

9.922738 

978 

956484 

935441352 

31.2739915 

9.936133 

979 

958441 

938313739 

31.2889767 

9.929304 

980 

960400 

941193001 

31.3049517 

9.932883 

98 1 

962361 

944076141 

3 1.33091 9S 

9.936361 

983 

964334 

946966168 

31.3368782 

9.939636 

983 

966389 

949862087 

31.3528308 

9.943009 

984 

968356 

953763904 

31.3687743 

9.946379 

985 

970225 

95567(625 

31.3847097 

9*49747 

986 

973196 

938585236 

31.4006369 

9-953113 

987 

974169 

961504803 

31.4163561 

9.956477 

988 

976144 

964430273 

31.43*4673 

9.959839 

989 

978131 

967361669 

31  4483704 

9.963198 

990 

980100 

J70399000 

31,4642634 

9.966554 

991 

982081 

973343271 

31.4801525 

9.969909 

992 

984064 

976191488 

31.4960315 

9.973362 

993 

986049 

979146657 

31.5119025 

9.976613 

994 

988036 

983107784 

31.3277655 

9.979939 

99S 

990025 

985074875 

31.3436206 

9.983304 

996 

992016 

988047936 

31.5S9467r 

9.986648 

997 

994009 

991026973 

31.5753068 

9.989990 

998 

996004 

994011993 

31-5911380 

9-993338 

999 

998001 

997002999 

31.«O09613 

9.996665 
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110  ARITtniETIC. 

OF  RATIOS,  PROPORTIONS,  AMD  PROGRESSIONS. 

NoMBEits  are  compared  lo  each  other  in  ttro  differcDt  traja : 
tiut  one  compariiion  considers  the  diSJereace  of  the  two  oum- 
ben,  and  is  luaneil  Arithmetical  Relalioo  ;  and  the  diSereoce 
Hmetimes  the  Arithmetical  Ratio  :  the  other  considers  their 
i^iiotieqt,  which  i*  called  Qeometrical  Ralatioo  ;  and  the  quo- 
tient is  the  Geometrical  Ratio.  So,  of  thete  two  nnmberv  6 
and  3,  the  difference,  or  arithmetieal  r^io,  is  S  >^  3  or  3,  but 
tbe  geoaietrical  ratio  ia  |  or  2. 

There  must  b«  two  nnmbers  to  form  a  conipanson :  the 
BODdier  which  is  compared,  beii^  placed  first,  a  called  the 
Antecedent ;  and  that  to  which  it  ia  compared,  tha  Coom- 
quent.  So,  in  ibe  two  nambers  aboro,  6  ih  the  antecedent, 
and  3  the  couequent. 

If  two  or  more  conplets  of  numbers  kave  equal  ratios,  or 
eqoal  differences,  the  equaHty  i«  named  ProportioB,  and  the 
terms  of  the  ratios  Proportionab.  So,  the  two  conplets,  4,  S 
and  8,  6,  ure  nTitfameticol  proportioiMis,  because  4  —  f  =  8 
—  6  e:  «  ;  and  tbe  two  couplets  4,  3  and  6,  3.  are  geometri- 
cal proportioimls,  becaose  )     }  '^  %>  the  same  rstio. 

To  denote  numbers  as  being  ceoractricaH;f  proportional,  > 
colon  is  net  between  the  terms  of  each  couplet,  to  denote  their 
ratio  ;  and  a  double  colon,  or  ^Ise  a  mark  of  equality  between 
the  couplets  or  ratios.  So,  the  four  proportionals,  4,  3,  6,  3 
are  setthui.4  :  «  : :  6  :  3,  which  meaas,  that  4  is  to  2  as  6 
is  to  3  ;  or  thui,  4  :  X  =  6  :  3,  or  tktu.l  =  f.  both  which 
mean,  that  the  ratio  of  4  to  2,  ii  eqnd  to  the  ratio  of  8  to  3. 

Proportion  is  distingnishcd  into  CoDtiniied  and  DisconU- 
nned.  When  the  difference  or  ratio  of  the  consequent  of  otte 
couplet,  and  the  antecedent  of  the  neit  couplet,  is  not  th« 
same  as  the  cemmon  difference  or  ratio  of  the  couplets,  the 
proportion  ia  discontinued.  So.  4,  2,  8,  6  are  in  discontinued 
arithmetical  proportion,  because  4  —  2  =  8—6^  2.  where- 
as 8  —  2  3=  6  :  and  4,  2,  6, 3  are  in  discontinued  geometrical 
proportion,  because  (  *=^  ^  f ,  but  J  —  3,  whieh  ia  sot  the 


But  when  tbe  difference  or  ratio  of  every  two  succeeding 

terms  is  the  same  quantity,  the  proportion  is  said  to  lie  Conti- 

nned,  and  the  aomt>en  themselves  make  a  serirs  of  Continued 

Pro|K)rltona!B. 
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ARITHMETICAL  PROPORTION.  1 1 1 

Proportionala,  or  a  pn^reuioB.  Sa  2,  4,  6, 8  form  an  srith- 
mebcal  froffttaoo,  because  4—8  =  6 — 4  =  8 — 6  s  8,  til 
the  aame  common  difierence ;  and  t,  4,  B,  16  a  geometricsl 
progFe8ii<m,  becaose  }  i^  f  V  =  ^t  <*"  "**  mne  ratio. 

When  the  fbllowing  tenna  of  aprogre»ioDiiKre«a«,  or  ex- 
ceed each  other  it  ii  called  tm  Aacendiag  Progruaioo,  oj  Se- 
ries; bat  when  tbe  tennt  decreaae,  it  is  a  dtacaadiiig  ohm. 
So,  0,  I,  Z,  S,  4,  ^e.  ia  an  aHrceadiug  arithmetical  {icogreaiioo, 
but  9,  7,  5, 3,  If  4-c.  ia  a  desceading  aritbmeticfd  prqgreiiioD. 
Also  1,8,4,8, 16,4^.  iaaaaaceodii^geonetricalprogreasion, 
and  16,8,4,9, 1,  j-c.  ia  a  dcacendim  geometrical  prnyegainn. 


ARITHMETICAL  PROPORTION  and  PROGRESSION. 

ta  Arithmetical  Progreaiion,  tbe  numbers  or  terms  hara  all 
the  lame  common  difference.  Also,  the  first  and  last  terms 
•f  a  Progression,  are  called  the  Extremes ;  and  the  other 
Ifinw,  lying  between  them,  the  Means.  The  most  useful  part 
•r  arithmetical  proportions,  ia  contained  in  the  following  the- 


Theouk  I.  When  foar  quantities  are  in  arithmetice]  pro- 
portion, the  sum  of  the  two  extremes  is  eqnal  to  tbe  sum  of 
Ae  two  means.  Thus,  of  the  fonr  8,  4,  6,  8,  here  3  -f  8  = 
4  +  6  =  10. 

TtaoRSM  3.  In  anj  coatinned  arithmetical  progrestioii, 
the  aum  of  tk»  two  extremes  ia  eqna)  to  the  sum  of  anj  two 
means  that  are  equally  distant  f^m  then,  or  equal  to  doable 
the  middle  tenn  when  there  is  an  UDereD  number  oi  terms. 
Thos,  in  the  tenns  1,3,  S,  it  is  1  +  &=  3  +  3  =  <• 
And  in  the  series  8,  4,6,8,  10,  18, 14,  it  is  i+  14  >=  4  + 
t«  =  6  -f  10  =  8  -f-  8  =  16. 

TRBOKEit  3.  The  difference  between  tbe  extreme  terms  of 
an  arithmetical  progression  is  equal  to  the  common  difibrence 
of  the  aeriea  nmltiplied  by  one  less  than  the  number  of  the 
terms.  So,  of  the  ten  terms,  8,  4,  6, 8, 10,  18,  14,  16,18,80, 
the  common  difference  is  8,  and  one  less  than  the  number  of 
terme  9 ;  then  the  difference  of  tbe  extremes  is  20  —  8  = 
18,  and  8  X.  9  s  18  also. 

CtHiieqnentty, 
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113  ARITHMETIC. 

Coraeqnentlf ,  the  greateat  tenn  ia  equid  to  the  least  tenn 
tulded  to  Ibe  product  of  tbe  common  difference  mnltipliBd  by 
1  lew  than  tbe  nnmberof  terma. 

Theonkn  4.  The  »ani  of  all  the  tenna,  of  any  arithmetical 
pn^eaaion,  ia  eqnal  to  tbe  sum  of  the  two  extreroea  moltipli- 
ed  by  the  number  of  tenns,  and  dirided  by  3  ;  or  the  snm  of 
the  tireextremea  maltipliedby  thenamberoftfaeterma,gifec 
donble  the  aum  of  all  the  temu  in  the  aeriea. 

Thia  U  made  evident  by  letting  the  tenna  of  the  aeries  in  an 
inrerted  order,  ander  the  aame  scriea  in  a  direct  order,  and 
addiog  the  corretponding  terma  together  in  that  order.  Tbtu, 
indieaeriea  1,  3,  6,  7,  9,  11,  13,  15; 
ditto  inrerted  IS,  13,-  11,  9,  -7,  6.  3.  1; 
the  auma  are  IG  +  16  +  16  +  16  +  16  +  16  +  16  +  16. 
which  uraat  be  donble  the  anm  of  the  aingle  aeriei,  and  ia 
eqani  to  the  aum  of  the  eztremei  repeated  as  often  ai  are  tbe 
^number  of  the  temu. 

From  these  tbeoreoH  may  readi^  t>e  found  ny  one  of  tboM 
fire  parta ;  the  two  extremes,  the  namber  of  tenns,  the  goib> 
mon  difference,  and  the  sum  of  alt  the  temi,  when  any  thre« 
•f  them  are  giren  i  at  in  tbe  following  proUema : 


Gnt»  the  extremti,  and  ilu  ^fumber  o/"  Ttrmii  iojind  At  5tun 
of  aU  the  Ternu. 

Ann  the  eitremei  tt^ther,  multiply  the  lun  by  tbe  ddib- 
ber  of  tenna,  and  divide  by  Z. 


1.  The  extrtmea  beiag  3  and  19,  and  tbe  namber  of  tenna 
9  ;  required  the  anm  of  the  terms  ? 


-  X  9  =  1 1  X  9 -=  89. 
2)  198  2  S 

—  the  aaine  uawer. 

Ana.  99 

2.  It  it  reqaired  to  ind  tbennmberofall  theatrokeaaeom- 
non  dock  strikea  in  one  whole  rerotntion  of  the  index,  or  ia 
12  boon  1  Am.  78. 

E,. 
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ARITHITETICAL  PROGRESSION.  lis 

Ex.  3.  How  maDjfltrokcadotbedocki  of  Venice  elrike  in 
Om  conMM  of  R  diy,  whicb  go  coatiDasU;  on  bwm  I  to  24 
•'clock!  Am   300. 

4.  Whftt  debt  can  be  di>chBrg«d  in  a  jear.bj  weekly  p^- 
BMBts  ID  aritbrnetical  progreMion,  the  £rat  ptq^mGot  being  It, 
umI  the  Isit  or  fiSd  pafmeot  61  St  f  Am.  1361 4t. 


Given  tht  Extntnei,  and  the  JVum&«r  of  Tervu ;  to  Jind  Ac 
Common  Differenee, 

Subtract  the  lest  extreme  from  the  greater,  and  dinde 
tlM  remainder  by  1  less  than  the  number  of  terms,  for  the 
common  difference. 


I.  The  extremes  being  3  and  19,  and  the  number  of  tenuB 
I ;  reqaired  the  common  difference  ? 


8)  16 


2.  If  the  eztremn  be  10  and  TO,  and  (be  number  of  term 
31 ;  what  is  the  common  difference,  and  the  sum  of  the 
series/  A».  the  com.  diff.  is  3,  and  (be  stnn  ii  140. 

3.  A  certain  debt  can  be  discharged  in  one  jeor,  by  weekly 
payments  in  arithmettcal  progression,  the  first  payment  being 
It,  and  the  last  BtSi;  what  it  the  commoD  difference  of  the 
tcrma!  Am.  2. 

PROBLEM  m. 

I  of  the  ExtreiHtt,  tht  Conmon  D^treiue,  utd  lb 
r  •/  TVrmt;  to  find  lite  oAer  Extreme,  and  the  Mm 
of  Ae  Seriti. 

HuLTiPLT  the  comfflOD  difference  by  1  less  than  the  aum* 
ber  ef  terms,  and  the  prodoct  will  be  the  difference  of  the 
eitremes  :  Therefore  ^d  the  product  to  the  less  ettreme,  to 
gire  the  greater ;  or  enbtract  it  from  the  gretier,  to  give  the 
lest  extreme. 

Vol.  I.  t< 

EIAHFUS. 
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AIUTHMETIC 


1.  OiTSB  the  leut  term  3,  the  common  difference  2,  of  u 
withmetical  Mriei  of  9  teim ;  to  find  the  greiteit  tenD,  and 
fte  Bum  of  the  Hriea. 


18  die  gKBteit  tern 


1)  198 

99  the  ivm  of  the  Miiee. 

'  S.  If  the  treateBt  term  be  70,  (he  common  difference  3, 
and  the  nninber  of  tenns  i\,  what  u  the  leeat  term,  and  die 
sttm  of  the  series  ? 

Am.  The  least  term  is  10,  and  the  sum  ii  S40. 

3.  A  deht  can  be  discharged  in  a  year,  by  pajiag  1  shilling 
the  fint  week,  S  shillings  the  seaond,  and  so  on,  always  2 
ahilling^  more  every  week  ;  what  is  the  debt,  and  what  will 
the  last  payment  be  ? 

Ans.  The  last  payment  will  be  51  St,  and  die  debt  ia  135)4*. 

PEtOBLEH  IT. 

Tojimd  anJlrithm4tic<U  Mean  htttMtm  faw  given  TVrtU. 
Add  the  two  gireo  extremes  or  terms  together,  and  take 
half  dieir  sum  for  the  arithmetical  mean  required 


To  find  an  arithmetical  mean  between  the  two  nomben  4 
iBdl4. 

Here 


nnqnired. 
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ARITHMETICAL  PROGRESSION. 


Tejind  two  Arithmetical  Meuu  httwtn  T»o  Oivtn  Extremei. 

SraTRACT  the  leu  eitreme  from  the  greater,  and  diridc 
flie  difference  by  3,  ao  will  the  qaotient  be  the  conuKn  dif- 
ference ;  which  being  continaaUj  added  to  the  leu  extreme, 
or  taken  from  the  greater,  girea  the  meani. 


To  find  two  arithisetical  meani  between  2  a&d  8 
Her*  8 


3)6        Then  8  +  2  =  4  the  one  me 

and  4  4*  2  =  6  the  other  n 

i.dif.        2 


Tajind  any  Nvmbtr  of  Arilkmttieai  Meant  httnetn  Tmo  Omn 
Tervu  or  Extrmui. 

Subtract  the  len  extreme  firom  the  greater,  and  diride 
the  ^bSerence  bj  l  more  than  thi  number  of  meaiu  required 
to  be  fi>iii>d,  which  will  nre  the  common  difference ;  then 
tUa  being  added  cootinaally  to  the  least  term,  or  aabtracted 
from  the  greateat,  will  gire  the  terms  required. 


To  find  five  arithmetical  mean*  between  2  and  14. 
Here  14 


6  )  12    Then  b;  adding  this  com.  dif.  continuaDy, 
'  the  menu  are  found  4,  6,  8,  10, 12. 

com.  dif.  2 


See  Dore  ef  Ahtkmettca]  pn^reuion  in  the  Algebra. 
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116  jUIITHMETIC. 

PROPORTION  AND  GEOMETRICAL  PROGRESSION; 
Or  ProgrttiUM  iy  tjwd  Ratios. 

in  Geometrical  Frogreaiion  tlie  nnmben  or  terms  hare  all 
the  ume  multiplier  or  divisor.  The  noat  aaefnl  part  of 
Pr«portioD,  is  contwned  ia  the  foUowini  theeremi. 

Theouck  I.  Whab firar qoantitiea  areu  prqiorttoD,  the 
product  or  the  two  extremea  i>  eqoal  to  the  pradact  of  the 

Thu,  in  the  foor  t,  4, 3, 6,  it  ii  X  X  C  =  3  X  4  =  It- 

And  hence,  if  the  prodact  of  the  two  meani  be  dirided  by 
one  of  the  extremes,  the  quotient  will  give  the  other  eitrame. 
So,  of  the  abore  numben,  the  ^t>duct  of  the  meaiis  18  ■?-  S 
=  6  the  one  extreme,  and  IS  ^  6  =  2  the  other  extreme ; 
and  this  is  the  faandation  and  reaion  of  the  practice  in  the 
Rule  of  Three. 

Thkobui  S.  In  any  continaed  geometrical  progmatM, 
the  prednct  at  Ac  two  extremes  is  eqnal  to  dte  prodact  of 
any  two  meau  that  are  eqnaUy  distent  from  them,  or  equal 
to  the  square  of  the  middle  tenn  when  there  is  an  aneran 
number  oif  terms. 

Thus,  in  (he  terms  t,  4, 8,  it  is  f  X  8  »  4  X  4  =:  16. 

And  in  the  series  9,  4,  t,  16, 38, 84,  126, 

it  is  t  X  1S8  =  4  X  64  =  8  X  32  =  16  X  16  =  tK. 

Tbeokxm  S.  The  quotient  of  the  extreme  terms  of  a  geo- 
metrical progreaaira,  ia  eqnal  to  tlM  oammon  ratio  of  the  i«- 
riea  rained  to  the  power  denoted  by  1  less  thtm  die  nnnber 
of  the  terms.  Conseqnently  the  greatest  term  it  equal  to  the 
least  term  midti|died  by  the  said  quotient 

So.  of  the  ten  tains,  *,  4, 1. 1«,  3«,  «4,  126,  tS6,  612, 
1024,  the  common  ratio  is  2.  and  one  less  ttian  the  nmri>er«f 
tenn  is  9 ;  then  the  quotient  of  the  extrenus  is  10X4  •r  <  ^ 
612.  and  3*  =  612  also. 
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Tbeoiu  4.  The  mm  of  all  the  terns,  of  any  geoMM- 
trical  prognMioB,  ii  foand  by  addiog  the  greatect  term  to  (he 
differCDce  of  the  eitreme*  Avided  by  1  leaa  than  the  ntio. 

89.  the  aniii  of  S,  4,  «,  18,  32,  64,  128,  S56,  SIX,  1024, 
1094—2 

(irhoie  ratio  u  2),  ia  1024-1 =1084  +  1028=2016. 

8—1 
The  fencing,  and  aereral  other  propertiei  of  propor- 
tion, ne  deaMKiBtrated  more  at  large  in  the  Algebraic  part 
of  this  work.  A  few  eianqilefl  may  here  be  ailded  of  the 
tteerema,  jaat  doUrered,  with  aomc  probletoe  coneemiBg 
aew  pnportionab. 

1.  The  leaat  of  ten  ttnot,  in  geometric^  pn^ramloi,  be- 
iag  I,  and  the  ratio  2;  what  is  the  greatect  tern,  and  the  sum 
(rf  dl  the  terou  ? 

Ana.  The  gr«ateit  tern  ia  618,  and  die  asm  1023. 

2.  What  debt  may  be  d«chaiged  in  •  year,  or  12  mendH, 
by  ptyii«  11  the  Gnt  month,  21  (he  aecoad,  4;  the  third,  and 
•0  on,  each  aocceediag  payment  being  doable  the  laat ;  and 
what  wai  the  lait  payment  be  1 

Am.  The  debt  409W,  and  the  tait  payment  20481. 


thfitd  Oh  OeMMMcoi  JChm  Pr^MrliMMl  bitKttnmni  two 


HoLTULV  the  two  anaaben  tt^Aer,  and  eitract  the  aqnare 
root  «f  the  prodnct,  which  wilt  give  the  mean  prvpoitioDiil 

BMght. 

EXAMFLE. 

To  find  a  geometrical  mean  between  the  two  nnmbers  3 


(  (6  thei 
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To  JM  T»o  Gaomttrieal  Mtan  Proportionab  btiivem  aty  Ttno 

DiTiDK  the  greater  oamber  by  the  less,  and  extract  the 
cube  root  of  the  quotieot,  which  will  give  the  common  ratio 
of  the  terms.  Then  muHipIj  the  leut  girea  term  bj  the 
ratio  for  the  first  mean,  and  this  mean  again  by  the  ratio  for 
the  second  mean  :  or,  divide  the  greater  of  the  two  given 
terms  by  the  ratio  for  the  greater  meao,  and  divide  thii  Bgain 
by  the  ratio  for  tiie  leas  mean. 


To  find  two  geometrical  means  between  3  and  24. 

Here  9)  24  (8 ;  its  cnbe  root  Z  is  the  ratio. 
Then  3  xS=6,  and6  xS=  12,  the  two  means. 
Or  84  -^t  =  12,  and  12-i.2=6,  the  same. 
That  is,  the  two  means  between  3  and  24,  are  6  and  13. 

PROBLEM  m. 

Tofnd  a»ji  JViunAer  of  Geometrical  Mbom  beimte»  Tmo  JVWi- 

btn. 

DiTiOK  the  greater  number  by  the  less,  and  extract  each 
root  ef  the  quotient  whose  index  is  1  more  than  tbe  number 
•f  meaoi  required,  that  is,  tbe  2d  root  for  one  mean,  the  3d 
root  for  two  means,  tbe  4tb  root  for  three  means,  and  so  on  ; 
abd  that  root  will  be  the  commcm  ratio  of  all  the  teme. 
Then,  with  the  ratio,  multiply  cootinoally  from  the  first  term, 
or  divide  continually  from  the  last  or  greatest  term. 


To  find  four  geometrical  means  between  3  and  98. 

HereS)96(32i  tbe  6th  root  of  which  ii  S,  the  ratio. 
Then3x2  =  6,liex2<=  12,  &  lSxe='£4,&  24XS=4B. 
Or  96  -i-  2=48,  k  43 -i-  2=24,  h  24-^2^12,  t  12-i-«=6. 

That  is,  S,  It,  24, 48,  are  the  four  mam  between  3  and  96. 

OF 
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MUSICAL  PROPORTION. 


OF  MUSICAL  PROPORTION. 

Tbeke  u  alio  a  third  kind  of  prop*rtiBB,  called  Hmical, 
which  being  bat  of  little  oi  no  canunoo  lue,  a  rer;  short  ac- 
conot  of  it  may  bere  inffice. 

Hiuical  Proportion  ia  when,  of  Uiree  nnmbers,  the  fint 
Ins  tbe  tame  proportion  to  the  third,  aa  the  difference  be- 
tween the  first  and  second,  has  to  the  difference  between  the 
■econd  and  third. 

As  in  lhe«e  three,  6,  8,  IS  ; 
whereS:  IS;:  8-6:12-8, 
that  is  6:  IS::  2:4. 

When  foor  nombere  are  ia  nnsical  proportion ;  Ihenythe 
first  has  tbe  same  ratio  to  the  ronrth,  as  the  difference  be- 
tween the  first  and  second  has  to  the  differeoce  between  the 
f  durd  and  fourth. 

As  in  these,  6,  8,  IS,  18; 
where  6:  18  ::  8-6:  18-12. 
th^i«6:  18  ::  2:6. 

When  nomben  are  in  moaical  pEOgression,  their  recipro- 
cals are  in  anthmelica)  progression  ;  and  tbe  converse,  that 
is,  when  namben  are  in  arithmetical  prt^essioo ,  their  recip- 
rocals are  in  musical  progresaion. 

So  in  these  mosicua  6,  8,  12,  their  reciprocals  },  |,  ^, 

an  in  arithmetjcal  pn^ression ;  &r  |  -|-  ^  =  ^^  =  I ; 

I  and  I  -f-  I  ^  i  ==  i  ;  that  is,  the  sum  of  the  extremes  is 

I  equal  to  doable  tbe  mean,  which  ia  the  property  of  aridime- 

ticBla. 

The  method  of  finding  ont  nambers  in  masical  proportion 
is  best  expretied  by  letters  in  Algebra. 


FEXLOWSHIP,  OR  PARTNERSHIP. 

PiLi^wsnip  is  a  rale,  by  which  any  sum  or  quantity  nay 
4e  divided  into  aoy  number  of  parts,  which  shall  be  in  any 
given  proportion  to  one  another. 

By  this  rule  are  adjusted  the  gaiaa  or  loss  or  chsifies  of 
partnen 


D,q,-z.-dbvGoogle 


12U  ARITHMETIC. 

{MTtnera  in  company ;  or  the  effecti  of  bankrapti,  or  iMb- 
cies  ia  case  of  a  deficiency  of  aueti  or  effects  ;  or  the 
Bbares  of  prizes  ;  or  the  Diiinben  of  men  to  form  certaia  <le- 
tacboientt ;  or  the  diriaion  of  watte  lands  among  a  nimbap 
of  proprietors. 

Fettowship  is  either  Single  or  Double.  It  is  Single,  when 
the  sharer  or  portions  are  to  be  proportional  each  to  one  sin- 
gle given  number  onlj  ;  as  nben  the  stocks  of  parinerf  ar« 
nil  emptoyed  for  the  same  time  ;  And  Doable,  wben  each 
poftiou  is  to  be  proportional  to  two  or  more  nombers ;  as 
when  the  stocks  of  partners  are  em^jed  for  different  tijMS. 


SINGLE  FELLOWSBIF. 

GEDOIAL  KOl£. 

Add  together  the  numbers  that  denote  the  proportiOB  of 
the  shares.     Then  aay, 

As  the  anm  of  the  said  proportional  omben. 
Is  to  the  whole  sum  to  be  parted  or  dirided, 
So  is  each  sereral  proportional  nomber, 
To  tbe  corresponding  share  or  part. 

Or,  as  the  whole  stock,  is  to  the  wbt^  gain  9t  Ion, 
So  ia  cs£h  man's  partienlar  stock. 
To  his  particalar  share  of  the  gain  or  Ioh. 

To  raoTE  tbe  Work.  Add  all  the  sbarea  or  parts  t^e- 
ther,  and  tbe  som  will  be  equal  to  the  whok  nnmber  to  be 
shared  when  the  work  is  right 

EXAMPUa. 

I,  To  diTide  the  nnmber  S40  into  three  anch  parti,  a* 
shall  be  in  proportion  to  each  other  as  the  three  nnmhen  I , 
Sands. 
Here  1+2+3=6,  the  sum  of  the  nnmhen. 
Then,  as  6  :  240  : :  1  :  40the  1st  part, 
and  as  6  :  840  : :  S  :  80  the  ed  part, 
'a!soas6:M0  ::  3:  ISO  the  3d  part. 


9am  of  all  240,  the  [woof. 
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SINGLE  rOXOWSHlP.  If  1 

Ex.  i.  Three  penou,  a,  a,  e,  ftm^Aai  ■  lUp  with  340 
tent  of  wine ;  of  which,  a  loaded  1 10  toM,  b  97,  and  c  the 
mt :  in  a  itoim  the  ieameii  were  obliged  to  throw  overboard 
85  tons  i  how  innch  emit  each  peraoo  ansbun  of  the  loss  ? 

Hera    1 10+  9T«=t07  toBS,  lo«]ed  b;  a  and  ■  ; 
-  Iheref.  340-f07=IS3  tniw,  leaded  bj  c. 
Rfloce.asMO:  B5::  110 

or  aa  4  .-  I  :  i  1 10  :  iT^  toM  ae  I's  loes ; 
andaa  4:  1::  97  :  <^  tnos  »  s's  loaa  { 
ebo  as     4  i    1  : :  13S  :  33}  tWM  «  c>s  loas ; 

Son  t5  tmm,  the  pi«ef. 

3.  Two  VBerebantt,  c  mi  b.  nude  a  stock  of  1901.  of 
which  c  contrihited  7M,  and  d  tba  rest :  by  tre^Ung  thej 
piaM  301  i  what  Bost  each  have  of  it  T 

Am.  c  lUlSf.  andD  1116s. 

4.  Three  jnerchaata,  e,  r,  a,  made  a  stock  of  7001,  of 
which  X  coatrihetsd  itSI,  w  S68i,  aod  o  the  real:  t^  trading 
tbe7  ffia  list  lOtt  whet  «ut  each  have  of  it  t 

Am.  I  most  bare  tVUOd  2^. 
r    -    -    -    64  3  »   Of}, 
o     ■     -     -    39  &   3    1^. 
6.  A  General  imposing  a  contrfbotieB*  of  700f  on  UnT 
Tillages,  to  be  ^d  in  proportioa  to  the  mmber  of  Inhabitaota 
contained  in  each ;  tna  1st  eentaitii^  210,  the  Sd  350,  the 
3d  400,  and  the  4th  500  persons ,  what  part  nuist  each  vil- 
l^epaj!  Asa.  the  Isttopsv  lt«J  13i4d. 

tbe«d  •  -  163  6  6 
the  Sd  -  -  186  13  4 
the  4tb  -     -    233     6  8 

6.  A  fitct  of  ground,  coBsistiag  of  37  ac  S  ro  14  ps.  is 
to  be  dinded  among  three  persons,  l,  m,  and  v,  in  proportion 
to  their  estates :  now  if  l's  estate  be  worth  KOl  a  year  m'b 
XMf  and  k'b  75f ;  what  quantity  of  Uod  mast  each  one  have } 

Aoa.  L  most  have  SO  ac  3  ro  .^9f4)pa. 
M     -     •     -    13       1        SOXV. 
M     -     -     -      3       0       «3H*. 

7.  A  person  is  indebted  to  o  571 16t,to  9  1061  3f  6<(,  to  « 
iil  lOd,  8ndtoR731;  bat  at  his  decease,  his  effects  are  fimnd 


•CentnlmtimiiBhipudbr  prarlocu,  ttnnMi,  TQkgn,  ftc.  to' 
ram  tMtag  phndaicd.     It  it  fiia  JB  pntrii' 

Vol.  I. 
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to  be  worth  no  note  than  1701  14t ;  how  DRMt  it  be  divided 
unoag  hit  creditors  t 

Ana.  o  DiMt  faeve  37l  ibt  Bd  a^V^f- 
P     -     ^     -    TO    16  «    sX^. 
«     -     r     -     1*     8    4    OiVWV- 
E     -     -     -    47    14  U    2MS\-  * 
El.  e.  A  flhip  worth  9001,  being  entirelf  lost,  of  which  ^ 
belonged  to  ■,  |  to  t,  and  the  reit  to  v ;  whet  lou  will  each 
■QStain,  sspposiig  54W  of  her  were  iniored  ? 

Ana.  8  will  lose  ibi,  t  90l,  and  r  2261. 
S.  Four  persons,  w,  z,  «,  and  z,  spent  among  them.  SS», 
end  agree  that  their  shares  are  (o  be  in  proportion  u  }, 
},  ),  and  I :  what  are  their  share*  ? 

Ana.  w  must  pay  9t  Sit  Sif^f- 
X  -  •  6  6  »tf. 
I       •     -      410    1^. 

z    -   -    310  a^. 

^  19.  A  detachment,  consisting  of  6  companies,  being  sent 
into  a  garrison,  in  Which  the  doty  required  76  men  a  d^ ; 
what  number  of  men  must  be  furnished  by  eacb  company,  iB 
proportion  to  their  atreogth  ;  the  lirst  consisting  of  64  men. 
the  itd  of  fit  men,  and  the  3d  of  48  men,  the  4th  of  39,  and 
the  Bth  of  36  men  ? 
Ans.  The  Ist  must  fnmish  18,  the  Sd  17,  the  3d  16,  the 
4th  IS,  and  the  5tfa  12  dkd.* 


DOUBLE  FELLOWSHIP. 


Double  FxixonaBiF,  aa  has  been  said,  ia  concerned  in 
,  cases  in  which  the  stocks  of  partners  are  emjMoyed  or  coo- 
tinaed  for  different  times. 


■  QueMiaiu  at  tM>  oatoie  trrqmenay  occurriny  in  militarj  wrricc.  Genera]  Ha. 
^iStitt,  an  sAicer  of  greal  merit.  raDtrired  in  ingmioiu  inUunHiit,  for  nnrc  ei- 
pedjlkusly  retolviiw  iheni  i  wiacb  !•  diitingoiibad  by  Ihe  r-T~  of  ili£  invtBkir, 


D,q,-z.-3bvGoogle 


DOUBLE  FELLaWSHIF.  1C3 

Rvu.* — Uoltiply  each  peraoa'a  atoek  by  tbe  time  of  iU 
coatinoance  ;  then  4ivide  the  qoaotity,  aa  Ja  Single  FellftW- 
ship,  into  ■hares,  in  pr«portii>a  to  theae  products,  hj  aa>ii^. 

At  tbe  totd  auB  of  aU  the  aatd  producta. 

Is  to  tbe  whole  gun  er  loia,  or  qaaittity  to  be  parted. 

So  is  each  particaUr  product, 

To  the  correspondent  share  of  the  gain  or  lo». 

EXAMPLES. 

t.  A  had  in  conpanj  KI  for*  months,  and  ■  had  60/  for 
6  months ;  at  the  eod  of  which  time  they  find  i4l  gained : 
bow  Biut  it  be  dirided  between  them  t 
Here  60        60 


Then,  m600:34  ::  XOO:    9|  =    MlZf  =a'b  share. 
.and  as  600  :  24  ::  300  :  l4  =  14    8   »e  k'i  share. 

t.  c  and  D  hold  a  piece  of  groimd  in  common,  for  which 

ttey  are  to  paj  MJ.     g  put  in  23  honea  for  27  days,  and  d 

21  hones  for  39  d^a  ;  how  much  ought  each  man  to  pay  of 

tte  rent  ?  Ans.  c  most  pay  231  fii  9d. 

D  must  pey  30  14  3 

4.  Thre^  pertoH,  a,  f,  a,  bold  ■  pastore  in  common,  fbr 
which  they  are  to  pay  39 1  per  annnm  j  into  which  e  put  T 
oxen  Ibr  3  mootha,  r  pnt  6  oxen  for  fi  montiia,  and  a  put  in 
4  oxen  for  12  months ;  how  mnch  nnist  each  person  pay  of 
the  rent  ?  Ans.  b  mnit  pay  bt  lOi  €d  Ifyq. 

t  -    ■   11 16  wft^.r. 

o     -       -     12   12    7  2^. 

4.  A  ship's  company  take  a  prize  of  lOOOI,  which  they 
a^ree  to  divide  among  them  nccordiag  to  their  pay  and  the 
time  they  hare  been  on  board  :  now  the  officers  and  midship- 
men hare  been  on  board  S  months,  and  the  sailors  3  months  ; 


•TSepnetBl  Ihb  nila  i(  u  feUon  >  Wbes  tba  tiins  an  aqiBl,  thediU^iot 
the  gain  or  low  aic  OTideatl;  at  die  fllacki,  n  in  Single  Felluwihip ;  aiid  wbea 
the  <tocki  In  eqnat,  Ihe  ibartf  u  lbs  limes ;  therefore,  wbao  naidier  an  equal. 
Hm  Aum  OMribe  M  fltev  pcodocta. ' 
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Um  ofk«n  tare  40t  ■  nontii,  th«  aidiUpiim  Mt.  wd  tb* 
HilOT)  tb  B  moDdi ;  moreoTer  thera  are  4  officen,  IS  utd- 
•Ummo,  uitl  1  to  lulon ;  what  will  aanb  maa'k  ihaic  be  1 
Am.  eaefa  oficer  MUt  kan  S3i  Si  firf^O,^. 

ea^  nudfUpiDMi    -      17   6  9    SJV^. 

each  seamen      •    -       •   7  fl   Orfr- 

Ex.  5.  H,  with  a  csphal  of  tOOU,  bepa  tnde  the  fint  of 
JiBuaij,  and,  iiMetii«  with  saccoa  is  ba^eit.  took  in  t  at  a 
partner,  with  ■  capital  of  IMM,  en  the  finl  of  March  M- 
lowing.  Three  mootha  after  that  dtej  admit  k  aa  e  third 
pa>teer,wfaDhceaght»teftaekt800L  AAwtn^teMtber 
till  the  end  of  the  jear,  thej  find  tteve  hai  b«e«  gaioea  11711 
10*;  how  must  this  be  divided  aaMt  the  wtmnt 

Ana.  M  BRHt  bare  *Kl  B$  iU. 

I   -   .  -   6T1  le  ei. 

s    -    -    -    747    311|. 

6.  X,  T,  and  x  ntade  a  joiat-eUx^  for  12  Months ;  x  at 
dnt  pnt  is  Ml,  aU4neMhaiAer  «A  mn;  x  p«t  hi  at 
first  301,  at  Oe  end  rf  3  amiBu  be  pet  in  Mi  »oie.  and  2 
mmtfai  after  he  pot  in  401  more ;  x  pot  in  at  firat  601,  and  6 
mondveftarbepstin  letxwre.  I  month  after  lAidt  be  took 
eat  sot;  dorii^ the  It  BOBthilk^ gained  BMf  bovmch«£ 

'  Am.  xmoatbanlOliaiMSHf. 
X  -  -  -  »  «  1  Ot». 
z    .    -    •    16,13   4  0. 


SIMPLE  INTEREST. 


-  IxtxxuT  is  the  prcmintt  or  nm  aBowed  ft>r  the  hm,  or 
forbearance  of  monej.  The  money  lent,  or  fi»borD,  is  called 
the  FriocipeL  And  the  snm  of  the  principal  and  its  interest, 
added  together,  ia  eiUed  the  Aaoant.  Interest  ia  rikwed 
at  so  much  per  cent,  per  annmn ;  whioh  pireninm  per  cent, 
per  annnm,  or  intereat  of  IQOl  for  a  year,  u  called  the  rate  ef 
interest ;— So. 

VriieB 
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Wk«a  intuMt  ii  ■!  9  par  ceit.  «hc  rate  ■  3 ; 

-        -4  pet  ceirt.      -        •  .  4  } 

-   fi  par  cent.      -        •6; 

•         -         •         -    6  pw  cent      -         •    6 ; 

Bat,  by  low  ia  Eogjuid,  interest  vngfat  not  to  be  taken  high- 
er tbw  Ht  the  rate  of  a  per  emit. 

lutereat  is  of  two  Mcta ;  Simile  and  CoBpouod. 

Simple  Interest  ii  tbet  whic^  is  allowed  Ibr  the  principal 
Icat  or  forborn  oi^,  fiir  tko  whole  ttms  of  forbearance. 
Am  the  intereit  of  anj  lam,  tw  auj  time,  is  directlv  proper- 
tisanl  to  the  priecipu  auD,  end  auo  to  tihc  time  of  continu- 
•■ee ;  hence  erttes  Hm  foOami»s  general  rale  of  cakola-- 
tioa. 

As  lOOf  b  to  the  rate  of  intweet,  so  is  any  gi*en  principal 
toikataiwt  Atom  year.    Aad  again. 

As  1  j«ar  ii  to  an;  givea  tiim,  lo  is  the  ietereat  for  a  yev, 
.  jaMiinnd,  te  the  interest  ef  the  gi¥eB  sum  for  diBt  time. 

Oracawisn.  TtlkB  the  interest  of  1  pound  fer  a  fear, 
wbkt  MnltifU  by  the  girea  principal,  and  this  product  again 
bytbetiaM  of  loea  or  forbearance,  in  years  aad  parts,  for  the 
iidereat  of  the  proposed  mm  for  (bat  time. 

IfoU,  When  there  are  certain  partt  of  years  in  the  time, 
as  )[aarters  or  BMtbs,  «r  days :  tftey  m^  be  worked  for, 
citter  Ij  taking  the  aliqnot  or  like  p«M  M  the  iatereit  <^  a 
year,  or  by  tlM  Rule  of  Three,  in  the  osaal  way.  Also  lo 
4inde  by  100,  is  dMS  by  oaly  pomting  trff  two  f^wes  for 


1.  Tofindtbe>lerMtof  Z30I  lOi,  for  1  year,  at  tbe  rate 
tf  4'percant  per  anaom. 

Here,  As  100:  4  ::  S80I  tOt :  9l4i4l4. 

4 

106)  9,S3  0 
20 

4-40 
It 

4:80        Am.  91 4*  4|tf. 

4 

a-to 
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Ei.  2.  To  find  the  intOrMt  of  &47I  ISi,  Ar  d  yean,  at  & 
per  cenL  per  aDnom. 
As  100  :S  ::  547-76: 
Or  SO  :  I  ::  ft47-76  :  S7-3875  interest  for  1  year. 


I8S-168G  ditto  fiir  3  yean. 


d  300  Am.  8SI 3i  Sd. 

3.  To  find  theiDterestttf  SOOguiDflu,  for4yean7mQi)tfafl 
aoA  25  days,  at  4^  per  cent  per  aBnam, 

di  I        di 

ilOl  Aa  9S6  : :  d-46  -.tb:    I 

4|  or      78  ::  9-45:    6:  -6472 


105     '  73)  47-«6  (■6471 

346 

8-4«  intereat  for  1  yr,  C30 


37-80      ditto  4  yean. 

6'BOae^  4-7t6     ditto  6  moatlu. 

<■»=:}     •787S  ditto  I  month. 

•647X  ditto  2fi  days. 

r43-96»7 


4        Am.  43/  I9t  tid. 


7    1-3  ISO 


4.  To  find  the  interett  of  460f,  for  a  year  at  6  per  cent. 
peraoiiam.  Ai«.  iU  10>. 

5.  To  find  tha  interest  of  7161  12i  fid,  forayear,  at  *i  per 
cent,  per  MmUk  Ana.  SU  4«  od. 

6.  To 
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COMPOUND  INTEREST.  1J7 

6.  To  fiod  the  interart  of  720f,'  f«r  S  yean,  at  6  per  cent, 
peruwnoa.  Aos.  108/. 

7.  To  fiod  the  iutereat  jif  3bBl  IGi,  for  4.  yean,  M  4  per 
cent-  per  annam.  Ane.  BGl  ISt  4fd. 

8.  To  find  th«  intereBt  of  381  5i  Sd,  for  7  years,  at  44 
per  cent,  per  anoum.  Ans.  SI  ]  Z«  Id, 

9.  To  find  the  bterest  of  170/,  for  1|  year,  at  &  per  cent. 
per  annum.  Am.  liliftt.  ' 

10.  To  fiud  the  insannce  on  SOU  Ibt,  ior  J  of  a  year,  at 
4  per  cent,  per  eDaiim.  Am.  il  U  ]|d. 

11.  To  find  theinteMBt  of  3191  6d,  for  6}  years,  at  3|  per 
cent,  par  annum.  Ana.  68/  16i  9^d. 

12.  To  find  the  inannince  on  X07/,  for  1 17  days,  at  4|  per 
c«nt  per  annum.  Am.  U  Itt  Id, 

13.  To  find  the  intereat  of  17/  b$,  Ar  1 17  dayi,  at  4}  per 
cent,  per  snnam.  Ans,  b*  3d. 

14.  To  find  the  inaorance  on  71Xi  6i,  for  8  montba,  at  74 
per  cent,  per  annom.  Ans.  36/  t2i  3^/. 

Hote.  The  Rules  for  Simfde  Interest,  serve  also  to  cfdcn- 
late  Insurances,  or  the  Purchase  of  Stocks,  or  any  thing  else 
that  is  rated  at  so  niiiah  per  cent. 

See  also  more  on  the  sabject  of  Interest,  with  the  algc 
braical  expression  and  investigation  of  the  nles  at  the  eod  of 
the  Algebra,  next  following. 


COMPOUND  INTEREST. 

CoMPO<JK»  Ihterest,  called  also  Interest  opon  Interest, 
ia  that  which  arises  from  the  principal  end  interest,  taken 
together,  as  it  becomes  due,  at  the  end  of  each  stated  time 
of  payment.  Though  it  be  not  lawful  to  lend  money  at  Com- 
pound Interest,  yet  in  purchasing  tmnnities,  pensioDS,  or 
leases  in  reversion,  it  is  usual  to  allow  Compeund  Interest  to 
the  purchaser  for  his  ready  money. 

Rvt.EB.— I.  Finddwamoant  of  the  given  principal,  for  the 
'time  of  the  first  payment,  by  Simple  Interest  Then  con- 
sider this  amonnt  as  a  new  principal  for  the  second  payment, 
whose  amonnt  catcalate  as  before.  And  so  on  through  all 
the  payments  to  the  last,  always  accounting  the  last  amonnt 
as  a  new  principal  for  the  next  payment.  Th»  reasoa  of 
which  is  evident  from  the  definition  of  Componnd  Interest. 
Or  dse. 

Z.  Find  the  amonnt  of  1  pound  for  the  time  of  the  first 

payment,  and  raise  or  involve  it  to  the  power  whose,  ind^ 

is  denoted  by  the  naraber  of  payments.    Then  that  power 

BKillipUed 
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moltiplied  bj  the  i^rtn  principal,  will  nrodme  the  vrii«le 
UDOtiat.  From  which  th«  laid  priBcipd  beiac  nbtncted, 
lesTestbe  ComffUDd  Intereit  of  4he  MM«.  At  ii  eridflDt 
froia  the  first  Kofe. 

EXAHPUS. 
1.  To  fiod  tiie  moont  of  7Z0J,  for  4  yean,  at  ft  par  eeat 
per  anDnm, 

Here  i  a  the  ZOth  part  of  100,  and  the  iDteteat  of  U  te, 
8  Tear  is  A  or  -06,  and  ita  amotut  I'Qfr.    Therafiwa, 
I.  BnAtl^  RuU.  ».  Sifllultd  BmU. 

t       $    d  -     l-OAanoortof  U. 

SO  }  7X0    0    0     1st  yr*!  prineip.  1-Oft 

MOO     tttyr'iiBtefail,        — — 

l-IOC»Sdpei*CTefil> 

to  )  756    0    0    td  yr*«  pnadf-         MOW 
87  16    0    M  yr'i  interest.  ■ 

l'tlUOatt4ftpoir.ofit. 

SO  )  708  16    0    3d  yr'B  princip.             796 
38  IS    Sj^  3d  yr'B  interert.        

20  )  63S    9    91  4th  yr't  piinap. 
41  IS    &(  4di  yr'i  intereiL 


II7&-I64& 


£  87&    S    3^  the  whole  a: 

''-■'■  or  ana.  required.       — — ^ 

d  3-4800 
2.  To  find  the  aa»aDt  of  601,  in  6  years,  tf  6  per  coit  per 
annum,  conponiid  interest  Ana.  63f  II*  f^- 

5.  To  find  the  anoont  of  60J  in  6  years,  or  10  half-yean, 
.at  b  per  teat  peranooin,*  compoowl  interest,  the  interest 
panhle  half-yaarly.  Ans.  «4J  Oi  Id. 

4.  To  fiod  the  aBMant  of  6«.  in  6  yean,  or  XO  qoarten, 
at  6  par  cant  per  annaB,t  ceiiipoand  intereit,  llw  intarei* 
payable  qoarteriy.  Ana.  64l  «t  OJd. 

6.  To  find  the  eompound  intereat  of  37U  hAon  for  • 
yCKa,  at  4  per  cent  per  auftam.  Am.  981  Si  4id. 

6.  To  fiad  die  eonpoutul  interest  of  410i  forbom  for  tl 
Tean,  at  41  per  cent,  per  ananin,  the  intereat  payd>le  halt 
yearly.  Ana.  481  4»  UjA 

7.  To  ted  the  asDovat,  at  compoond  interest,  of  317i,  tvt^ 
horn  for  9i  yean,  at  6  per  cent  per  annual,  the  interest  |ny- 
able  quarteriy.  Ans.  2421  13i  iU. 

JVoie.  See  the  Rales  fer  Compound  Interest  elul^aicaUy 
investigated,  at  the  end  of  the  Algebn. 
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AtLlOATIOK. 

AftUOAiioi'  teaches  bow  to  compomid  or  mix  ti^thar 
MTenl  •■m^ei  of  differ«nt  quilities,  so  that  the  compoaition 
BUT  be  of  Mime  intermediate  quality  or  rate.  It  is  common- 
I7  diitinguiBhed  into  two  cm«i,  AUigation  Hedialf  and  AUiga-r 
lun  Alumate. 


ALLIGATION  MEDIAL. 


AuioiTion  Hehal  ii  the  method  of  findiog  the  nl^  or 
'  qnali^  of  the  comporilioa,  from  hsTiii^  the  quantiliei  and 
rate*  or  qualities  of  the  aereral  simples  girea.  And  it  is  thu 
performed : 

*  HuLTirLv  th^  qoanti^  of  each  io^^edieat  bj  its  rate  or 
.qnalitj ;  then  add  all  the  products  together,  and  add  also  «D 


•  HdnoMlrattm.    Tka  nili  )•  On  prand  bj  A%*bn^ 

Eel  a,  b,  <,  be  Ihe  ^untituB  iJ  tha  ii^redieDtt, 
and  >■•  >>i  Vi  OiBi  nlu  or  quIiliH,  or  pricta ; 
dwa mm, tiLtf, an  their aereral •ahua, 
■ndon,  4-n*^  9  tin  am  ef  ttior  nlvw, 
Ataoa  4-°  'f'  <■'■  ^  mm  of  Ihn  t|nMtitlni, 
mod  if  r  denote  (be  nts  li  the  v^iio  coanpsiitjoa, 


aod  r  K  am -f.  iM -f  9 -;- a -f  t  +  c,  wbkti  is  tbc  nb. 

JVblL  If  an  nmca  or  aDT  other  quaotiq^  ef  mie  gold  be  redaccd  iDto34eqBtl 
^iHIMie  parta  ate  called  CatacK;  but  gold  ■•  tjTMn  mixed  widi  Kane  ba» 
naUl,  wUch  ia  callad  die  Alh^t  and  the  miibira  ia  tald  Id  be  ef  ao  BMij  catacia 
flB«,aecn(diiig(odHpKi|iofliaB<:f  para  gold  ooDt^nadio  it;  dMa,ir9caiMU 
of  nre  gtld,  and  3  af  allnf  b«  ddied  togedwr,  h  ia  Sid  u  be  St  caracU  bw. 

»  anj  Doa  oT  (tie  alm^Aoa  ba  of  little  or  00  ralne  nith  mpect  la  die  Mat,  iU 
rata  ia  nippaaad  to  be  DOthiiig;  aawatar  raixad  wilh  ntw.'end  aDof  Wltb  C0l4 
mai  lilTer 
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the  quaatitlu  t<f;edier  iDto  another  sum ;  then  diride  die 
former  ■am  by  the  latter,  that  is,  the  sum  of  the  productt 
b;  the  so m  of  the  qnantiliea,  and  the  quotient  wtU  be  the 
rste  or  quaUty  of  the  compoaiticKi  required. 


l£.jUuree  sorts  of  (onpowder  be  mixed  together,  viz.  SOIb 
at  I2d  a  pooul,  441b  at  dd,  and  261b  at  Bd  a  poond ;  how 
nmch  a  pound  U  the  composition  worth  ? 

Here  50,  44,  tS  are  the  qvantities, 
and      IS,    9,    8  the  rates  or  qualitiei ; 
then   fiO  X  12  =  600 

44  X    9  =  396 

26  X    6  =  20e 

IZO)  1204         (tOT^=  IOVt 

Ans.  The  rate  or  price  ia  10  -j^  the  pound. 

2.  A  composition  being  made  of  6tb  of  tea  at  7i  per  lb, 
Mb  at  8i  6d  per  lb,  and  14ilb  at  fit  10«f  per  lb ;  what  is  a  lb 
•fit  worth?  Ans.  Gt  lO^i. 

3.  Mixed  4  gtllona  of  wine  at  4i  lOd  per  gatl,  with  7  gal- 
lons at  5i  U  per  gal),  and  9}  gallons  at  Si  Srf  per  gall ;  what 
ia  a  gallon  of  this  composition  worth  ?  Ans.  b*  ^d. , 

4.  A  mealman  wonld  mix  3  btuhels  of  floor  at  3*  bd  per 
boshel,  4  bnshels  at  5t  Gd  per  bnahel,  and  5  bnshels  at  4i  8d 
per  baihel ;  what  is  tha  worth  of  a  bushel  of  this  mixture  ? 

Ans.  ii  7^rl. 

5.  A  fdrraer  mixes  10  bnshels  of  wheat  at  5i  the  bushel, 
with  18  bushels  of  rye  at  3s  the  bushel,  snil  20  bushels  of 
barley  at  Sj  per  bushel :  how  much  is  a  bushel  of  the  mix- 
ture worth?  Ans.  3*. 

6.  Having  melted  together  7  ox  of  gold  of  22  caracts  fiae; 
m  oz  of  21  caracls  fine,  and  17  oz  of  19  caracts  fine  :  I 
would  know  the  fineness  of  the  composition  ? 

Ana.  3Q||  caructs  fine. 

7.  Of  what  fiBeoeas  is  that  composition,  which  is  made  by 
mixing  31b  of  silver  of  9  oz  fine,  witb  filb  8  oz  of  10  oz  fine, 
and  lib  10  oz  <^  alloy  ?  Ans.  7|}  oz  fine. 
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ALLIGATION  ALTERNATE. 


Alliqatior  ALTUirATB  ■■  Ibe  methml  of  finding  wbut 
qnairtitj  of  way  namber  of  limplee,  wlioae  rates  ar«  $Wia, 
yiiil  compoie  n  mizture  of  a  giveii  rate.  So  that  it  is  (be  re- 
-  Tcne  of  AUiKation  Medial,  and  auy  be  proTed  b;  it. 


RULE  I.» 

1.  ScT  the  niteiof  the  aunplesia  a  column  nader  eacb 
other.  —8.  Conneet,  or  link  with  a  eootinued  tine,  the  ntc 
of  eacb  iinqite,  which  'a  leu  than  that  of  the  compoUDd,  with 
ooe,  or  aay  Dumber,  of  those  that  are  greater  than  the  com- 
pennd  ;  and  each  greater  rate  wilb  one  or  any-  Dumber  of  the 
leM..~3.  Write  the  differenpe  between  the  miiture  rate,  and 
that  of  ench  of  the  Biqiplec.  opposite  the  rate  with  which  they 
are  linked.— 4.  Then  if  only  one  difference  itaod  ^awBt  aay 
rate,  it  wHl  be  the  quantity  beloDgjog  to  that  rate  j  but  if 
there  be  leveral,  their  sum  will  be  the  qnantity. 

The  eiomplee  may  be  proved  by  the  rale  for  Alligation 
Hedial. 


■  Demontt  B j- coaaecting  the  ksgmtc  lo  die  grealar,  andplBru^  the  diilec- 
eoce  betireea  tbem  and  tfae  nlc  illemalvly,  the  quantitien  rvstillug  are  wch 
iIhI  then  ii  pnciself  «•  nuicfa  guntd  by  ate  qiunti^  la  u  krt  bj  tbe  other,  md 
dwnfan  Ah  gain  ud  lav  upoa  die  wbale  ii  equal,  uiii  ia  ■ucUj'  be  pnpotBd 
iMe ;  ud  (tw  •■DM  wiU  be  tnie  of  uijr  ointr  two  ■mplra.jnutged  accoidiiig  to 
Ibe  Rule 

In  like  mwmer,  wfaktcver  tlw  number  of  ninplea  mBf  be,  and  iridi  haw  aaaj 
■orver  eveij  (»e  is  linked,  bdcc  ii  ii  aiw^jA  ■  loa  iritb  a  |;naler  thaji  tiko  mean 
priae,  dwKirill  be  ui  ei|UBl  balHice  of  law  uic)|;un  betwecBonj  nro,  udcoa- 
sewuatly  to  equal  balauie  on  the  irbide.     g.  i.  c. 

■1  la  obrkni,  fnm  At*  Role,  dial  queilion*  ol  tbii  nrt  admit  of  a  great  Tariety 

ft  aonrera ;  tar,  haling  fbnad  one  anawer,  we  maj-  find  at  laanj  man  aa  wa 

-    fUtae,  by  calf  nultiptjFiu  or  ditidlng:  each  of  Ibe  (pMolitieg  (bond,  bjr  S,  or  3, 

•r  4,  Ac :  the  naaon  of  wbkh  ia  evident ;  Cat,  if  two  quantitieB,  of  two  dmptea, 

•make  abaiuice  of  kn  u>d  gain,  widi  reajiect  lo  die  meaniaice,  •omuMalnttw 

v  tntbie,  tbe  ^  "^  ^  put,  or  aoji  olbal  cMio  of  IbcM  qaantitin,  and  aa 


Ib^kinda  of  qoeatioau  tie  caHcd  t>j  ilfebraiWa  twAtriwuafa  orvnibmitti 


WW 
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EXAMFU9. 

A  bercbatit  would  mix  wines  at  l€t,  at  1 8t,  and  at  88* 
ler  gallon,  so  as  that  the  miitnre  may  be  worth  ZOi  the  gal- 
wfaat  quantity  erf'  each  must  be  taken  ? 

Her«2o)l8-v    j2at  181 

(taj/ 1+8=6  at  SZ., 

Ans.  8  gallons  at  16i,  2  galloDS  at  16*,  and  6  at  28t. 

8.  How  much  wine  ut  6i  per  gnlloo,  and  at  4(  per  gallon 

Unat  Be  nixed  together,  that  the  ctnoposition  ma;  be  worth 

6t  per  galloD  ?  Ad!i.  ]  qt  or  1  fpdl,  fcc. 

3.  How  .much  sugqr  at  4d,  at  6if ,  and  at  11^  per  lb,  mnit 

be  mixed  together,  so  that  the  compoaition  formed  b;  them 

taaj  be  worth  Id  per  lb  ? 

Ans.  1  lb,  or  1  stone,  or  1  cwt,  or  aoj  other  equal  qoan' 
tity  of  each  sort. 
4>  How  mnch  com  at  8*  Cd,  St  8d,  4t,  and  4»  id  per  bufbd, 
most  be  mised  together,  that  the  compound  maj  be  worths* 
IM  per  bushel  ? 

Ans.  8.  at  2*  6d,  3  at  StSd,  3  at  4*,  and  3  at  4*  id. 

5.  A  goldsmith  has  gold  of  16,  of  16,  of  83,  and  of  34 
caracts  fine :  how  mach  most  be  take  of  each,  to  make  it  81 
caractsfine?  Ans.  3  of  16.  2of  18,  3of  83,  aode  of  24. 

6.  It  is  required  to  mix  brandy  at  18*,  wine  at  lOt,  cyder  at 
It,  and  water  at  0  per  gallon  toeether,  so  that  the  mixture 
may  be  worth  8i  per  gallon  ? 

Ans.  8  gals  of  brandy,  7  ofwioe.Zof  cyder,  aDd4ofwateh 

BULEIL 

Whkh  the  whole  composition  is  limited  to  a  certain  qnan- 
tity  ;  Find  an  answer  as  before  by  hoking  ;  then  say,  as  the 
sam  of  the  qnantitieR,  or  differences  that  determined,  is  to 
the  ^ren  quantity  ;  so  ii  each  ingredient,  found  by  linbiiQ,  to 
the  required  quantity  of  each. 


EXAMI>LE9. 

I.  How  much  gold  of  IS,  17,  18,  and  22  caracts  fine,  must 
be  mixed  together,  to  form  a  composition  of  40  oz  of  20  ca- 
rets ine? 

Here 
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•1: 


16 
Then,  M  le  :  40  : :    8  :    6 

«Bd  16  :  40  ; :  10  :  25 
Au.  5  oz  or  16,  of  17,  and  of  IScaractsfiDe,  and  Zfioz  «f  S2 
tf&ncts  fine.* 

Ex.  Z.  A  Tilitoer  hiw  wine  Bt  4t,  at  Bt,  at  6t  6d,  and  at  6«  a 
gallon  ;  and  be  would  make  a  mixtare  of  18  gallons,  ao  that  it 
m^t  be  atfbrded  st  6>  4d  per  gallon  ,*  how  much  of  each  sort 
rnnt  be  taker 

AoB.  3  gal.  at  4f ,  3  at  S(,  <  at  6*  6d,  and  6  at  6f. 


Hicr«,  king  of  Sfimaae,  gs>e  oniler*  fat  ■  cromi  to  be  nude  euliiel;  of  pun 
cold ;  bill  nnpectiif  the  wDriunui  bid  debased  it  bjr  mixing  it  with  sQnsr  or 
ctnpcr,  he  ncamnended  (be  diacoveq'  of  Ac  fraud  to  du  bmuug  Aichimede*, 
ud  daiind  to  fcaiMT  ttM  auet  qauriitf  ot  iUdj  io  Itu  CTOWD. 

Anbinedet,  in  odor  to  detect  (be  impaction, 
MB  itf  pnn  sold,  the   -^  -  -'  -" 


Woo,  procDNd  two  otb«r  iBusu,  the 
or,  •iadeacbaflbeaiaemMii  wjdi 
brio  fe  tokI  fb]l  of  mler  tu  quAii- 

_.,  _ , ^  Jem  delemiud 

uildiarfina  waigbli,th 


the  AnnKr;  uid  br  puBinE  c*ch  Kp^rBti^  bito  *  Twel  fbllof  mler  t&  qiaii. 
6tJ  at  wteraftlMi  br  (Bern  delnniBed  dkair  ipedfic  m?iliet;  frtmwhicli, 

',  ^ _._  _. —  rr:^^  ^ ^_. ^ pJSMid  J^  to " 


B  copper  oc  ailnr  wu  9tlb,  b^  tba  gcM  S2lb,  uid  bj  tfae  conpouiid  a 
Ufa;  whatir"'-'^ .-.:_  ^r  _.j  „j  _.._:_  .i , 


to  be  lOlb,  and  Ihtt  die  w 

„ _,    _»  gM  621b,  uid  bf  ttie  c. 

will  ba  das  quanlitiea  of  gold  and  atlo;  in  Ihe  crown  f 

neiUeaof  lbeiiinpl«t>ra99uid£3,uiidof  thac(impasDd64;  tboccibre. 
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Wmir  one  of  the  ingredientB  is  Hioited  to  a  certua  quao- 
tit;  {  Take  the  difference  between  eiich  price,  utd  the  nesn 
rate  as  before  i  then  lay.  At  the  difference  of  that  li^le, 
whoRe  qnsntitj  is  giren,  ii  to  the  rest  of  the  difference!  ac- 
▼erall; ;  so  is  the  qnantity  givcD,  to  the  several  qnantitiec  re- 
quired. 


I .  How  qiiich  wine  at  6* ,  at  &a  6d,  aad  6i  the  gallon,  mut 
be  mixed  with  3  gallons  at  4«  per  gallan,  so  that  the  iiuzttB« 
may  be  worth  Bt  Ad  per  pdlon  \ 

8+1=10 


Here  64  } 


L  8+2=10 
yi6+<=S0 
16+4  =£0 


Then  10  :  10  s 

10  :  30  :':  3  :  6 
10  :  SO  ! :  3  :  8 
Ani.  3  gallons  at  6i,  6  at  hi  %d,  and  6  at  <«. 

2.  A  grocer  would  mix  tena  at  1  it,  lOt,  and  fit  per  lb,  wHfa 
SOIbat  4tperlb.  bowmuchof  each  sort  must  he  take  to  make 
the  compoaition  worth  8t  per  lb  ? 

Ans.  SOib  at  4i,  lOlb  at  6i,  lOlb  at  I0«,  and  SOIb  at  12*. 

3.  How  much  gold  of  IS,  of  1 7,  and  of  S£  caracts  fine, 
iliast  be  mixed  with  6  oz  of  I B  caracts  fiue,  so  that  the  cocopo- 
sition  may  be  20  caracta  fine  ? 

Ans.  fi  OK  of  15  caracts  fine,  5  oz  of  17,  and  25  of  22. 


*  In  Uw  vtrj  m 


rnAoiU  an  lJaiit«)  W  a 

for  maoUaa.    ~ 


___ istiwyevidMitl? 

nsnti  fnm  ihe  BiM,  Ok  nuot  of  wtucb  bu  been  alnadr  txplaiiied. 
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SINGLE  POSITION. 


POSITION. 


PoMTioii  b  a  metbod  of  perTonning  certain  qneatioiu, 
wbieh  unnot  be  TMolved  by  th«  commoa  <lirect  rules.  It  is 
■ometimei  called  FiJic  Position,  or  Kalae  Supposition,  becauM 
it  makes  a  supposition  of  falie  Durabers,  to  work  with  the 
same  as  if  the;  were  the  true  onei,  and  by  their  means  dis- 
Gorers  the  true  numbers  sought.  It  is  sometimes  also  called 
Trial-and- Error,  because  it  pro<!ceds  by  trials  of  fidse  nam- 
bers,  and  thebce  finds  out  the  true  ooes  by  a  comparisoa  of 
th«  ttron. — ^Position  is  either  Single  or  Deable. 


SINGLE  POSITION. 


SiiioLE  PoeiTioH  is  that  by  which  a  qneation  is  resolved 
by  means  of  one  supposition  ouly.  Qnestions  which  hare 
their  result  proportitmal  to  their  suppositions,  belong  to  Sin- 
gle Position  :  such  31  those  which  require  the  multiplication 
or  diTiaion  of  the  number  sought  by  any  proposed  number ; 
or  when  it  is  to  be  increased  or  dimioiBhed  by  itself,  or  any 
parts  of  itself,  a  certain  proposed  number  of  times.  The 
rule  is  as  follows  : 

Take  or  assume  any  anroher  for  thafr  which  is  required, 
and  perform  the  same  operations  with  it,  as  are  described  or 
performed  in  the  question.  Then  say.  As  the  result  of  the 
said  opeiatiou,  is  to^lhe  position,  or  number  assumed ;  so  is 
the  result  in  the  question,  to  a  fourth  term,  which  will  be  the 
numher  sou^t-* 
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ARITHMETIC. 


1.  A  peraon  afler  Bpending  |  and  }  «f  hit  monej,  hat  jret 
remaiDing  SOl ;  what  had  he  at  fint  T 

Suppose  he  had  at  fint  ISO/.  P»of. 

Now  {of  ISO  is  4t  I  of  144  ie     48 

I  of  it  ia      30  i  of  144  U     36 

their  nun      &4 
taken  from     1 44 

leavee    60  leavea    60  at 

Then,  60  :  130  : :  60  :  144,  the  Answer.  per  question. 

2.  What  number  is  that  which  being  mnltipUed  b;  7,  and 
thepro(luctdiTidedby6,  the  quotient  maybe  31  ?    Ana.  18. 

3.  What  number  ii  that,  which  bebg  increased  ¥7  ^,  \, 
and  i  of  itself,  the  sum  shall  be  75  ?  Ana.  39. 

4.  A  feneral,  afler  sending  ont  a  foraging  ^  and  ^  of  his 
men,  had  yet  remaining  lOOO  j  what  number  baA  he  in  com- 
mand ?  Ana.  6000. 

6.  A  gentlennn  distributed  6!  pence  among  a  anmber  of 
poor  people,  consisting  of  men,  women,  and  children  ;  to 
each  man  he  gave  6d,  to  each  woman  4d,  and  to  each  child 
id:  moreover  there  were  twice  as  muij  women  aa  men,  and 
thrice  as  many  children  aa  women.  How  muij  were  there 
of  each  t  Ana.  3  men,  4  women,  and  IS  children. 

6.  One  being  asked  his  age,  said,  if  |  of  the  yean  I  hare 
lived,  be  multiplied  by  7,  and  t  of  them  be  added  to  the  pro- 
doct,  the  sum  will  be  SI 9.    What  was  bii  ^  ? 

Ana.  46  years. 
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DO0BLE  POSITION, 

DovBLE  PoBiTioiT  it  the  method  of  reaahii^  ceilaiR  qnvBr 
tinu  by  meaiM  of  two  sappoiitioiis  of  false  ovioben. 

To  the  Double  Role  of  Position  belsi^  nch  qautioaa  aa 
have  their  reialta  not  proportional  to  their  pontions  i  luch  ai* 
Aoee,  ID  which  the  DOinben  lought,  or  their  parts,  or  tb«ir 
Mrttiplef ,  are  increaaed  or  diminished  b;  some  given  abHlutf 
IHUnber,  which  ia  no  known  part  of  the  Btunber  soq^t' 


Taxe  or  lannne  any  two  conTenient  nnmben,  and  proceed 
with  each  ef  Aem  tcperatel;,, according  to  (he  condition!  of 
the  qne«tien,  aa  in  Single  PogttioQ  ;  and  find  how  mach  each 
rerah  is  different  from  the  result  mentioned  in  the  qneitioO) 
Galling  theae  difference!  the  errori,  Doting  alio  whether  the 
remit!  are  too  great  or  too  little. 


•  Dauiulr.  Ike  BdakfoaBd«lcatblia^oiitiin,inBd;,ikitb«ti«t 
OTor  it  (0  ttw  wcaod,  41  Ots  diflerenca  batmca  ifie  trm  ^ii  trtt  inppOHd  nniu- 
bar>  Li  to  Jlw  difeTHKe  bntwecn  ths  tnw  ui)  ncisid  nppoied  aumber ;  nrbni  thU 
ia  not  ttw  cue,  dw  nud  unm  to  Ibe  qocKitn  cuidM  be  bund  bj  Oa  Rain.— 
TIhI  ibe  Rale  le  tfue,  accctiilDt  lo  Ib>l  lappiwIiaD,  nay  ^  ti>»  ptned. 

LH  ■  and  &  be  die  tWDeeppoitiani,  and  i  Jad  ■  dieir  multii  produced  bf  «- 
nnlar  opeimlioa  j  deo  r  will  j  their  emm,  or  the  diflenncei  between  the  nnlu 
Hind  afnin  tbe  tne  rHniln;  ud  Ulx  drEBOtBOiatiitBAerWii^  uuvniingto 
the  nil*  remit  k  of  llie  ipicatifB, 

Then  i«ii  — iMr.udn  — B^i.  And,  accordine  la  Ihe  u|qnritioB  sa 
■Ucb  the  Ride  ■•  tuadM],  r-.t-.-.  x—a  ■■  x—i  ■■  hence,  by  noltipjjine  Hinmef 
•od  neaiK,  n  — r*  =  i«  — «o;  dien,  by  nampmitini,  r»  —  »a  "«  rt— •■,■ 

and,  bj  diruioo,  a  = (be  number  Kw^  which  ii  die  nd*  whaj  Ihe  x- 

Mhi  an  bofh  Uo  little. 

If  Ifae  resolti  be  bodi  too  groat,  id  diat  *  and  i  are  both  ciealer  Ihaa  R  i  tbea 
■  — »=  —  r,  «Dd»~i  cE  —  I,  or  r  and  >  are  bMh  iHgatHe  i  hence — r;  — • 
i:«  — «:i  —  *,  but  — r:  — i:;+.r:  +  I,  Ibtreforer:*  :;  i  — a;  i— i; 
and  dw  real  will  be  ciacdj  *s  <n  Ibe  fertoer  cate. 

Bil  if  one  renk  a  odIt  be  loo  litdc,  and  the  other  f  tot>  Kreat,  or  one  ftiM  T 
rb  +  t 
fodHre,  and  d*  other  t  oegiliTe,  Oieii  tbe  tbeoRie  bec«RH  ■  ■• ■  whtoh 

it  Ibe  Role  in  ttiii  ca««,  sr  wIwq  lb*  erran  ate  laiUkt.' 
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136  ARITHIHETIC. 

Then  wnltiply  etch  of  the  wud  errors  bj  the contttoyrap- 
potition,  n&melj,  tbe  fint  potttioB  by  the  secood  error,  and 
the  second  position  by  the  fint  error.    Then) 

If  the  erren  are  alike,  diTJde  the  diflfereoce  of  the  product* 
hy  the  difiereiioe  of  the  erron,  and  Iba  quotient  will  b«  the 
answer. 

Bat  tf  the  erron  are  unlike,  £videtlie  uimcf  the  prodocti 
by  the  ram  of  the  tmn,  f«r  the  answen. 

Note,  The  errors  ■reBudtobeahhcwfaeBtfa^areeitfaer 
both  too  great  or  both  too  little ;  and  nnlike,  wbcm  oae  it  tM 
greet  tu>d  the  other  too  UMe. 

EXAMPLES. 

1 .  What  Dumber  is  thai,  irtiich  being  multiplied  by  6,  the 
product  increased  by  18,  aad  the  Bum  dirided  by  9,  tiie  quo- 
tient shall  be  S0 1 

Suppose  the  two  numben  18  and  SO.    Then, 

Ftnt  Fosition.  Second  PondeB.  Proof. 

II     5uapow  30  87 


9)  126    dir.  9)  198        '   9)  180 


+6    errors  unlike 
Cnd  po*.         SO    mult. 


ram  8)  »«    HUB  of  prodacb. 

27 '  Answer  sought. 

ri;leu. 
FiBP,  by  triid,  two  numbers,  as  near  the  true  number  as 
coorenient,  and  work  with  them  as  in  the  question ;  marhiog 
the  errors  which  arise  from  each  of  them. 

Multiply  the  difference  of  the  two  numbers  assumed,  or 
found  by  trial ,  by  one  of  the  errors,  and  divide  the  product  by 
t  the  diSerence  of  the  errors,  when  they  are  alike,  hot  by  their 
aom  when  they  are  unlike. 

Add 
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DOUBLE  POSITION.  139 

Add  the  qi(rti«Bt,  )«t  found,  to  the  anmber  beleniing  to 
the  nid  error,  wben  that  namber  u  too  little,  bi<  sobtnct 
it  wkea  too  great,  mni  the  renlt  will  give  the  tni«  quantii; 

lOOf^t*. 


EXAMPLES. 

I.  So,  the  Iwegoiag  example,  wotk^  by  tkii  Sd  role  will, 
be  u  foUowB  > 

30p«itioiw  18;  their  dif.     IS 

— t  errors  +  8 ;  least  error    S 


■am  of  errors  8)  t4  (3  into. 
fr«m  the  poutioR  30 


loarei  the  answer  ST 


En  t.  A  ton  taking  hit  father  how  old  be  wai,  received 
diiaaiiewer:  Yonr  sge  is  now  oae-third  of  mine  ;  trot  5  years 
ago,  your  age  was  only  one-fourth  of  mine.  What  then  are 
their  two  ^e*  ?  Ans.  Ifi  and  45. 

3.  A  workmaD  was'hired  for20dqys,  at  3«  per  day,  Ibr 
erery  day  he  weHced ;  bat  with  this  condition,  that  for  evepf 
day  he  pteyed,  he  sfaoald  forfeit  1*.  Now  it  to  happened, 
th^  upon  toe  whole  be  had  Si  4s  to  receive.  How  maBy  of 
the  days  did  he  woit  *  Ans.  16. 

4.  A  a&d  ■  began  to  play  together  with  eqnal  anins  of 
moDey  :  a  first  won  20  guineas,  hut  afterwards  lost  back  \ 
of  what  he  then  bad ;  after  which,  a  bad  4  timet  as  much  as 
A.    What  auBt  did  each  begin  with  ?  Ans.  106  goineai. 

6.  Two  personi,  a  and  b,  hare  botiii  the  same  income,  a  - 
laret  j  of  hit ;  but  a,  by  spending  601  per  annum  more  than 
A.  at  the  end  of  4  years  finds  himself  100/  in  debt. 
What  does  each  receive  and  spend  per  anntun  ? 

Ant.  They  receive  IZU  per  annaia  ;  also  a  spends  lOOi, 
and  B  gpeods  1601  per  annum. 


PERMUTATIONS 
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PERMUTATIONS  AKD  COJIBINATIONS. 

^cEwrTATioH  ia  tbe  altering,  cbanglag  or  rarjiiig  ths  po> 
iition  or  order  of  thinge  ;  or  the  ahowing  how  many  differeat 
toa^a  thev  may  be  placed. — 'This  it  otherwise  caUed  Alter- 
batipn,  Changei,  or  VBriation  ;  nni  the  ooly  thing  to  be  re- 
gxraed  here,  la  the  order  the;  atartd  in ;  for  do  two  parcele 
we  to  bare  all  their  quantitiea  placed  ia  the  aiUte  aita«tion  ; 
u,  hew  many  chains  may  be  mn^  on  a  number  of  belli,  ot 
how  many  differeot  ways  any  number  of  penooa  tnay  be 
{ilaced,  or  how  many  aererat  variationa  may  be  made  of  any 
tomber  of  lettera.  or  any  other  things  propoaed  to  be  variea. 

CoKBUiTioN  ia  the  ahowing  how  oAen  a  leaa  namber  of 
thinga  can  be  taken  out  of  a  greater,  aod  combined  together, 
MthoTit  coiifideriDg  their  places,  or  the  order  they  stand  in. 
Thb  ia  aometimea  called  Election  or  Choice ;  and  here  erery 
parcel  mult  be  different  from  all  the  reat^  and  no  two  are  to 
neve  preciaely  the  fame  qnaodtiee  or  thinga. 

CmmmoIkmu  of  Ik*  lamt  Form,  are  tboae  in  which  there 
are  the  aame  number  of  quantities,  mi  the  same  repetitions : 
thna,  aabc,  Mtd,  cede,  are  of  the  aame  form ;  aabc,  abbb,  aabb, 
are  of  different  fbnos. 

Compotition  of  QuanltftM,  is  the  taking  a  given  namber  of 
qnanlities  out  of  na  many  equd  rows  of  different  quantities^ 
one  ont  of  erery  row,  and  combining  them  together. 

lllustnUionB  of  these  definitioDS  are  in  the  following  Pro- 
blema : 


To  utiign  the  Aitmicr  of  Permulationi,  or  (yumea,  Ihat  can  £* 
maJ4  0fai».yOnm/fvmber  of  Jliiiigt,  all  difftrtnt  from  taek 
other. 


UuLTiPLv  all  the  terms  of  thfl  natural  aeries  of  numbeiVi 
from  I  np  to  the  giren  number)  contianally  together)  and  the 
last  product  will  be  the  answer  required. 


<  The  nma  of  tbe  Rale  nuj  l>»  abcnni  Ihiu ;   aaj  ale  thing  a  li  opable  onlr    ' 
of  one  pomiion,  u  a. 

Aiir»roiliiiipaai]d&,nieailrcii[«btBaf  tironriatieM;  aiabit*;  wboae 
n™bfr  ii  apressed  by  1 XS' 
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EXAHPLSS. 
1.  How  mtaj  chaiqiei  ma;  be  rung  on  6  beBi. 


790  the  Answer. 
Or  lX2X3X4X5xe='tH)  the  Answer. 

i.  How  man;  ixft  can  7  penons  be  placed  in  a  different 
poution  at  dinoer  ?  Ana.  6040  dm. 

9.  How  many  ctianges  may  be  mng  oa  12  belts,  and  wbat 
time  would  it  require,  lupposiog  10  cMnges  to  be  rung  in  1 
minute,  and  tbe  year  to  conaiit  of  366  days,  fi  houis,  and  49 
minutes  ? 

Ana.  479001600  changes,  and  91  yearj,  26  days,  S2  boars, 
41  minutei. 

4.  How  many  changes  may  be  made  of  the  words  in  the 

following  verse  ;  I%(  Ubi  «m<  doUt,  virgo,  quat  lidera  ealo  f 

Ani.  40320  changes. 


Uttmcbelhcwthii«i,a,6.BDdi;,-  then  mj  Iwo  of  tbem,  le»TO  onl  am  M. 
m)t>*e1X!nriati(n>i  and  cauaquiatlr  tihen  Ow  3d  la  likeo  b,  tben  (Till 


faa  1XSX3  Torutraol. 

la  be  —me  lauiDer,  when  then  we  4  Ifaing*,  arer;  tbme,  lening  out  the  4di, 
WiU  tare  1X3X3  ntnlioai;  OTmequondy  bj  laldng  in  raccwsralr  the«lefl 
eai,t]Mre<riUbelXtXSX4vuul>aai.     And  «>  op  M  tr  *«  we  pleue- 
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Jtijr  AtMi&er  0^  iiffimU  tkingt  btuig  gioem ;  lofitd  turn  niu^ 
Chawe'  cim  h*  made  otU  ef  thtm,  by  takutg  a  Onm  JV«m- 
Ur  ^  QwutttiM  at  a  TVme. 


T*ZE  a  seriea  of  nnmben,  beginniog  at  the  number  of 
things  given,  aod  decreaBing  by  1  to  the  Dniober  of  qoantitiea 
to  be  taken  at  a  time,  and  Uie  product  of  all  the  tenaa  will  be 
tbe  aoBwer  roquirad. 


1.  How  tiMDjr  changes  may  be  nng  with  3  bells  out  of  8  ? 


,336  the  anitrer. 

Or,  8X7X6(=3  temu)  =336  th»  Anawer. 

i.  How  many  wordi  can  be  made  with  fi  letters  of  the 
alphabet,  Roppoiiiig  24  letters  in  bH,  and  that  a  nnmber  of 
couaooants  alone  will  make  a  word.  Ant.  S100480. 

3.  How  many  words  cqn  be  made  with  b  letters  of  th« 
alphabet  in  each  word,  there  being  26  letters  in  alt,  utd  6 
vowels,  admitting  that  a  number  of  consonants  alone  will  not 
make  a  word?  Ana.  1378fi8400. 


•  TUa  RiUa,  eipnMed  in  algebnic  tenni,  ii  u  latlnra  ; 

inX*>~IX''>— >Xn— 3  ftc.  Id  »  ttm%:  when  m  =  tba  numlMr  of  lUiigi 
girai.  ud  n  •*  Ibe  qnuilitKa  to  be  taken  it  ■  tfnM. 

In  order  lo  d«nouUste  dK  Rule,  it  will  bi  proptt  to  pcuiia  tfaa  Utmna^- 

LiuKA.  TbewnDberof  dnngeioJ'MAiagiilBliaiHBln  iibw,  )l  (qcid  toM- 
duopsaTn — Idmif^ -uicto  n— 1  Btiltne. 

Demonifr.  Lei  uij  <!>•  qnuititiee  a  i  e  d  t  be  timt. 

Fii*(,lanoBt  lfaaa,u>dlettii=dianumber<f  all  theviriiliantofeiciT  tno, 
tc,  M,  Ac.  Aat  can  be  taken  odi  of  (he  fcnr  nmaiaio;  qnaiUitiei  b  cdr. 

now,  IctB^MpWin  ttHfintpliceof  eachflf  tbeiD,  a,  A,  e,  a,  t,  d,  Ac.  end  the 
Duniber  of  ciaapa  which  nill  nanlo  ItH  lame ;  &al  ii,  v^  Ike  nOmber  of  Tui- 
■booi  of  ertry  3  c<tl  cf  the  6,  ■,  6,  c,  d, «,  when  ■  u  tint. 
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^mf  A«m(er  ^  Thingt  htwggSvtn;  »f  tMA  thtre  an  tmeml 
«w«  HUagi  efoUe  Sort,  and  MWiwis/oiiotttf,  *c. ;  ro 
Find  how  many  (Suimgu  can  £>  madt  evt  ^  lAew  all. 


RULE." 

T*EK  the  Kriet  1  X  8  X  S  X  4,  be.  np  to  th«  Dumber  of 
dungi  giTen,  and  find  the  product  of  all  the  tenna. 
.  Ti^K  the  leiie*  1  X  $  X  3  X  4,  be.  npto  the  nomber  of 
giren  thingi  of  the  fint  uHt,  aai  the  leriei  1X3X5X4, 
ke.  np  to  (be  ntimber  of  prai  thina  of  the  aecond  sort,  Ac. 
^  Diride 


la  like  ounwr,  if  i,  c,  d,  <  be  nceeiiinil^  laA  on 
of  lU  Um  two'i  Bill  >!M>beiK>;  and  pnttme^c,  u,  .io~~— ~.j  —  -~  -■_ 
nbi»,  to  mdce  3  qiinuitics  DOt  nf  5,  IlKTe  iriirsttn  be  *  ncntkoi  u  beta*. 

But  ihue  u*  sU  (be  vutetkau  tt»t  «n  >»»«>  <>f  ^  <^>^  °"'  '^  ^<  "''^  *• 
b,e,<l,c,ucBiKCiiBaiTdypntfinti  ud  awn&»  tfag  MDni/ill  IheK  i><be>wn 
«f  BlltbsduiKeiofSI&iuaitof  6.  ,      ,   , 

BattteNnof  ^a  ten  muQinMBUia  Itw  Dumber  of  ihii^i  tbiliiGv, 
«r  nv,  ^  an  the  ehiuca  «f  3  ti^  out  of  6. 

Andtho«Nii»W5ycrfPB»iMdiwiim¥be«nplied(o«>ijnmnbeiswh»t«»CT. 
.      DmiR.  ^  (Ac  rtub.  Let«nrTtliiiigi,ri*i;rie/j,!)eei'«n.»oaW3beUi« 
mualKr  of  quuililici  lo  be  lakeo. 

Then  ■»  M  T,  «nd  n  »  5. 

Now,  it  i»  evifciit,  U^ttbe  Dumber  of  chu^i  Ibil  nn  be  nude  b j  taUng  1 
b;1  outofS  t]uiwi,iTillbe  G,  vhicblel^B.  ,  ,  .„ 

Then,  by  (he  Iffljim*,  when  m  ..G,  aoin  =  %  Oie  ronober  of  cliUigM  will 
be^wiKSx^i  'riucblatb*— ««*ecaadlinw.  ,    ^ 

Aeuii,bT  the  LemRiH,wbai«>3TaDdii<»:3,  lh»  wiiBhBr  of  chaogeiu m* 

—  7  xSXSjihai  ii»w=«xC>»-1>X  (m-a).  cr— -■-'  •"•«-' 


1  X  3  X  3.  Ac  toy  XI  X  a  X  3i  *=■  to  J,  »c. 
wtKi*  m»>he  DMiiber  of  (hiugi  eireii,  ^  =•  the  immber  ofttunptrfQu  fii 
KM,  f  n  ibe  Dombv  of  tUngf  of  &  Mcoid  nrt,  Ac 

3V  DononifntfiDnDUT  be  riiown  u  fcllowi: 

Any  twu  qiuBlillea,  a,  t,  both  dslereDt, 
titka  are  tbe  nme,  oe  a  t  bacpuK*  a  a,  t] 

1  X  s 

-■   — .-==1. 
1  x» 
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!44  AKITHMETIC. 

Diriie  tb«  prodact  of  all  the  tenai  of  the  fint  leriea  bj 
the  joint  prodact  of  all  the  terms  of  the  t       '  ' 
the  quotient  will  be  the  tanwer  reqiiiied. 

rXAKFUS. 

1.  How  many  Tariationi  can  be  made  of  the  letten  in  At 
word  Bacchauflha  ? 

1   X  «  f—  nnmber  of  c'<)  =  2 
1   X  2  X  3   X  4  (=  Dumber  of  a'a)  =  24 
I    X  2   X  3  X  4    XfiX6X7xex9xlOXll 
(=  Dumber  of  letters  in  the  word)  =  39916800 
2  X  24  »  48)  399168U0  (S31600  the  Annrer. 

161  . 

76 
288 

2.  How  many  different  aiimbera  can  be  made  of  the  foUow- 
insfigarea,  I2200056£S*  Ana.  12600. 

3.  How  many  rarietiea  will  take  place  in  die  anccewion  of 
the  following  miuical  notes,  fa,  fa,  fa,  &,  ud,  aol,  la,  mi  ? 

Am.  840. 


nt  Ircai  cKCh  other,  sBotd  G  tuintko*;  bat 
bKctaaaaa,  Iben  Ibe  6  variilkni  niU  b* 

ixaj<3 

rcdHced  ID  1  i  which  na;  be  expreuEd  In'  =>  I.  Anin,  U  tm  of  Ihs 

(jpuntttiea  oalj  are  dika,  or  a  A  c  becomei  a  ■  e ,-  then  Ibe  G  vpiistiom  will  be 

1XXX3 

reduced  to  thcM  3,  ■■£,■;  BO,  and  a  c  a,'  which  b»t  be  en>te8«ei)  by      i.  ■     i 

1X2 
=  3. 

Any  i  qiuntitin,  ■  &  c  (t,  «II  diNerent  Cnm  e«di  otber,  will  Bdmit  of  M  vuw- 
linu.    Bui  if  tbc  quentiliei  be  the  une,  or  a  i  c  il  becoowi  a  a  a  a,  iba  a(Bii> 

bet  of  niistioiB  frill  bs  reduced  lo  otw ;  wt|ich  is  ^= • =^1. 

1X5X3X4 
Apin,  ir  Orse  of  tfas qoaotitiw aol j  be Ibe  same, or  ab  cd  becunes  aaa  b, 
die  number  of  nrudong  Mill  be  reduced  to  t&oie  4,  4  n  a  6,  s  a  b  ■,  a  fr  a  a,  and 
1X2X3X4 , 

fcaao,-  iriijcliiB=i ■ =  4. 

1X2X3 
Aad  thus  It  DUj  be  shown,  Aat  if 
lilies  be  ■  a  (  c,  ttte  DumW  of 
1X2X3X4 

etpRBHd  by =•  13. 

1X2 
And  by  rratonine  in  the  laiae  maamr,  it  vri]!  ai^iear,  thai  ibe  aambiir   of 
cbaiKei  which  can  be  Tnade  of  the  qnuilitiel  ab  bcc,i$  eqaal  la  60 ;  whicb  maT 

1X2X3x4X5X6 
be  eipnned  by — ■ =«0,  Aad  w  on  for  aaj  other  qoaalitic* 


1  «!X  1X2X3 
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PERMUTATIONS  AND  COUBINATIONS, 


JhJM  lU  Chmgei  of  am)  Qivm  ffumhn' of  Tkingl,  taktiifi  a 
Qiom  JfitmhtT  at  a  Timt :  ui  wfttcA  ^rt  are  intiral  Oi^m 
J%iagi  of  OM  SoH,  tntral  of  taio&er,  ^e, 

RUI£* 

Five  an  die  diffennt  ibrmt  of  combinatlmi  of  all  (be  giTen 
tluDgi,  Uken  m  aany  at  a  time  as  in  the  qaeatjon. 

Find  the  number  of  chuigM  in  anj  fbnn,  and  onltipljr  it  by 
tha  nambar  of  combination  in  that  ntrm. 

D«  the  tame  &r  9-nry  dittinct  form,  and  tha  nun  of  all  th^ 
{V|><ltKli  will  gire  tba  wbole  number  of  changes  r«qwrad> 

EXAUPUS, 

1.  How  many  alteratioDB,  archangel,  can  be  made  of  erery 
four  lettua  out  of  these  S,  oMtibbcc  ? 

No.  of  forms.  No.  of  changes, 

a»ft,  a>e,i>a,  *>« ^-4 

a*fr*.a*e*.(*e* 6 

«»fa,  6«o«,  c?«4 12 

(  4  X    4  =»  16 

Therefore  {3  X    fi  n  is 

^3X  18  =  36 

70  ■=  nambar  of  changes 
—^  required. 

S.  How  rniny  clianges  can  be  made  of  every  8  letters  out 
of  these  10 ;  aoMMeede  f  Ana.  S2S60, 

3.  How  many  different  niunben  can  be  made  oot  of  1  nuit, 

■  !%«  navo  of  ihti  Role  is  pUa  fron  what  hu  bwo  Ann  bcJbn,  md  tkt 
Emlnn  of  the  praUeni. 

A  aOt/orfiitimt  On  Kmbtr  iff  Fhnu. 
I.  Pun  <b*  ddngt  m,  that  tha  fnttcM  indicci  maf  be  Ant,  uid  dke  R>t  in 

t.  Bapn  frith  tba  Ant  leitoT,  nidj<dDitta  ibe  Kcood,  third,  fixstlli  Ac.  Uthe 

I,  ud  join  it  to  Ibe  duid,  Ibuitb,  &C. 
,  eihuMcd,  iilwsji  ramoQl — ' —  '' 
laMihiMllOM  u  lun  occutred  ba^Bv ;  and  tbis  if ){[  gne  the 


K>  on,  lili  (bay  are  cdtirelj  eihualed,  ahriui  ramaqbeiw  to  RJect  tack 
.■_..i i .  J  .  ,.     .  ._!  ^r_  _..(>_._.  -L.  comEiu^lidiij,  of  all 


4.  Join  the  Ant  latter  to  eterjr  ooa  of  (h«  iwoa,  and  tha  stcoi^  Ihlrd,  Ac.  a* 
bali** ;  and  it  will  giie  Aa  conbinaliaDa  of  all  (he  ItarMt. 

5.  Pnceedinlhc  naHiiiiuiiier  logeltliecDnibiiiaiiaaaof  Blt'Biefaart,ftc.aiu) 
■on  will  It  )a«  get  ah  ib*  Kvtrol  Aitom  of  co^>iiiatio^  and  iJm  number  ia  «acb 

Vot.  I.  «0  iittroi 
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14e  ARITHMETIC. 

2  two*,  3  three*,  4  foon,  and  6  five* ;  taken  6  at  a,ti 


31s  find  tht  yvmhtr  of  Ombinatiani  of  any  Ghm  AWfniM-  of 
tluiigi  all  different  from  eadt  otiier,  taken  any  Given  Number 


Takc  the  lerieK  t,  i,  3,  A,  &c,  up  to  the  notnlier  to  be 
taken  at  a  time,  and  find  the  product  of  all  the  tenu. 

Take  a  leries  of  a*  many  term,  decreasing  bj  1 ,  from  the 
given  Domber,  out  of  which  the  election  is  (o  be  made,  and 
find  the  prodact  of  all  the  tern». 

Divide  the  laat  product  bj  the  former,  and  the  qaotient  will 
be  the  number  sought. 


I.  How  manj  GombioationE  can  be  made  of  6  leltera  out  of 
ten? 

*  Tlii))  Rule,  alimncd  mlgebnicaU/,  il, 

—  X  X  X  **■  '"  *  "nns;  where  m  ii  iba  aiunber  of  )ri*cft 

12  3  4  * 

(jUiDtitics,  uid  It  thoMt  M  be  lihsn  U  i  lime. 

Vtminutr,  itflht  Rule.  1,  Let  ttio  nunbcr  of  tbiogs  la  be  (■ken  it  a  lime  be 
2,  aod  tht  things  to  in  comtiiDud  ■=  m. 

f>ow,  when  tn,  or  (he  number  oT  thii^  In  be  cooibrned,  ii  onlj  two,  u  a  uoA  b, 
it  iiBvitknl  thai  there  cm  be  but  «u>  ctmbiRBtian,  u  ab/  but  if  n  be  incrEtued 
b}  ijiH',orlheletlen  tobecanbbied  be  3,  mo,  A,  c;  dun  it  iB  plun  tbat Ibe  niuD- 
liee  of  cmnbiMtioDR  will  be  inci«ied  bj  1,  (iace  with  each  of  (be  fiirmer  UUtn 
B  and  h,  the  nsff  letter  c  maj  be  jninrd.  In  Ifau  cue  dterefon,  it  a  erideot  that 
Ibc  Rhnle  nuiaber  d'  «mbiniitk(i!i  will  bs  tni}  eipressed  bj  l-f-2. 

Again.iftnbeincrMwdbjoeia  jotter  mora,  or  the  whide  number  of  toiler*  b« 
.  fbitr,  mi,lt,cd;  then  it  will  eppear  tbu  the  whole  aumber  of  comblnstiaiM 
~nusl  bo  incnnicd  b^  S,  Btnce  with  tach  of  Ate  pieceding  letters  the  uei*  letter  4 
—  T. ui_.j      Tu v:_..:._^  [herefiice,  in  tEiii  esse  will  be  trelj  ex- 


maf  be  o 

pressed  by  1  +  S  -^  3. 

Aud  in  the  suqf  munoer  it  na;  be  duiwq  (hat  the  iriiole  number  nf  ctmbina 
tion.or2,in5diingi,willbel  +2  +  3  +  4;  of  «in6  ihitigs,  1  +  3 +.  3 -J. 

But  Itaa  Htm  of  Ihu  Krics  ia  o  —  X ;  whii^  is  (he  Mine  •■  the  lule 

1        a 

2.  I^t  DOW  the  niimbcT  of  quantUiei  in  eich  combinalioD  be  su^oacd  to  bit 

TUcn 
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PERMUTATIONS  AND  COMBINATJONS.       141 

lXXx3x4x6xfi(  =  lhe  number  to  be  taken  at  a 
time  )  «  720. 

10xdx8x7x6xfi(=x  sante  number  from  10)  ~ 
1SI300. 

Then  720  )  IfilZOO  (  SIO  the  Anawer. 
1440 


S.  How  Buaj  combinatioiM  can  be  made  of  i  letters  out 
of  the  S4  letten  of  the  dphabet  ?  Am.  276. 

3.  A  general,  who  bad  oAen  been  Buccesefs)  in  war,  ma 
aiked  by  his  lung  what  reward  he  should  confer  upon  him  for 
hia  lerricea ;  the  general  ttiAj  desired  a  &rthi^  for  every 
file,  of  10  men  in  a  file,  which  he  could  make  with  a  body  of 
100  men ;  whnt  ii  th«  amount  in  pounds  oterling  ? 

Ans.  1803ia72350{  Sf  id. 


be  oolj  DDe  combination.    Bui  if  n  be  jncreandb;  I,  or  (hethmgi  (■> 

ba  comUned  en  4,  u  a,  h,  c,ii,  then  will  (be  ni>i]b«r  of  combioatiou  be  m- 
cmied  hj  3 1  sou  3  ia  the  iuiad»r  of  combiiutioia  of  3  b  all  the  precei^u; 
letters,  0,^,  c,  md  with  each  tiro  Of  (hue  the  neir  letter  il  nuf  be  contiioad. 

Tht  oarabfT  of  conMimtioaa,  tbeielbre  in  this  can,  li  14-3. 

Anin,  if  n  ba  inereaBrd  bf  one  more,  or  the  nmnber  or  lotlen  be  npposed 
5 1  tneu  die  bcDigr  mmiber  of  comblnalbni  will  b«  incnaecd  bf  g,  that  h,  by- 
all  the  cemtdiutioiu  of  8  in  the  4  precediug  letters,  a,  i,  e,  <I ;  uoce,  ai  befixv, 
wilb  each  two  at  these  tbe  pew  letter  e  row  be  c«nbiiied. 

Tlie  DumbFr  of  arabinatiODB,  therefore,  ID  diiicaK,  i>  I'f  3+6. 

Wlieiic*,  UDiiemlh-,  (he  tnunber  of  cambimlioiu  of  m  thinre,  taken  3  Tnr  3, 
ii  I -f.3  +  6 -f  to,  Ac.  to  «-3  lanBS. 

But  tbe  giuD  of  this  Ktws  ia  t^—  x X ;  which  ii  the  ume  ts  the 

12  3 

Tok. 

And  die  Mme  thha  will  bold,  let  the  DUiDber  of  thus  to  be  taken  Kt 
be  iThat  it  win 
tiiM,  will  be  1 


o.bvGoOglt' 


FROBI^A  VT- 

TVifni  tt<  Ifumbtr  of  CotiAitwtiotu  of  aay  Given  Jt%mAtr  of 
Thingi,  by  takimgamy  One»  ■VwNMr  at  a  time;  m  aiUc* 
tkert  are  leviral  Tlt'ngi  of  one  Sort,  itverai  of  amolktr,  ^e< 

FniDj  by  trial,  the  nnmber  of  Metent  fonnt  which  the 
thiogi  to  be  taken  at  a  time  will  admit  of,  md  the  number  of 
Combinationi  there  are  in  each. 

Add  all  the  combinations,  thui  fonnd  together,  and  the  inn 
win  be  the  uumljer  required. 

EkAMnBS. 

1.  Let  the  things  proiiowd  beaaabbc;  it  ia  required  to 

fi&d  the  number  of  cembinationa  made  of  ereij  3  of  thesa 

quantities  ? 

Fvnoi. 


Number  of  combinatieni  required  >=  6 

^.  Let  aaabhbeebe  proposed ;  It  is  required  fa)  find  tbt 
tmraber  of  combiDatioiM  of  these  quantities,  ttdceu  4  at  a 
ttma?  Ans.  10. 

3.  How manj combinatioBs  are  there  ioaauabbetde, 
taking  8  at  a  time  1  Ana.  13. 

4.  How  many  combinatioM  are  there  maaaaabhbbb 
e  e  e  e  d  dd d  e  e  t  efffg,  taking  10  at  a  time  ?       Ana.  £819. 

rnaBLHi  vn. 

Tojlnd  the  Compovliotu  of  ang  JVtHnier,  tn  on  efuol  Symher 
of  Sett,  the  Thingt  ihtmtehei  being  idi  difertnt. 


MuLTirLir  the  number  of  things  in  every  set  continually 
tt^ther,  and  the  product  will  be  the  answer  required. 


■  Dnmalr.   SappMe  tboe  sra  oi/lj  Iwe  leU;  llKB,hlt^m,  th>t  amy 

c|D(iUitj  of  tlw  ooe  wl  b«iiig  ocoibiiwd  with  emj  quuid^  al  Ibc  otbcr,  will  nailnt 

*U  the  Runpotflkial,  of  two  dife^  in  IheM  Wo  Kl>:  wd  ibt  Donber  oT  Itwsa 

coDpoaitiam 
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PERHUTATIOK  AKD  COMBINATIONS.      149 


1.  Sa{q>oie  there  ftre  font  compuuea,  in  each  of  which 
there  are  9  neti ;  it  i>  required  to  find  hoT  nuny  msjt  4  men 
may  be  cfaoBen,  one  out  of  each  compuy  ? 


6661  the  Auwer. 
Or,  9X9X9xd=S661  the  Amwer. 

S.  Suppose  there  are  4  companies  ;  in  one  of  which  there 
ire  6  men,  in  another  8,  and  in  each  of  the  other  two  9  ;  what 
are  the  choices,  liy  a  composition  of  4  men,  one  out  of  each 
company  ?  Aw.  3888. 

3.  How  many  changes  are  there  in  throwing  6  dice  1 

Ans.  7776. 


tfiwrwiliani  U  airid«illT  tha  ftoduct  at  Ibm  mndHt  of  qoulilin  id  on*  M  br 

Ak>^  tofpeat  dKM  wc  (hn<  mH  g  Ihtn  (he  aamaridm  of  tmo,  in  ut  two 
<(  &  Kli,  bdM-  cci^hiiMd  wHh  am^  nnii(%  <rf  Bia  (bird,  wiU  naka  all  lb* 
•xapaMam  at  tfaaa  b  tha  daw  kM.  Tbat  It,  tfaa  camjlk—  o^  nn  in  ur 
lira  of  Am  Mi,  btbtg  aMMpSad  b^  ba  tamAtr  tt  qaaBtilie*  tn  11*  nmaiBliy 
nt,  WiU  podiica  Iha  canoatdciM  of  dma  i»  tba  feraa  *■!■;  widcb  ii  afUmlr 


n  cootloiial  praddct  mF  dl  (h«  ^K*  wBDiMn  ia  dM  tbns  Beta. 

rfraMoahg  win  faqld,  let  Sia  omnbar  of  ad*  b*  wiM 


.  .  .  _.  .>{  p*lticnla(|;r  is  tha  o 
addnocas.  Tbeanli^HigbtbaTe  baan  pwimd  to  a  mu^fieatarlaoRih; 
batwbatliharedcioa,  wOlbe  feuod  luffldciil  lor  dwbI  of  tba  pntposei  to  wEicb 
driip  «r  (hU  ntm  an  appKcabla. 
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AtllTHHETlC. 


PRACTICAL  QUESTIONS  IN  ARITHMETIC. 

QpGST.  t.  The  svrifUst  TelociW  of  a  cannon-ball,  is  kboBl 
2000  feet  in  a  second  of  time.  Then  in  what  time,  at  that 
rate,  trould  >uch  »  ball  be  in  moving  from  the  earth  to  the 
■an,  admitting  the  diAance  tobe  lOOmiUionBOf  milea,  and  the 
year  to  contain  365  Aayt  6  hours. 

Ana.  8,VAVyear«- 

Q,Dut.  2.  What  is  the  raUo  of  the  Telocity  of  liglit  to  that . 
of  a  cannon-ball,  which  issues  from  the  gun  with  a  velocity  of 
1600  feet  per  second ;  ligbt  pEtaiiog  from  the  sun  to  the  earth 
in  7^  nunutes  ?  Ani.  the  ratio  of  782883}  to  I. 

Q)JEST.  3.  The  slow  or  jmrade-slep  being  70  paces  per 
nunute,  at  28  inches  each  pace,  it  is  required  to  determine 
at  what  rale  per  hour  that  movement  is  ?       Ans.  1|^  miles. 

Quest.  4.  The  quick-time  or  step,  in  marching,  being  2 
paces  per  second,  nr  ISO  per  minute,  at  28  inches  each  ;  then 
at  what  rate  per  hour  does  a  troop  march  on  a  route,  and 
how  longwill  they  be  in  arriving  at  a  garrison  20  miles  distant, 
allowing  a  halt  of  one  hour  by  the  way  to  refresh  ? 

J        (  the  rate  is  S-f^  miles  on  boor. 

jaadthetime7^hr.or7h.  I?|iDin. 

Quest.  5.  A  wall  was  to  be  built  700  yards  long  in  29 
days.  Now,  afler  33  men  had  been  employed  on  it  for  II 
days,  it  was  found  that  they  had  completed  only  280  yards  of 
the  wall.  It  ia  required  then  to  determine  how  many  men 
must  be  added  to  the  former,  that  the  whole  number  of  tbem 
may  just  finish  the  wall  in  the  time  proposed,^  the  same  rate 
of  working?  Ans.  4 men  to  be  added. 

Qubstt  6.  To  determine  how  far  500  millions  of  guinens 
will  reach,  when  laid  down  in  a  straight  line  touching  one  an> 
other ;  supposing  each  guinea  to  be  an  inch  in  diameter,  as  it 
is  very  nearly.  Ani.  7801  miles,  72a  yards.  2ft.  8  in. 

Quest.  7.  Two  persons,  a  and  b,  being  on  opposite  sides 
of  a  wood,  which  is  536  yards  about,  they  being  to  go  roantl 
it,  both  the  same  way,  at  the  same  instant  of  time  ;  a  goes  at 
the  rate  of  1 1  yards  per  minute,  and  a  34  yards  in  3  minutea  ; 
and  the  qnestioa  ia,  how  many  times  will  the  wood  be  gone 
round  before  ihe  qoicker  overtake  the  slower  ? 

Ans.  17  times. 

Quest. 
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<tVUT.  8.  A  cam  ia  a  [ueee  of  work  alone  in  1  i  dajE,  and 
a  atone  in  14 ;  in  what  time  will  thej  both  together  perfonn 
a  like  quantity  of  work  ?  Am.  6  ^  days. 

Q;de9T.  9.     A  peraon  wbo  was  possessed  of  a  }  sbare  of  a    . 
copper  mine,  sold  }  of  his  interest  in  it  for  I  SOOf ,-  what  was 
the  repDt«4T8liie  of  the  whole  at  the  same  rate?    Ana.  40001.  ' 

Q,itEST.  10.  A  person  after  qiending  30^  more  thaa  t  of 
his  yeady  income,  bad  then  remaining  301  more  than  the  naif 
of  It ;  what  waa  hia  income  t  Ana.  tOOt. 

QfJEST.  11.    The  boar  and  ffiinnte  hand  of  a  clock  are  ex- 
actly together  at  12  o'clock  ;  when  are  they  next  together  T 
Ans.  1  ^  br,  or  1  hr  ]*j-  min. 

Quest.  12.  If  a  gentleman  whose  annoal  income  is  1 600/, 
spends  20  goineaa  a  week  ;  whether  will  he  eare  or  run  in 
debt,  and  how  mnch  in  the  year  ?  Ana.  save  408^ 

^EST.  13.  A  person  boogbt  IBQ  oranges  at  8  a  penny, 
and  180  more  at  3  a  penny  ;  after  which,  selling  them  out 
again  at  5  for  2  pence,  whether  did  he  gain  or  lose  by  the 
bargain  ?  Ads.  he  lost  6  peoce. 

(IJTEST.  14.  If  a  qnantity  of  proTisions  serres  1600  men 
1^  weeks,  at  the  rate  of  20  otwces  a  day  for  each  man ;  how 
many  men  will  the  same  proTisiona  maotain  for  80  weeks,  at 
the  rate  of  8  ounces  a  day  for  each  man  ?      Ans.  2260  men. 

QpBST.  16.  In  the  latitude  of  London,  the  distance  round 
the  earth  measured  on  the  parallel  of  latitude,  is  about  15660 
miles  ;  now  as  the  earth  turns  roond  in  23  hours  66  minutes, 
at  what  rate  per  hoar  is  the  city  of  London  carried  by  this 
motion  irom  west  to  east  ?  Ans.  649  Ht  "li'^^  ^^  tiour- 

QvEST.  1 0.  A  fether  left  his  son  a  fortune,  |  of  which  hs 
ran  tbrongh  in  B  months  ;  3  of  the  remainder  lasted  him  12 
moDths  longer ;  after  which  be  had  bare  820/ left.  What  sum 
did  the  father  bequeath  bis  son  ?  Ans,  ISiSlBttd. 

QjjBST.  ir.  If  1000  meni  besieged  in  a  town  with  provi- 
sioM  for  5  weeks,  allowing  each  man  16  ounces  a  day,  be 
reinforced  with  600  men  more;  and  supposing  that  they  can- 
not be  relieved  till  the  end  of  8  weeks,  how  many  ounces  a 
dny  ranat  each  man  have,  that  the  provision  may  last  that 
time?  Ais.  6^  ounces. 

Q.OIST.  18.  A  younger  brother  received  8400/,  which 
was  just  j  of  his  elder  brother's  fortune  :  What  was  the  fa- 
ther worth  at  his  death  ?  Ads.  19200/. 

QVEET. 
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Qn<t>  19*  'A  peiWH),  lo^Bg  OB  hu  w&tch,  ma  Mkeid 
what  WBB  the  time  of  the  dn,  who  UMMrered,  It  ti  between 
6  and  6 ;  but  a  store  partictuar  aniwer  being  nqoind,  he 
■aid  that  the  hoar  and  minute  handa  were  then  exactly  toge> 
ther  ;  What  waa  the  time  ?  Aaa.  27  -fy  nin.  paat  5. 

QuEar.  20.  If  80  men  can  perform  a  piece  ef  wo  A  in  1 2 
iaya,  how  many  men  will  accompliah  another  thiice  at  la^e 
in  one-^  of  the  time  ?  Ana.  300. 

(tPKBT.  21.  A  father  deTiied  ^of  hiaealitetoaneof  his 
■OBfl,  and  1^  of  the  reaidne  to  another,  and  the  aarplna  to  hia 
relict  for  life.  The  childreo'i  legacies  were  fimnd  to  be  6141 
fit  9d  different :  Then  what  money  did  he  leave  the  widow 
the  nte  oft  Ana.  12701  la  md. 

QpaaT.  22,  A  peraon,  makii^  hia  will,  fare  to  one  child 
I)  of  his  eetate,  and  the  reat  to  another.  When  these  legacie* 
came  to  be  paid  the  one  tamed  oat  1200/  more  than  the  oAer : 
What  did  the  testator  die  worth  ?  Ans.  4000/. 

<)pKST.  33.  Two  persons,  A  and  a,  travel  betwean  London 
and  Lincola,  distant  100  milea,  a  firom  London,  and  a  from 
Lincoln,  at  the  same  inatant.  After  7  hours  they  meet  on  the 
toad  when  it  appeared  that  a  had>  rode  1 }  milea  an  hoar  more 
than  B.  At  iraat  rate  per  hoar  then  did  each  of  the  trarellen 
ride  ?  Ana.  a  7|f ,  and  e  6}^  milea. 

Quest.  24.  Two  persons,  a  and  a,  travel  between  Lon- 
don and  Exeter,  a  leaves  Exeter  at  8  o'clock  in  the  mom> 
ing,  aod  walks  at  the  rate  of  3  milea  an  hour,  without  inter- 
mission :  Eind  B  sets  out  frem  London  at  4  o'clock  the  same 
evening,  aod  witlka  for  Exeter  at  the  rate  of  4  miles  an  hoar 
constantly.  Now,  supposing  the  distance  between  the  two 
cities  to  be  130  miles,  wh»«aboata  on  the  road  will  they 
meet  t  Ans.  69|  miles  from  Exeter. 

QpasT.  26.    One  hondred  eggs  being  placed  on  the  groand 

in  a  straight  line,  at  the  distance  of  a  yard  from  each  other : 

How  far  will  a  person  travel  who  aball  bring  them  one  by  on* 

to  a  basket,  which  is  placed  at  one  yard  from  tha  first  egg ! 

Ads.  10100  yards,  or  6  miles  and  1300  yds. 

QjPEST.  26.  The  clocks  of  Italy  go  on  to  24  hoars ;  Then 
how  many  strokes  do  they  strike  in  one  complete  revolntion  of 
the  index  t  Ans.  300, 

QlTEtT'.  37.  One  Sessa,  an  Indian,  having  invented  the 
gome  of  chess,  showed  it  to  his  prince,  who  was  so  delighted 

with 
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with  ttt  that  he  ptoaiMd  bm  ttty  retrard  he  dnoM  aA  i  <>■ 
which  SflfM  requested  tbet  be  might  be  allowed  one  grela  of 
whe^  ibr  the  ont  «|aaie  oo  the  cheas  board,  8  fw  die  le* 
eond,  4  for  the  third,  and  ao  on,  doabhag  contiBWllf .  to  64 
the  whole  nomber  of  aqaapea.  Now,  iQiipotMig  a  pintte 
eoBtaiti  7680  of  the«e  {raio*,  and  oi^e  quarter  <w  8  bushels  to 
be  worth  87j  64f ,  it  is  required  to  coBpnte  the  ralue  of  aU 
the  com  1 

Ana.  6460468X162861  17|  Mjff H;. 

Qrest.  S8.  a  perioD  increased  his  estate  anniuJlj  by 
1001  more  than  the  I  part  of  it ;  aod  at  tiuB  fnd  of  4  yean 
fouDd  that  his  estate  amounted  to  10342/  3f  9d.  What  had 
be  at  first  ?  Ans.  4000J. 

Qpcar.  39.  Paid  1013/10*  forapriacipalof  TMU.tefcM 
io  1  yean  before ;  atwhat  rale  per  cent,  per  annoiQ  did  I  pay 
intaraat  7  Ana.  6  per  cent. 

Qpsn.  SO.  Divide  1000/  amoi^  i,  * ,  c  ■,  to  aa  to  give  * 
120  nore,  and  a  S6  less  than  c. 

An.  X  446,  a  ISO,  c  Sib. 

<HfinT.  31.  A  person  being  aaked  the  hear  o(  the  day, 
•ud,  the  time  past  noon  i>  equal  to  4ths  ef  the  time  till'  mid- 
night.   What  was  the  time  ?  Am.  SO  min.  pMt ». 

^jncsT.  32.  Suppose  dtatlhaTeAofeshipworth  1200/; 
vhat  part  of  her  bare  1  left  after  aelhng  f  of  }  of  my  share, 
and  what  is  it  worA  ?  Ads.  ^\,  worth  185/. 

Q,iiEaT.  33.  Part  IZQO  acres  of  land  among  a,  1,0^  so 
that  8  i^ay  have  100  more  than  a,  and  o  64  more  than  a. 

Ana.  A312,a418,  c476. 

Q!>B9T.  34.  What  psmher  is  that,  from  which  if  there  be 
^en  t  of  f ,  and  to  the  renainder  be  added  ^  of  A,  the 
sum  will  be  10  ?  Ans.  9|f . 

QirasT.  35.  There  'a  a  nomber  which  if  multiplied  by  | 
of  I  of  1},  will  produce  I :  what  ia  the  square  of  ttat  uiud- 
her?  Abs.  I  a. 

Q^EjT.  36.  Whatlengthmnstbecutoffaboard, Scinches 
hr<rad  to  contaio  a  square  foot,  or  as  much  as  12  inches  iu 
IfiDgth  and  12  in  breadth  ?  Ans.  16|f  inchea, 

QvBST.  37.    Wbat  sum  of  iqoney  will  aatoont  to  138/2* 

6d,  m  16  months,  at  6  per  cent,  per  anuum  simple  interest } 

Ans.  )30l. 

Qt"ST.  38.  A  father  divided  his  fortune  among  his  three 
eons,  1,  9,  o,  givinr  t  4  as  ofteo  as  a  3,  and  9  6  as  often  aj 

Vol.  I.  f\ 
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■  6 ;  what  WM  (he  whole  legacy,  inppouoK  a'b  tbme  w» 
400M.  Am.  9500^ 

QpUT.  39.  A  young  hare  ■tarts  40  yards  before  a  grey- 
bound,  and  ia  not  perceirpd  by  bim  till  she  baa  been  op  46 
seconds  ;  sbe  sends  away  at  the  rate  of  10  miles  an  boor,  and 
the  dog,  on  Tiew,  makes  after  her  at  the  rate  of  18  :  bow  long 
will  tbo  cooiae  bold,  and  what  ground  will  be  run  orer,  count- 
ing  from  the  outsetting  of  the  d{^  T 

Aos.  fiO^sec.  and  630  yards  run. 

QpEBT.  40.  Two  young  gentlemen,  without  private  for- 
tune, obtain  comnussions  at  the  same  time,  and  at  the  age  of 
le.  One  thoughtlessly  spends  IQl  a  year  more  than  bis  pay ; 
but  (hocked  at  the  idea  of  not  paying  his  debts,  gires  bis  cre- 
ditor a  bond  for  the  money,  at  the  end  of  erery  year,  and 
also  insures  hii  life  for  the  amount ;  each  bond  costs  fiim  30 
•hillii^,  besides  the  lawful  interest  of  6  per  cant,  and  to  in- 
rare  hu  life  cost*  him  6  percent 

The  other,  baring  a  proper  pride,  is  determined  never  to 
ran  in  debt ;  and,  that  he  may  assist  a  friend  in  need,  perse- 
veres in  saring  lOl  even  year,  for  which  he  obtains  an  inter- 
est of  6  per  cent,  which  mterest  is  every  Tut  added  to  his 
savings,  and  laid  out,  so  as  to  answer  the  effect  of  compouod 
interest 

Suppose  these  two  officers  to  meet  at  the  age  of  £0,  wheQ 
each  reeeives  from  GoTemmeat  4Q0i  per  annum  ;  that  the 
one,  leeiog  bi»  past  errors,  is  resolved  in  future  to  spend  na 
more  than  be  actually  has,  after  paying  the  interest  for  what 
he  owes,  and  the  insurance  on  his  life. 

The  other,  having  now  something  before  hand,  means  in 
future,  to  spend  his  full  income,  without  increasiog  bis  stock. 

[I  is  desirable  to  know  bow  much  each  has  to  spend  per 
annum,  end  what  money  the  latter  has  by  him  to  assist  the 
distressed,  or  leave  to  those  who  deserve  it  ? 

Ans.  The  reformed  officer  has  to  spend  66/  19s  i;-6389(t 
per  annum. 
The  prudent  oacer  has  to  spend  437i  ISs  llj-4379(t 
per  annum. 
And  the  latter  hu  saved,  to  dispose  of,  7521 1 9s  9- 1 896(f. 


END  OF  THE  ABITHMETK;, 
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OP  LOGARITHMS  * 


l.iOOARlTHHS  an  maJe  to  &cUitste  tronbleaome  cdca- 
IstiODS  in  nnmbera.  Thii  tbey  do,  becaaae  they  perform 
mnltiplicalioabjr  oqIj 'addition,  and  dirisioD  by  only  iDbtrac- 
tioo,  and  ruling  of  powers  by  mnltiplying  the  It^vitbai  by 
tbe  index  of  tbe  power,  and  extracting  of  roots  by  diridtng 
the  loguritbm  of  the  number  by  the  index  of  tbe  root.  For, 
logarithms  are  aamberaeo  contrired,  and  EMlapted  toother 
RDmbera,  that  the  sums 'and  differences  of  the  former  shall 
correspond  to,  and  show,  the  products  and  quotients  ol  tbe 
latter,  &c. 

Or,  more  generally,  logarithms  are  the  nnmerical.eipo- 
aeata  of  ratios ;  or  they  are  a  series  of  nnmbera  in  arithme- 
tical 


•  The  mvealim  of  LofreiWimi  !•  due  to  Lad  Rspirr,  Baran  <^  VktrUatea, 
Id  Scdthod,  utd  u  propcHj  ammdend  ta  one  of  Ow  mM  luefiil  brantkn*  (f 
nralnii  (iao.  A  Nble  of  Ibeu  imabtn  wu  lint  [iid>lul>Ml  l)}>  dw  Iimstiu  at 
Ednbonfa,  in  dwTMT  1614  Jd  •  DnlieB  eoliltcd  CnuMi  JHtq^CHn  Z«(Brt(hM. 
nan,'  Wbichwu  Msnty  racetred  b;  dl  iha  leaned  AtttAoiASeropa.  Hr. 
Haaj  Biiggi,  flita  prgioMv  of  mtaiary  at  Gradvoi  CoU^e,  aoon  iftar  die 
dianiniiT,  mot  to  vjrit  Ilia  w>bl*  ur«atc7;  after  wUch,  they  jwiiIIt  undertook 
flit  arinwutaAof  comnmiMMw  table)  on  this  «ibje)%  ud  icdndng  (ktm  to 
■  moKoairauaitfannlbaa  dial  which  wu  at  Ant  Ibon^oC  ButLndNapHr 
dying  toco  afler,  &e  whole  baidm  fell  opco  Hr.  Brisgi,  who^  with  pradipoai 
labour  and  gnal  Aill,  made  an  oiiiie  Caaon,  accordine  to  the  new  tonn,  nr  all 
Domben  hao  1  to  SOOOe,  and  IV«n  90000  to  lOIOO,  to  14  daces  of  %urei,  and 
publidied  It  at  Lcodoo,  in  the  year  1^4,  in  *  tlealige  nlitfed  Arilhmctica  Loga- 
nlteiuca,  with  diractioDi  for  Mipidjjng  lb*  inlermcdiau  fott. 


z  IV,  Googk' 


1&6  LOdARltHlfS. 

Hcak  pngtemioa,  aiuweriog  to  Hnother  Kries  €€  non^ta  ill 

geomatrical  progreuioD. 

-.       (0,     1,    2,    3,    4j    fl,    6,  Indicei,  or  logwithnu. 
"""'Il,    2,    4,    8,  16,  32,  64,  Geometric  progression. 

f.    (0,     I,    S,    3,    4,      6,      S,  Indicei,  or  logttritbnu. 
"'^  ^  I,     3,     9,  27,  81,  »43,  729,  Geometric  progreswoo. 

f,     <  a,     1,     2,        3,         4,  S.         rndicea,  or  logi. 

"'   I  1,   10,  100,  1000,  10000,  lOOOOO,    Geom.  p«^e«. 

Where  it  is  evident,  tbat  the  same  iadicei  serve  equally 
for  any  geotnetric  series  ;  and  coosequeotly  there  may  be  an 


Thia  Cmao  wi 
IMS,  togctber  wiA  ibe 
— ^-~^i  bitha  — ■ — ' 


publuMd  ID  Holuuid  m  Adrun  Vlscq,  a  Omjmu 
LonriUuH  of  an  rhc  numlMn  which  Mr.  Brns  hKl 

._.  Bd  dMadam  Ml»ptac(*i^dodinal&    HnBom 

conmlcd  tb>  Log*rilbmi  of  ttw  naa,  laogcnti,  bdiI  nnnU^  Id  •mj'il*- 
gm^  (od  ccntaan,  or  lODth  part  et  r  degree,  at  (be  irhole  qundmit :  tud  bb- 
Mied  thea  la  the  mtanl  UMS,  Mvento,  end  wctuM,  which  he  hw)  bein  ccB- 
ptti,  (o  fiftMD  ptCDMof  figviw-  IVw  TbUcs,  wi&  tbavcoutncon  aBd  >«■ 
wanfnt  ndbUihwlblhe  f nr  lfl3^  after  Hr.  Biiggi'i  deMh,  bf  He.  Ueoiy 
GcDlbniid,  mwler  Ihe  title  at  Tcigoiumelria  Brituioica. 


EtafjamiD  Vrnaat  alni 


JiwHU  ainnie a  Table (^ Smfitl't  hcgt,  and  et  liott,  to emj 
And  Chr.  WoU;  in  hi>  Matbemlical  Luucod,  safe  diat  coe  Van 
liOaei  naa  cixiipined  then  Id  every  liDgle  secood,  bol  Ml  niUiiiM];  deaA  pre- 
*«BMd ttoir aablicatiM.  Bibajoneraalbac*  heTc  bcatedoatUaiubjecti  bM 
M  tteit  Dumber*  am  iiequaBdj  iiMccittata  and  inccamiadkiiul}'  ditpoeod,  Ihtj 
an  Don  geDerallf  DVglected.  The  Tablea  Hi  ootl  renile  at  pment,  an  the** 
1^  GaidiBer  in  4(o,  Arst  published  in  dw  ^ear  1742 1  and  mi  own  Tsblea  IH  Bni, 
AMBthd*din(he  jtmr  17S£,«b*fe  (b*  Luftaritlum  of  all  nanbar*  maj  b«  ak- 
djr  fxrad  fiora  I  ID  10000000;  and  thou  «f  Iheanea,  taiq^nit*,  asd  lecanl*,  W 
an  J  d^tee  af  accniacj  reqnind. 

AliD  Mr.  MkhKl  Teylor'a  TMtt  in  lai^  4lci,  tootainDg  the  contman  l(i|;a- 
lilbnis,  uid  die  lonridnnic  ^nea  and  tangents  to  eveij  aiMod  at  the  qoadiant 
And,  In  France,  £e  new  booh  oriccdrilhnubrCaHet;  the  Sd  editko  of  wtBch, 
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tedleN  nrie^  of  ijitnM  of  kgantkn,  to  the  Bia«  coiuBda 
auiWn,  by  ooljr  dunging  the  second  tem,  2,  3,  or  10,  be. 
of  the  gcooMtricol  sertef  of  wbol«  nnnben  ;  and  bj  inter- 
MbtioD  tbe  whole  ijitem  of  oainben  niaj  be  nade  to  enter 
the  geMKtric  aenes,  and  receive  their  proportional  loga- 
lithiu,  whether  infegert  or  decimals. 

It  is  alto  ^pan»t,  from  the  notve  of  theie  nriei,  that  tf 
anj  tw«  indicei  ba  added  together,  their  sum  will  be  the  in- 
dex of  that  onmber  which  is  eqaal  to  the  product  of  the  two 
terms,  in  the  geometric  prc^resaion,  to  which  those  indipes 
belong.  Thns,  the  indices  f  end  3  being  added  tngetber, 
make  fi ;  and  the  numben  4  and  8,  or  the  terms  convspond- 
ingto  those  indices,  bei^  moltiplied  together,  make  39,  which 
is  the  onndier  answering  to  the  index  6, 

in  like  manner,  if  anv  one  index  be  snbtracted  from  an-* 
other,  the  difference  will  be  Ibe  index  of  that  nomber  which 
iseqnal  to  the  quotient  of  the  two  terms  to  whidi  diose  indi- 
ces beloif.  Thus,  the  index  6,  ninns  the  iodcx  4,  is  nt  ; 
and  the  terms  corresponding  to  those  indices  are  64  and  lU. 
whose  qnotient  k  :=  4,  which  is  the  anmber  answering  to  the 
index  X. 

For  the  same  reason,  if  Ibe  lognrithm  of  any  number  be 
■nltiplied  bjr  the  index  of  its  power,  the  product  wilt  be  equui 
to  Um  Iqptritha  of  that  power.  Thus,  the  index  or  logarithm 
ftf  4  in  the  above  series,  is  le ;  and  if  this  nunriwr  be  muHi- 
plied  bjr  3,  the  product  will  be  =:  6  ;  which  is  the  logarithiB 
of  64,  or  the  third  power  of  4. 

And,  if  the  logarithm  of  anj  notober  be  divided  bj  the 
index  ni  its  root,  the  quotient  will  be  equal  to  the  logarithm 
of  that  root'  Thus,  the  index  or  lo^rithm  of  G4  is  ti  ;  an^ 
if  this  number  be  divided  by  2,  the  quotient  wilt  be  =  3  ; 
which  is  the  logarithm  of  6,  or  the  square  root  of  64. 

The  logariduua  moat  convenient  for  practice,  are  such  as 
are  adapted  to  a  geometric  series  increasing  in  a  tenfold  pro- 
portion, as  in  the  last  of  the  above  forms  ;  and  arc  Uose 
which  are  to  be  tbnnd,  at  present,  in  most  of  the  common 
tables  on  this  subject.  The  distinguishing  marii  of  this  rjs- 
tem  of  logarithms  is,  that  the  index  or  logarithm  of  10  is  I  ; 
that  of  100  is  2 ;  that  of  1000  is  3  ;  te.    And,  in  decimals, 

the 
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te  logBiithB  of  -1  it  -  1  ;  that  of  -01  ii  — e  ;  tbit  of  -001 
is  —3  ;  &c.  Tbe  log.  of  1  being  0  in  ever;  s^tsoi.  Wbeace 
itfoUows,  that  the  lo§;arithui  of  anjr  number  between  1  aad  10, 
mast  be  0  and  some  fractional  |mrta  ;  and  that  of  a  Dumber  ■ 
between  10  and  100,  will  be  1  and  lome  frdctional  parts  ;  and 
■a  on,  for  aoj  other  nnmher  whatever.  And  tince  the  inte* 
gra]  part  of  a  [ogaritbm,  luuall;  called  the  Index,  or  Cbarac- 
terutic,  ii  dwaja  thns  readily  foand,  it  ii  conmonlj  omitted 
in  the  tables  ;  being  left  to  be  supplied  by  tbe  openter  hjm- 
self,  as  occaaion  requires. 

Another  Definition  oi  Logarithma  ia,  that  the  kgaritbm  of 
any  nnmber  ia  the  iDdes  of  that  power  of  some  other  nnm' 
ber,  which  is  equal  to  the  given  number.  So,  if  there  be 
N  =r>,  (hen  n  is  tbe  log.  of  N  ;  where  n  may  be  either  posi- 
tive or  negative,  or  nothing,  and  the  root  r  soy  number 
whatever,  according  to  the  diSorent  aystems  of  logarithms. 
When  nis  =0,  then  N  is  =  1,  whaterer  the  value  of  r  i<  ; 
which  shows  (hat  the  log.  of  1  is  always  0,  in  every  system  . 
of  logarithms.  When  w  is  =  1 ,  then  N  is  =  r  ;  so  that  the 
radii  r  is  always  that  number  whose  log  is  1,  in  every 
system.  When  the  radii  r  is  =:  8-718«8l82845B,  be.  the 
indices  n  are  the  hyperbolic  or  Napier's  log.  of  the  numbers 
N ;  so  that  n  is  always  the  hyp.  log.  of  (he  number  N  or 
(2.718  tc.)»i. 

Bat  when  the  radix  r  is  :=:  10,  then  tbe  index  n  beconcs 
ttie  common  or  Brigg's  log.  of  the  Dumber  N  :  so  that  tbe 
cammon  log.  of  any  number  10  n  or  N,  is  n  the  iodei  of 
that  power  of  10  which  is  equal  to  the  said  number.  Thus 
1(M,  being  the  second  power  of  10,  will  hare  3  for  its  loga- 
rithm ;  and  1000,  bein^the  third  power  of  10.  will  have  3 
for  its  logarithm  :  hence  also,  if  50  be  z  ioi-°><*i,  then  is 
1-69B97  the  common  log.  of  50.  And,  in  general,  the  fol- 
lowing decuple  aeries  of  terms, 

viz.  10«, -lO',  10»,  10',  10»,  JO-',  10-»,  lO-S  I0-«, 
or  lOOOO,  1000,  100,  10,  1,  I,  -01,  -001, -0001, 
have  4,  3,  2,  1,  0,-1,  — «,  —3.  —4, 
for  their  logarithms,  respectively.  And  from  this  scale  of 
numbers  and  logarithms,  the  same  properties  easily  follow, 
aa  ebove  mentioned. 
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.    To  eomput*  Ihff  JjogKnAtii  tooityofthe  ffatitral  Aimien 
1,S,  3,  4,  5.  4-c. 

RULSl.* 

Tah  the  CMMOetric  lehee,  I,  10, 100,  1000,  10000,  &c. 
and  xpplj  to  it  lh«  Brithmetic  seriei,  0,  1,2,  3,  4,  fee.  at 
logaritluDt.— Fiod  a  geometric  mesA  batween  1  and  10,  or 
between  10  and  100,  or  any  other  two  adjacent  tenna  of  the 
■eriea,  between  which  the  number  proposed  liea.— In  Uke 
lUBBer,  between  the  mean,  thai  found,  and  the  nearest  ex- 
trene,'fiDd  another  geotoetrical  mean;  and  so  on,  till  yon 
■iriTe  within  the  propoaed  limit  of  the  Dumber  whose  loga- 
rithm ii  sooght — Find  also  as  many  Biithmetical  means,  in 
the  same  order  at  you  found  the  geometrical  ones,  and  thete 
will  be  the  It^arithma  answering  to  the  aaid  geometrical 


Let  it  bereqnired  to  find  the  logarithm  of  9. 
Here  the  proposed  number  lies  between  1  and  10. 
First,  then,  the  log  of  10  is  1,  and  the  log  of  1  is  0 ; 

Iheref.  1  +  O'-^  2  =  J  =  -5  is  the  arithmetical  mean. 

mA^  lOXl  '=v'  10  »d-1682777  the  geom.  mean. 

hence  the  log.  of  3-  16S2777  it  -b. 
Secondly,  the  log,  of  10  is  l,  and  the  log.  of  3-1622777  is -5 

Iheref.  T+^  ^  g  z=.  -75  is  the  arithmetical  mean, 

and  ^  10X3-1622777  =  6-6834132  is  the  geom.  mean 

hence  the  log.  of  5-6234132  U  -75. 
Thirdly,  the  log,  of  10  is  1,  and  the  log.  of  6-6234132  is -75 

theref.   1  4-  '76  -i-  2  =  '876  is  the  arithmetical  mean, 

and  y/  ID  X  5-6235132  =  7-4989422  the  geom.  mean 

fasnca  the  log.  7-4989422  is  -675. 
Fourthly,  the  log-  of  10  it  1,  and  the  log.  of  7-4989422  it  -675 

theref.  I  +  -875  ^  2  =  -9375  is  the  ariOmietical  mean 

and  ^  10  X  7-4989422  =  8-6696431  the  geom.  mean 

hence  the  log.  of  S'6596431  U  -9375. 


Fifthly, 
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FEAfalj,  the  log,  of  10  »  1  gnd  the  log.  of  8-66964M  i*  -^75 ; 
tberef.  IH-gSTS-^g^  •96876  ii  the  arithmetical  meaD, 
Bitd  ^  to  X  S-66Se451  s  S-306TS04  the  geo«.  meoo  ;- 
heoce  the  log.  of  9  3067304  if  -96876. 
Sixthly,  the  log.  of  8-6696431   is    •8376,  and  the  log.  of 
9-3057204  ia  •S6876  ; ' 
tberef.  -QSli  +  -96875  -j-  g  =  •9MI85i«  ttearitfc.  mean, 
and  ^  8^6&96431  X  9-S067S04  r=  8-9768713  die  geome- 
tric mean ; 
hence  the  log.  of  8-9768719  ii  •$53125. 

And  proceeding  in  thii  maimer,  attsr  tB  eitraotiona,  it  will 
be  found  that  the  logafithm  o(  8*Mg999S  is  »64S4S6 ;  vrtndl 
may  be  taken  ibr  die  logarithm  of  9,  as  it  diAera  so  Utile  iWna 
it,  that  it  is  sufficiently  exact  for  tiU  practieal  pniposcs.  And 
in  thia  manner  were  the  logarithms  of  dnost  ml  As  prime 
nnmbers  at  first  compated. 


Let  6  be  (he  nomber  whose  logarithm  is  required  to  b« 
found;  sod  a  the  number  next  less  IhanA,  so  thatb  —  a  =  1, 
the  logarithm  of  a  being  known  ;  and  let  j  denote  the  som  of 
the  two  nambftrsa  -f  b.    Then 

I.  Divide  the  constint  decinni  -8886889638  Uc.  bj  «, 
and  reserre  the  quotient :  divide  the  reserved  onotienl  by 
the  square  of  *.  and  reserre  this  qnotient :  divide  this  Isst 
quotient  also  by  the  square  of  i,  and  again  reserve  tha 
quotient:  and  thus  proceed,  continaally  dividing  the  last 
quotieut  by  the  square  of  t,  as  long  ai  division  can  be 
made. 

i.  Then  write  theie  quotients  orderly  under  one  another, 
the  firflt  apiiermost,  and  divide  them  respectively  by  the  odd 
numben,  I,  3,5,  7,  9,  be.  as  long  as  division  can  be  made  ; 
that  is,  divide  the  first  reserved  quotient  by  I,  the  second  by 
3,  the  third  by  6,  the  fourth  by  7,  and  >o  on. 

3.  Add  all  these  last  quotients  together,  and  tbe  sum  will 
be  the  logarithm  of  b  -^  a;  therefore  to  this  logarithm  add 
also  tbe  given  logarithm  of  the  said  next  less  number  a,  so 
wilt  the  last  sum  be  the  logarithm  of  the  number  b  proposed. 

•  Fort)Ndiiawi»Mtkinafthianite,MeinTMuha^ikalTib)M,p.llie,*c. 
That 
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That  ii. 

n              III 
Ii«f.  of  6  «  log.  a-i — X(]H 1 — : — I hfi«.)*l>e» 

f  3i*       6«*       7»« 

n  denotei  the  coDituit  giTeo  decimtl  'I 


Ei.  1.  Let  it  be  reqaii<ed  to  fin^  the  log.  of  nambec  i. 
Hern  the  given  nnmber  6  is  2,  and  the  next  leas  number  a  is 
1,  whoee  log.  is  0 ;  alio  the  lam  2+l=3=(,  and  its  squw 
s*3:9.     Then  the  operation  will  be  as  follows  : 

" •lB9[A96b4  (  -sBsesaeM 


868688964 

1 

S8d5296M 

321 69968 

3674440 

397160 

44129 

It 

4903 

13 

546 

16 

fil 

32169962 

10723321 

3674440 

714888 

397160 

66737 

44129 

4903 

49OT 

446 

646 

42 

61 

4 

log.  of  f 

■301 089996 

a^log.  1 

■000000000 

log.  of  2  -  -301029996 

Ex.  2.  To  compate  the  logBrithm  of  the  number  3. 
Here  6—3,  the  oeit  less  nnmber  0^3=2, 'and  the  lum  a-f& 
'  ^6^1,  wbofle  iqnRre  *'  is  26,  to  divide  by  which,  always 
nuiliply  by  -04.     Then  the  opention 


25) 


89S688964 
173717793 

l\ 

8948712 

6  ) 

277948 

7  \ 

11118 

9  } 

445 

1>    ) 

18 

■173717793  ) 
6948712  I 
277948  I 


■173717793 

231G237 

56590 

1588 

60 


log.  of  I     •  ■176091260 
log.  of  3Mld^30:OS999& 


iog.-trf' S  sou^t  -477121365 


Then,  because  the  sum  of  the  logsrminu  of  Damben, 
gives  the  logarithm  of  their  product ;  uod  the  diflereoce  of 
the  logaritluMi  givea-  the  It^aritbm  of  tfa«  quotteal  of  Ihf 

Vm.  I.  SS  nunbcn } 
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numben ;  from  tbe  aboTc  two  It^arithma,  and  tbe  legatithm 
of  10,  whicfa  U  I,  w«  may  tvise  a  greftt  mad;  logaritbiu,  m 
in  Ibe  foUowing  examplei : 


EXAMPLES.. 

Becaace  2X2  =  4,  therefore 

to  log.  S      -     •SO)0«9996f 

add  log.  2    -     -3OIO89095I 


EZAHn£6. 
Because  3*  =  9,  therefore 
\og.  S       -       -477121864,1^ 
molt,  hj  8  « 


mm  is  log.  4    '60206»9»I| 


EXAMPLE  4. 

Because  2  K  3  =  €,  therefore 

tol<%.  2     -    -^Aios^sas 

add  log.  3    -     •4771212&& 


a  log.  6     ■_77SI6t250 


EXAHn.E5. 

Because  2  =  8,  therefore 
lug.  S         -       -301029905} 
mult,  by  3 


giTei  log.  8 '     -903089987 


girei  log.  9     -964248609 


fXAIAFLB  T. 
Secaose  V  =  6,  therefore 
from  log.  10   1-000000000 
take  log.  2        -3010299961 

leaves  log.  6     •e98870004i 


EXAMPLE  a. 

Because  3X4=12,  therefore 
to  log,  S  -  -477I2I25& 
add  log.  4     - 


gives  log.  18     1-079181246 


And  thus,  cmnpating,  by  this  general  nile,  the  logarithms 
to  tbe  other  ^irime- numbers,  7,  II,  IS,  IT,  19;  23,  fcc.  and 
then  using  covpositku  and  division,  we  may  easily  find  as 
many  lo^rithme  as  we  please,  or  may  speedily  eiamine  aa; 
logarithm  in  tbe  table*. 


.  .      ,        BT  ii«eiii«n>  Dwthodt,  which  later  imtan 
hare  ^KonRd  fa' Ssdkc  dis  loniiUuM  ofaioBbcR,  in  •  nwch  euicrinj  llaa 

SIba  snciod  hnnUr ;  W,  u  ib^  nnool  be  Dodenmnd  widnrt  *  Imowled^ 
nne  oflhe  higher  bnncbeiof tbe  maOtmialic*,  ll  ii  tboughl  pnwr  tooml  them, 
Hudto  irArlbe  reader  hi  dnwnotkt  which  ■reiTiittaiexpieatj'antteMAiiert. 
U  would  llkenin  inudi  nceed  tlw  limiti  of  Oh  ccnipeiidiiiin,  lo  pdnt  out  all  Ike 
jjarticoUt  eitificci  ttiu  eic  mule  vkoKu  coDMrnctaw  *a  Mitire  leUe  ol  ttaeae 
Duraben ;  bnl  uij  Inlbniiatian  of  Ihli  kind,  whidi  the  leuiKr  n»f  widi  to  ob- 
lain,  ma;  be  bond  in  wy  Teblee,  belbte  mcnliDned, 


Datriptiom 
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DticnptuM  mi  Vtt  of  A*  TABLE  o/*  LOOARITHIitS. 

Haviha  explaii)e4  the  maimer  of  forming  a  tab)«  of  the 
lotarithma  of  namben,  greater  than  anitj ;  the  oeit  thing  to 
b«  done  iii  to  (how  how  the  logarithmi  of  IractioDal  wwti- 
tiei  may  be  found.  In  order  to  thia,  it  maj  be  obierred,  that 
•fl  in  the  fermer  cate  a  geometric  series  is  supposed  to  increase 
tmnrds  the  left,  from  unity,  so  in  the  latter  case  it  is  aop- 
poaed  to  decreae  towards  the  right  hand,  still  beginning  itHh 
noit ;  as  exhibited  in  the  general  description,  page  148, 
where  the  indices  being  made  negative,  stJl  show  the  i<^- 
rithms  to  which  they  belong.     Wheaca  it  appears,  that  at  -f 

1  ii  the  log.  of  10,  so  —  1  is  the  log.  of  A  or  -1 ;  and  as  + 

2  is  the  log.  of  100,  so>  —  S  is  the  log.  of  tIe  ""  '01  :  and 
■o  on. 

Hence  it  appears  in  general,  that  all  nembers  which  con- 
sist of  the  same  figares,  whether  they  be  integral,  or  frac- 
tional, ormiied,  will  have  the  decimal  parts  of  tbeir  loga- 
rithms the  same,  but  differing  only  in  the  iodei,  which  will 
be  more  or  lesa,  and  positive  or  negative,  according  to  the 
place  of  the  first  figure  of  the  number. 

Thus,  the  logarithm  of  <6SI  being  3-433410,  the  log.  of 
ijt  or  T^T,  or  t^9>  ^>  P^rt  of  it ;  will  be  as  follows  : 


Nnmbere. 

Logarithms 

266  1 

3-423410 

8  6  51 

S-4834I0 

S6-S  1 

I -4134 10 

K-6fil 

0-4a3410 

■28  6  1 

—1-423410 

-02661 

—2-423410 

■0  0  t  6  S  1 

— 3-42S4IO 

Hence  it  also  appears,  that  the  index  of  any  logarithm,  is 
always  less  by  1  than  the  nnmber  of  integer  figures  which 
the  natural  nnmber  consiati  of;  or  it  is  equal  to  the  diataoce 
of  the  first  figare  firon  the  place  of  units,  or  first  place  of  ia- 
t^ert,  wheuer  on  the  left  or  on  the  right,  of  it :  and  this 
■noex  it  constantly  to  be  ^Ked  on  the  left  hand  side  of  the 
4ecimd  part  of  the  logarithm. 

When  there  are  integers  in  the  given  number,  the  index  is 
always  affirmative  ;  but  whenthereareno  integers,  the  iodex 
if  n^Btire,  and  ia  to  be  marked  by  a  short  line  drawn  before 
it,  or  ebe  ahore  it    Thus. 

A  nnmber  baring  I,  2,  3,  4,  fi,  fcc.  integer  places, 

dw  index  of  ib  log.  ii  0,  1,  2,  3,  i,  ttc.  or  1  lest  tiian  those 
plaoea. 

-  And. 
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Aid  a  dediiid  iraction  faaviiq  its  fint  figpre  in  (he 

lat,  2d,  3d,  4th,  be.'  place  of  the  decimsb,  has  ainajri 

—  1,  —2,  —3,  — 4,>&c.  for  the  index  of  its  logarithm. 

it  may  also  be  obterred,  that  tboagb  the  iadicee  of  tnt- 

tional  qnaatities  are  negative,  yet  the  decimal  parts  of  their 

logarithiDs  are  always  affiimatiTG.     And  the  oegatire  mark . 

■  ( — )  may  be  set  either  before  the  Inde*  or  oVer  it. 

I-  TO  nnO,  IN  THE  TABIX,  THE  LOGABTnM  TO  ANY  NUMBEa* 

t.  1/  Ike  givtn  JV«mA«r  bt  leaa  than  100,  or  cODSist  of  only 
two  figures  ;  its  log.  is  immediately  foaod  by  iospection  in 
tfae£rst  page  of  the  table,  which  contains  all  numbera  from 
1  to  100,  with  their  logi.  and  the  index  iirimediately  annexed 
in  the  next  column. 

So  the  log.  of  6  isO-G9S9TO.  The  log.  of  23  is  1-361726. 
,   The  log.  of  50  is  1  698970.     And  no  on. 

3.  ^Ae  J^waber  be  (nar<  thm  lOO  hut  hit  than  10000; 
that  is,  consisting  of  either  three  or  ioar  figorei ;  the  deci- 
mal part  of  the  logarithm  is  found  by  inspection  in  the  other 
pogea  of  the  table,  standing  against  the  giren  number,  in  this 
tnanner ;  viz.  the  first  three  figures  of  ibe  given  number  in 
the  first  column  of  the  page,  and  the  fourth  figure  one  of 
those  along  the  top  Une  of  it ;  then  in  the  angle  of  meeting 
■re  the  last  four  figures  of  the  logarithm,  and  the  first  two 
figures  of  the  sanid  at  the  beginnii^  of  the  same  line  in  the 
Kcood  column  of  the  page :  to  which  is  to  be  prefixed  the 
proper  index,  which  is  always  1  less  than  the  number  of  in- 
teger figures. 

So  the  logarithm  of  251  is  S-399674,  that  is,  the  decimal 
■399674  found  in  the  table,  with  the  index  2  prefixed,  be- 
came the  given  number  contains  three  integers.  And  the 
log.  of  34-09  is  1-&32627,  that  is,  the  ^cimal  -532627  found 
in  the  table,  with  the  index  i  prefixed,  becsnse  the  giren 
number  contains  two  integers. 

S.  But  if  lilt  given  Nxtmher  contain  more  fkaitfourfigvrei  ; 
take  out  the  logarithm  of  the  first  tbnr  figures  by  insjfection 
in  the  table,  at  before,  as  also  the  next  greater  logarithm,  sub- 
tracting the  one  logarithm  from  (he  other,  as  also  their  cor- 
responding numbers  the  one  from  the  other.     Then  say, 

As  the  difference  between  the  two  numbers, 

Is  to  Um  difierence  of  their  logarithms, 

So  is  the  remaining  part  of  the  giren  number, 

To  the  proportknd  part  of  the  logarithm. 
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'WKeh  p«rt  beiig  added  to  the  leu  logarithm,  bsfete  falw* 
Ml,  givMths  whole  logarithtn  loiight  very  oearlj. 


To  find  the  loguithm  of  the  aumber  340926. 
The  log.  of  340900,  u  before  >■  632627.- 

And   Iw.   of    341000        -         -     M  632754. 


The  d^'. 

Then  as    100  :  127  ;:  26  :  33,  the  proportional  part. 

Thii  added  to     -     -     632627,  the  firat  log. 

Gives,  mlfa  tfae  index,  1-632660,  for  the  log.  of  34-0926. 

4.  If  the  Dumber  consiit  both  of  integen  and  fractions,  or 
ia  entirely  fractional ;  find  the'  decimal  part  of  the  logarithm 
the  stune  u  if  all  its  figures  Were  iDtegral ;  theo  this,  baviog 
^trefiied  to  it  the  proper  ind^,  will  give  the  logarithm  re- 
quired. 

&.  And  if  the  giren  number  be  a  proper  valgar  fraction : 
■nbtract  the  logarithm  of  the  denominiitor  from  Mie  logarithm 
of  tbe  numerator,  and  the  remainder  will  be  the  logarithm, 
sought ;  which,  being  that  of  a  decimal  fraction,  must  always 
baVe  a  negatire  index. 

6.  But  if  it  be  a  mixed  number ;  reduce  it  to  an  improper 
fraction,  and  find  the  difference  of  the  logarithms  of  the  no- 
(aerator  and  denominator,  in  the  same  manner  as  before. 


EXAMPLES. 


t.  To  find  the  k%.  of  jf 
Log.  or  37  1-568202 

Log.  of  94         -         1-973128 


Dif.  log.  of  I!       — 1-&96074 
Where  the  index  1  is  negative. 


2.  To  find  the  V>g.  of  17^1 
Firat,  17J|  =  ^.     Then 
Log.  of  405       -         <-607465 
Log.  of  23         -         1-381728 

Dif.  log.  of  17JJ        1-245727 


Tnia  is  to  be  found  in  the  tables  by  tbe  rererse  method 
to  the  ibnner,  namely,  by  searching  for  the  proposed  loga- 
rithm among  those  in  tbe  table,  and  taking  aut-tha  corres- 
ponding number  by  inspection,  in  -nbich  the  proper  number 
of  integers  are  to  be  pointed  off,  viz.  I  more  than  the- 
.  iadex.  For,  in  finding  the  namber  answering  to  any  given 
logariUuDt  the  index  idwaya  shona  how  &r  tbe  first  ^ire 

mast 
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nut  bs  raniWed  (Vom  dM  place  »£  niU,  nK.  ta  tiM  l«ft  iMd. 
«r  iDt^en<  «b«n  the  btda  ii  aOraiitiv*  1  tet6»tlMn|^t 
Iwtd,  or  decimaU,  when  it  u  negatirc. 


So,  ths  tmUbcr  to  the  l(«.  l-SSZeSlja  34-11. 

A«dtb«wiabarortkelog.  I'&MSBSu-MII. 

fint  if  the  logaritfaitl  cantidt  be  exactly  found  io  th«  table ; 
take  out  the  next  greaiter  and  tbe  next  leu,  subtracting  the 
one  of  Uiese  logarithmi  irom  tbe  other^  ai  also  their  oatoMl 
numben  the  one  from  the  other,  and  thti  lew  logarithm  &oin 
the  logarithm  proposed.     Then  saj, 

Ai  the  difierence  of  the  fir«t  or  tubular  logarithou, 
Ib  to  the  difference  of  their  natnral  nambera, 
So  ig  tbe  differ,  of  the  giren  log.  and  tbe  least  tabular  log. 
To  their  correspondios  nuioeral  difference. 
Which  beii^  annexed  to  t£e  least  natural  luiniber  above  taken, 
gives  the  natural  namber  soo^t,  correiponding  to  the  pn>- 
posed  loganthm. 


So,  to  fiod  the  natnral  number  anawerieg  to  thVgireii  loga' 

rithm  1-632706. 
Here  the  next  greater  and  next  less  tabular  logarithms,  irith 
their  Gorreaponding  nvmbera,  are  as  below  ; 

Next  greater  538744  ita  nnm.  341000;  given  log.  631708 
Next  leas        632627  its  nam.  340M0 ;  next  lesa     &3S6S7 

BiffereoMa  127  -»    100  —        81 

Then,  as  137  :  100  ;:  81  :  64  neariy,  (he  numeral  differ. 
Therefore  34-0964  is  the  number  sought,  marking  off  two  in- 
tegen,  becanae  the  index  of  the  giveo  logarilbn  is  1. 

Med  the  mdex  been  negative,  thus  1-53S708,  its  correa- 
ponding  dDOBber  wooM  have  been  -340965,  wholl;  deci- 
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MULTIPLICATION  BT  LOOABITflMS. 


Ttft  oat  Ibe  l^uitbmi  of  tbe  Acton  from  the  tAlfl, 
Aen  add  tbtti  togefber,  and  dieir  anip  will  be  fhe  h^ritbn 
of  tbe  product  required.  Tben,  br  mcani  of  tbe  taUe, 
like  out  tbe  natatw  nmaber,  ancttmof  ta  Ae  mm,  for  tbs 
proHnet  iMgld. 

Obeurii^  to  add  wfiet  ii  to  b<  cenied  from  the  dectmsl 
|)tft  of  the  logtrilhm  to  tbe  ■ffimntive  index  or  indicea,  or 
•Ue  Rdbttwst  it  flmm  the  negatire. 

jUao,  Bdding  the  iodicM  together  irfien  they  are  of  tbs 
■ame  kind,  bMb  affimative  or  both  negative ;  but  anbtracl- 
iDg  tbe  leci  from  the  greater,  when  the  one  it  aSraiatire  and 
fte  other  Hgalin,  'rad  prefixinK  the  lijo  of  the  greater  to 
therr-    -■  - 


rxAtmss. 


.  To  Uuttipljr  13-14  bf 

fioex. 

Numben.    hom. 

8314-  1-564363 
£-06S  -  0-704322 


Prodnct  lir-1347    S-068S85 


.  Tsmulti^jStSBISZS 
b7  3-4&729]. 
Numbera,        hogt. 
£'fi81&26  -  0-411844 
3-467291  ■  O-SSSTSe 


Prod.    8-02646  .  0-9606SO 


3.  Tomatt.3-902Bnd.fiin-l£ 
s^J  ■0314728  all  together. 
Nmnben.    hog/s. 
S-90S     -     Or591S87 
697-16  -     2-776091 
■03147»a~2-49793S 


Prod.  73-3333    •    1-865313 


Here  the— 2  caoceli  tbe  3, 
md  the  1  to  carry  from  the 
itamtit  vi  ttt  down. 


4.  Toinntt.3-586,aDd3-l(H6. 
aod  0-8372,  aad  P-0S94  aU 
together. 

Nvnben,    Log*. 
3-586    .  0-564610 
S-J046.  0-323170 
0- 8378— 1-922889 
0-0294—2-468347 


Prod.   0-10676I&— L-26Q9fi8 


Here  the  2  to  carry  can- 
cela  the — t,  aod  there  re- 
maint  tbe — 1  to  set  down, 
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DIVISION  BY  LOQAfilTHHS. 

buLe. 

Frou  the  togaritbm  of  the  dividend  aubtract  the  logarhhiu 
of  the  dirisor,  and  the  Dumber  amwering  to  the  reinainder 
will  be  the  quotient  required. 

ObserviDg  to  change  the  sign  of  the  iodez  of  the  dinsor, 
from  affimutiTe  to  negative,  or  from  negative  to  affinnabve  ; 
then  take  the  *ani  of  the  indices  if  they  b«  of  the  tame  tame, 
or  their  difference  when  of  different  aigna,  with  the  sign  of 
the  greater,  for  the  index  to  the  logarithni  qf  the  quotient. 
,  And  alao,  when  1  it  borrowed,  in  the  left-hand  place  of 
the  decimal  part  of  the  l<^ritbm,  add  it  to  the  indes  of  the 
diviaor  when  that  indez  is  affirmative,  but  subtract  it  when 
negative  ;  then  let  the  sign  of  the  index  ariung  from  hence 
be  changed,  and  worked  with  as  before. 


I.  TodivideS416Sbj-4667. 

N  ambers.    Logs. 
Dividend  24103   -  4-383I6I 
Divisor   -  4667  •  3-6a969t 


2.  To  divide  37-149  bv  £23-76 

Numbers.    Logs. 
Dividend  37-149    -  1-669947 
Divisor      623-76    •  S-7I913S 


<tnot.   '6-29078       0-7236SO    Qnot      0709275  —  2-860816 


9.  Divide '06314  bjr -007241 

Nombeit.    I<op. 
Divid.      -06314  —  2-800306 
Diviwir  ■007241—3-869799 


4.  To  divide  -7438  by  12-9476 

Numbers.    L<^. 
Divid.        -7438    — 1-871466 
Divisor       12-9476     1-112189 


Qaot.     8-71979      0-940606 


Here  1  carried  from  the 
decimals  to  the  —  3,  makes  it 
become— 2,  which  taken  from 
the  other — 2,  leares  0  re- 
maJDing. 


(Icot       -057447  —  2-76M67 


Here  the  I  taken  irom  the 
1,  makes  it  become' — 3,  to 
set  down. 


JVate.  As  to  the  Rnle-of- Three,  or  Rale  of  Proportion, 
it  is  performed  by  adding  the  logarithms  of  the  2d  and  3d 
lenns,  and  subtracting  that  of  the  first  term  from  their  sum. 

INVOLUTION 
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INVOtDTION  BT  LOGARITHMS. 


Taei  Mt  tfui  lo(iritIun  of  the  given  nnmbflr  fiwoi  tbe  tt- 
We.  Halti^  tha  lof.  tfem  fttmd,  by  Um  iodei  of  the  power 
prapoted.  iW  tha  aamber  amwenng  to  th«  pioduct,  and  it 
wSI  be  tb*  power  rsqnircd. 

Jfote.  In  imltipl7ii>(  a  logaiitiim  with  «  MfptiT*  indM,  bj 
*■  afflnrotjve  Bonber,  tba  prodact  will  be  otcatiT*.  But 
whM  ifl  to  ba  carried  firom  the  decimal  part  of  Ifae  iDgaritha, 
will  alwayi  be  affintatiTe.  And  tharefore  their  diffefcnc* 
will  be  the  iodei  of  the  product,  aod  it  alwaja  te  b«  made  of 
the  nuDe  kind  with  the  greater. 


EXAMPLES. 


I.  Tofqnaretfaemmiber 

Nottb.  Log, 

Roatt'&T9l    -    -   0-411466 
The  index    -   -    2 


i.  To  find  the  cahe  of 

3-07146. 

Nnaib.  L<^t 

R00t3-07I48  -  -  '  0-467345 

The  index    -    -    -   3 


fewer  B><5174        0-821936      Power  28-9751         l-46C03fi 


3.  TonM-09t«tDtbe4th 

power. 

Nimb.  Log. 

Root  -09163         —2-962038 

Tbeindai    -    •    4 


r«W.  -O00OTO494— 6*8481fK 


Here  4  timei  the  negatira 
indez  being — 8,  and  3  to  car- 
ry, the  di&rence  — 6  la  the 
■Mez  of  the  product. ' 


4.  To  raise  1-0046  to  the 
366th  power. 
NnmU  iMg. 

Root  1-0046 
The 


0-001960 
366 


9760 
11700 
6860 


Power  6-14939*      0-71l7iW 


Th.i9 


If  Domtbam 


if  tenrMtw  bat^ 
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EVOLUTION  BY  LOGARITHMS. 


TtK*  (he  log.  of  the  gireit  nundier  out  of  the  table. 
Divide  the  tog.  thai  fogod  by  the  indei  of  the  toot.    Then 
the  niunber  Bostrering  to  the  qaotieat,  will  be  the  roof. 

JVote.  When  the  index  of  the  Ic^jaritfam,  to  be  diridedt 
i«  negative,  and  does  not  eiactlj'  contain  the  diviur,  witboat 
some  remuinder,  increase  the  indes  by  inch  b  namber  as 
trill  make  it  esacHy  divisible  bj  the  index,  carrfine  the  Quita 
borrowed,  aa  to  many  tens,  to  the  left-band  place  of  the  deci* 
mal,  and  Uien  divide  aa  in  whole nomben. 


Ex.  1.  To  find  the  iqaare  root 

of  36fi. 

Namb.  hf^. 

Power  SfSfi  3)  3-B622d3 

Root    19-I04g6      I-2B114H 


Ex.  2.  To  find  the  3d  root  of 

1S346. 

Nmnb.  Log. 

Power     1254A    3)  4-09M9I 

Root    23-1116       ]S63830{ 


Ex.  3.  To  find  the  10th  root 

of  «. 

Numb.  L(^. 

Powers    -  -  10)0-301030 

Root  t-071773        O-atOlOS 


Ex.  4.  To  fiod  the  S66th  root 

of  1-046. 

Namb.  Log. 

Power] -045     36&)0-019II6 

Root     lOOOtSI      0-000062^ 


Ex.  S.  To  find  ^  093. 

Numb.  L<^. 

Power  -093     2)  —2-968483 

Root  -^04869       - 1  -48424 1 } 

Here  the  divisor  2  ii  con- 
tuned  exactly  once  Id  the  ne- 
gative index  —  2,  and  tfaere- 
bn  the  index  of  the  quotient 


Ex.  7.  Tofind  3-1416  X  S2  X  |f, 
Ex.  «.  To  find -03916  X  761-3  X  ffr - 
.  Ex.  9.  Aa  7241  :  3- J8  : :  30-46  :  t 
Ex.lO.Aa^734  :  ^  {\  ;:  6-927  :? 


Ex.6.  TofiDdthet/-0i0O48. 

Nnmb.  Log. 

Power  -OWW  3)— 4-681241 
Root     -0782973  —2-893747 

Here  die  dirWor  3  not  being  eract- 
It  ctnukiad  in  — 4,  it  ii  usiBmled  b* 
3,  toimke  op  e,  ID  which  tfai  diviMr  at 
coDtEkwdjuKCtiiDet;  diaiibaS,dm 


ALGEBRA. 
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ALGEBRA. 


DEFINITIONS  AND  NOTATION. 

1.  JVlOEBRA  it  the  science  of  compating  by  ijtnboli.  It 
is  aometiiDea  also  called  AnaWsis  ;  and  ii  a  general  kind  of 
arithmetic,  or  aniTenal  way  of  comptttation. 
.  i.  In  thii  acience,  quantities  of  all  lands  are  repreaeoted 
by  the  letters  of  the  alphabet.  And  the  operation  to  be  per- 
formed with  them,  bb  aiddition  or  sabtractioo,  kc.  are  denoted 
bj  certain  simple  characters,  instead  of  beia^  ezpreiaed  by 
arords  at  length. 

3.  In  algebraical  questions,  some  quantities  are  known  or 

E'ren,  viz.  those  whose  valoea  are  koown  :  and  others  un- 
lown,  or  are  to  be  found  out,  viz.  those  whose  Tatues  are 
not  known.  The  former  of  these  are  represented  by  the 
letidii^  letters  of  the  alphabet,  a,  6,  c,  d,  be. ;  and  the  latter, 
or  anknowB  quantities,  by  tbe  final  letters,  x,  y,  x,  u,  itc. 

4.  The  characters  tiBed  to  denote  the  operatienB,  are  chiefly 
theftllowing: 

+  signiHea  addition,  and  ii  named  jAnt. 

—  signifies  subtraction,  and  is  named  nmtiu. 
'  X  or  .  signifies  inultiplication,  and  is  named  mio. 

•^  dgpifiea  diriaiott,  and  is  named  by, 

^  signifies  the  square  root ;  */  tlie  cube  root ;  ^  the  4th 
root,  &G. ;  and  ^  the  nth  root 
.    :  : :  :  stgnifies  proportion. 

^  sigmfies  equali^,  and  is  named  sf  no/  lo. 

And  so  on  for  other  operations. 

Thus  a+(  denotes  that  the  number  represented  by  ( is  to 
be  added  to  that  represented  by  a. 

a— ft  denotes,  that  the  number  represented  I7  6  is  to  be 
rabtracted  from  that  represented  by  a. 

mnh  denotes  the  difference  of  a  md  6,  when  it  ii  not  known 
which  is  the  greater. 


oA,  or  B  Xfr,  or  aJb,  expreases'tiie  product,  by  multi[diGa- 
'    t  represented  by  a  and  h. 


tion,  of  the  namben  n 
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m-^h,  or-T-,  dfltiotes,  th^  the  Dumber  reprcMnted  by  a  ii 

to  b«  diTided  by  that  which  ie  ezprwud  by  b. 

a  :  6  : :  c  id,  Mgnifiei  that  a  ia  in  the  sine  proportkn  to  b, 

x^a  —  b+citaa  equation,  exprewDg  that  z  ia  eqoal  to 
th*  difference  of  a  and  b,  added  to  the  qoantitj  c. 

a>h  ugnifie*  that  a  if  greater  than  b. 

a<6  HgDifiea  that  ail  leu  than  h. 

^  a,  or  •■,  denote*  the  iqaare  root  of  (t ;  (/«,  or  •>•  tbe 
cube  root  of  a;  and  ^a*or  o'tkecttberMtoftheiqnareof 
« ;  aho^  a,  w  a*i  it  the  mth  root,  of  A ;  and  ^  o"  or  oW  •• 
the  nth  power  of  the  mtb  root  of  a,  or  it  is  a  to  the  in  pew«r> 

a*  denetei  the  sqnare  of  a :  a'  the  cube  of « i  a*  ttte  fourth 
power  of  a ;  and  (^  the  nUi  power  of  a. 

a+iXe,  or  (a+&)  c,  denotes  tbe  product  of  thecompoand 
quantitj  a  +  b  multiply  bv  the  limple  qaaoti^  c.    Using  tbe 

1)ar ,  or  the  parentheaia  (  )  aa  a  rincufaimr  to  connect 

aereral  nmple  qnontitiea  into  one  componnd. 

.  a+b 

o+*  -T-  (>— 6  or  "^^1  aiptesaed  like  a  fraction,  meuit  the 

qaotient  of  a+b  divided  hj  o  —  b. 
^«b+ed,  or  {tJt+ed)i,  it  the  aqwre  root  of  tiie  conpoond 

rmtity  ab+ed.     And  e^ab  +  ed,  arc  (ab  4*  <d)l,  danotH 
.......  .    ,.1 


a+b~c,  or  («+£— c)*,  denetaa  the  cube,  or  third  ^Mwer, 
of  the  compound  quanti^  a+b—t. 

3a  denotes  that  the  quantity  a  it  to  be  taken  3  timet,  and  4 
(a-(-b)  is  4  timet  a+b.  And  these  nomhera,  3  or  4,  thowing 
bow  often  the  qnantitiat  are  to  ba  taken,  or  mlti{died,  are 
'  called  Co-efficieota. 

Abo  |«  denotM  that  x  it  mnltiplied  fay  { ;  dint  f  X  c  or 
*«■ 

0.  Like  Qjwntitiei,  are  those  winch  eontift  of  the  tame 
letters,  and  powert.  Aa  a  and  3a ;  or  Soi  and  4ai ;  or  3«*ic 
«id  —S<flbc. 

6.  Unlike  Qjjantitiet,  are  those  which  oonaitl  ^  diflarent 
letlen,  or  different  powen.  Aa  «  and  A ;  or  3a  and  ■*  ;  or 
3afr>  andSoAc. 

7.  Simple 
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DEFINITIONS  AND  NOTATION.  173 

7.  Simple  ^utitief,  «re  those  which  comiat  of  poe  tann 
mlf.     As  3a,  or  bab,  or  6ii{i£*. 

8.  Cottponod  QnantitieB  ere  thofe  which  comiat  of  two  or 
■tore  termi.    Ai  »+b,  or  Sa— Sc,  or  a+Si— Sc. 

9.  And  wbftn  th*  componiid  qoantity  cootiit*  of  two  (eriM 
it  it  called  a  BiooimBt,  m  a+b  ;  when  of  three  ternw,  it  it  m 
TriiwBial,  u  a-4*Ki— 3c ;  wImd  of  fear  temM,  «  Qfiwlrino- 
■ial,  M  fa— 3^+«— 4rfj  and  m  on.  AUo,  «  HohiDotniHl  or 
Polyaomia],  cattaata  of  hmd;  term. 

10.  A  Remdual  Qpnttty,  ii  a  fauomial  having  mm  of  the 
term  Degative.     As  a— U. 

11.  Po«itiTe  or  AffirnutiTe  Qnantitiei,  are  thoae  which 
are  to  be  added,  or  have  the  lign  +■  As  a  or +a,  oral;  for 
when  a  quantity  is  ftmnd  wtdtoot  a  lign,  it  i>  aodentood  to  be 
poeitiva,  or  bare  the  ligD  +  prefited. 

18.  Mtptire  Qjiantitiea,  are  those  which  are  to  be  flob- 
tracted.     As— s,  or  Sot,  or  3a&*. 

13.  liike  Sign*,  are  either  all  poiitive  (+),  or  all  oega- 
tire  C-).  . 

14.  Unlike  Swm,  at  whea  aome  are  pMitire  (+),  and 
otbera  negatiTe  \^)- 

16.  The  Cv-eSiHcnt  of  Boj  qnaDtity,  aaabown  abore,  if 
the  ntunber  prefiud  ta  it    M  i,m  the  qoantity  Sab, 

16.  The  Power  of  a  qaantitj  (a),  ii  its  square  (a'),  or 
cube  (a*),  or  biqnadrate  («*)i  be }  aiHed  also,  the  So  power, 
or  3d  power,  or  4th  power,  kc. 

17.  The  lodei  or  Exponent,  ia  the  number  which  denotei 
the  power  or  root  of  a  quantity.  So  8  is  the  exponent  of  the 
sqaare  or  second  power  a*  ;  and  3  is  the  index  of  the  cube 

or  3d  power ;  and  4  >■  the  iodex  of  the  square  root,  a*  or  ^ 
a;  and  ( ii  the  index  of  the  cube  rwtt,  a',  or  |/a. 

16.  A  Hationsl  Qjiantitj,  is  that  which  has  do  radical  sign 
{y/)  or  index  annexed  to  it.    As  a,  or  Sab. 

19.  An  IrratioDsl  Qjiaoti^,  or  Snrd,  is  that  of  which  the 
▼aliie  cannot  be  accarately  ext>resBed  in  numbers,  as  the 
iqaare  roots  of  S,  3,  6.  Surds  are  coUHBonljr  expressed  by 
means  of  the  radical  aign  y^,  as  ^2,  ^/a,  ^a»,  or  ot*. 

20.  The  Reciprocal  of  any  quantity,  is  that  qnantily  in- 
verted, or  unity  divided  by  it.    So,  the  reciprocal  of  a,  or 

-T-,  is — ,  and  the  reciprocal  of -^  ia  — 
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174  ALGEBRA. 

SI.  The  letters  by  which  an;  simple  quanti^  it  expreiMd, 
nay  be  ranged  according  to  Ray  urder  at  pleuure.  So  the 
product  of  a  and  b,  may  be  either  expreued  by  aft,  or  ba; 
and  the  preduct  of  a,  6,  and  c,  by  either  abe,  or  aeb,  or  froe, 
or  bca,  or  ea6,  or  cba ;  as  it  matten  not  which  qaantities  are 
j^aced  or  maitiplied  first.  But  it  will  be  sometiates  firaod 
conrenient  in  long  operationa,  to  place  the  several  tetters  ac- 
cording to  their  in^er  in  the  alphabet,  u  abc,  which  order 
also  occars  most  easily  or  oatarally  to  the  Bind. 

22.  likewise,  the  sereral  oiemben,  or  terms,  of  which  ■ 
compoood  quantity  is  compoaed.  may  be  diaposed  in  any  <v- 
der  at  pleasore,  without  altering  the  value  of  the  sigDificatton 
of  the  whole  Thus,  Sa  —  Sab+Aaie  may  also  be  written 
3a+4a6c— 2a£,  or  4ahe+3a-iab,  or  -iab+Sa+iaJ<e,  be; 
tor  all  these  represent  the  same  thing,  namely,  the  quantity 
which  remains,  when  the  qnantity  or  term  2ai  is  subtracted 
from  tiie  sum  of  the  terms  or  quantities  3a  and  4abe.  But  it 
is  moat  usual  and  natural,  to  begin  with  a  pooidTC  term,  ani 
with  the  first  letters  of  the  alphabet. 

SOUSE  TKAKPUS  FOR  nACnCZ. 

In  filing  the  numeral  Tslee*  of  rarious  eKpreations,  or 
combinatioos,  of  quaotitiei. 

Suppoaing  a=6,  and  i=6,  and  c=4,  and  (1=1,  and  (=0. 
Then 

1.  WilIo»+S«>t-c»=M+90-lfi=110. 

2.  And  3a»-3a«6+e*=432-M0+64=— 44. 

3.  And<i>Xa+(— 2aie=S6Xll>S40silM. 

6.  And  ^/ioc+e»  or  2ac+e»  1  i=,y64=8. 
Uc  40 

„     .    'a'-^b'-ae     36—1     36 


8.  And  y^i'— ac+^goe+e'=l+8=9. 


9.  And^6«— «+y/2oc+c»=v'26_24-|-8=3, 
10.  And  a»b+e—d=ia3. 
IL.  And9<t6-lM*+c=e24. 
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w. 

And  -J-  X  d  «  46. 

13 

i^5±ixi  =  .„. 

14. 

A.if±i_i5i=„ 

15 

A.ai^  +  .  =  «. 

16. 

And-^  Xe  =  0. 

U. 
18. 
19. 
SO 
tl. 
tt. 

And  »+»-.- J -8. 
And  H^  -  <  -  <l  =  6 
And  a*e  X  d>  s:  144. 
Alidud-d  =  29. 
Aiidii'i+»'<+d=1. 

xs. 

*°*3r;x^-i8i 

24.  And  yn'+i'-yi'n'-t'  =4-49M249. 
46.  And  SB<!'+ya'— 6»a=g98-49?94». 
t6.  Aiid4a>-3av/'a*— 1iift=£73. 


ADDITION. 

AsDiTiox,  in  Algebra,  is  the  connecting  the  quantities  to- 
gether by  their  proper  ligna,  and  incorporating  or  nnitii^  iot* 
•Be  tensor  mm,  sacb  as  are  similar,  andean  be  nnited.  Aa, 
Sa-f  SA— Sa=a+26.  the  aam. 

The  rale  of  addition  ia  algebra,  may  be  divided  into  three 
eases ;  one  when  the  qoantities  are  like,  and  tbeir  signs  like 
also ;  a  second,  when  the  qaantities  are  tike,  but  their  signa 
■nlike  ;  and  the  third,  when  the  quantities  are  unlike.  Which 
■re  peribmed  m  follows.* 

CASE 

•  Thn««a«<DiirUchtbM«(nnttiia*trefiMiided,willfaadilran)Mr,t7> 
IHOsnAKtiaiMthtatmcoflbe  qaulhktMbciddHl  orcDUwWd  (c««lwr. 


-:l,vG00gIC 


WtiM  A«  ^fumHHn  an  Like,  and  hmt  IaMc  Sigtu. 


Add  (he  co-efficienti  farther,  and  Mt  down  the  ton ) 
after  which  set  the  common  letter  or  lettera  of  Ihe  like  qou* 
titiei,  Kid  prefix  the  common  ugn  4*  or  -*~- 


Far,  wiBi  ng;uii  fei  the  frM  exaoillBi  wtam  die  qynliliw  an  9b  »aA  Bm  irfait- 
MeranpcMKUia  dwooe  «eRB,<tw)ll  Rpmenl  As  nms  Iblng  h  Oh  oilier ; 
■p  ttMU  IhiM  timea  an  tfabw  nd  5  tima  tte  Mme  thing;,  ooDected  lagBftu-,  nuri 
iMdiimkaBdDw>dBlll£K.  Aj  If  ■  dwote  >  rinll%;  dwa3a  iaariiiUiini 
■Dd6aii6ilillliiin,aDdflHCawaBdaUinp.  Jn  tiliaiMDan',— fl*6*Bd  — Tab, 
<r— StitMs  anjr  ihinc,  and— T  IBM  As  ana  biPti  naka  — S  tarn  *)al 

Aa  to  dte  sacntd  caK,  io  whkh  tbe  qoaalilia*  are  lUu,  but  tte  apu  nnlika  i 
tke  nuon  oT  ili  apcratka  iriti  mily  iripeBr,  bf  rrfactiiig,  Uitt  iddilko  Bnai 
ndf  tbe  oiiliii^  of  ipaiitiliai  together  bj  meiiB*  of  Ibe  uitbroatical  opentiiin 
dtooted  b]>  dieu  ngni  4-  and  — ,  or  of  adifiltaa  and  «ubtrac<ioB  i  whidi  betni: 
of  coBlrwT  or  onndte  natnrea,  Ibe  one  etnAcieat  Boit  be  anbtncted  Ana  Ihc 
atber,  to  obtain  tte  incot^nntBd  or  muted  loaM. 

At  to  tbe  lUni  caae,  where  tba  quanlilies  are  onlika,  It  is  phki  ttM  aub  «■!>■ 
tUa  caoBOt  be  united  into  me,  or  otherwiee  added,  Abo  bf  meuia  of  (hair  not ; 
tfam,  br  example,  if  a  be  tnoioaed  to  Rpreaenl  a  crown,  and  b  a  billing ;  Bwo 
tbenBofBindAcaabe  nenher  Sa  nor  U,  that  ii  neiHwr  I  doma  det  S  ridt 
linga,  bat  calf  1  crown  plaa  I  ibiniBg;,  tbat  ia  a  -f-k 


la  flnni)a,  the  irad  aAUioti  ia  not  *eiy  prapailj  oaed;  baini;  much  (oa  U- 
i^ttnl  to  npicM  dw  c^eiatxn  bera  pnfermtd  The  b«iiw«  of  tfala  opaiatloa 
i>taiDCOHHH«tehitDcneDiaa,orBirEbnicaxpnidoa,<Gan«at  atgrimlc  qoBB- 
iHiaa,  aa  ftr  aa  at  Ktaal  Dcwpcntlan  or  ndOB  la  poadbia  1  and  to  ralaiB  Ike  «l- 
nfaiaic  aaria  far  doans  H,  in  oaea  whaie  tba  fonaar  )>  aot  poariUa.  Wbaa  we 
Save  itteni  ijuanttttait  OBe  BOaBBtire  and  «Cdm  OBgatin;  aod  diB  nbtioo  of 
tbtaa  qnntitiea  can  m  in  wboleor  in  part  be  diacoreredi  Mich  bKcmnMiMiaf 
two  ariBan  qaaaiitiea  tela  one,  ia  pUnlf  dfactsd  bf  Aa  fengi^  lOka 


n  IM7  aeeai  a  paiBdot,  dial  «l«i  la  cafled  adffitkn  in  algebra,  rinoklaoaM* 
ftnaa  mean  addhtcBi,  and  Mnalbnea  aabtnctkn.  B«  tie  puadoa  wboUr  aritai 
Anm  die  aeaMtaea  of  dte  name  gina  tote  algafciaaa  jaocaMi  hon  eanlcirta( 
aaoldtenn  m  a  aaw  aodBore  a^irad  aMae.  Jnalaad  «f  additicD,  caDilin- 
corpotBticii,  or  imioD,  or  aliftinc  a  baunee,  or  aagr  oane  toiibicfa  a  inr>*  rtum. 
aiwidBB.M]>be  Bnaeled.diasA>titliGhilM^hlMlMt7lhB 


Tkm. 
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Thw,  S«  »dd«l  to  ha,  mkei  8a. 

Aad  -toi  added  t*  -To*,  nuk%a  — M. 
Ad4  Btt+^h  added  to  7a+3*,  ai«ket  I3a+1M- 


Ss 

9a 
6« 

a 
Sa 

-Ua 
-  b 

1 

S«a 

-S2te 

iMx, 



St 

M 

.1i"+6ii| 
«•+  IT 

4x'+Jrj 

to- 4, 
4..-  jr 

lb 

16i"  +  15ij 

19<u-]Sy 

il 

4»-4i 

•a-  » 
Sa-a 
fi>-7t 
>.-  1 

S3-lto  - 
M-14<  - 
10-16*  - 
16-80.  - 

1 

J,-fa+6ri 
4iy-  .+7,^ 
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men  At  QmMAicj  arc  Likt,  but  hme  VnWu  Sigiu  ; 

Add  tbe  uffirmatire  co-efficientt  into  one  aom,  and  M  tfa* 
nc^tire  ones  into  uiother,  wben  there  *re  MTcnl  of  a  kisd.  • 
Then  •ablract  the  le«  aum,  or  the  leai  co-efficient,  froa  th* 
greater,  and  to  the  remainder  prefix  the  aip  of  the  gruUTt 
and  •otitjain  (he  tiommoa  qnaotitj  or  letter*. 

So  4-  fia  and  —  3a,  uolted  make  +  2a. 
And  —  6a  and  +  3«,  united,  make  -  %a. 

OTHER  EXAMPLES  WOR  HtACTKX. 


—6a 

+V.- 

+  fa-+s» 

+4. 

+4.:.- 

-  a.--  -4, 

+B» 

-Sas' 

-16«*--6« 

—3a 

-&M* 

+  3x'-7, 

+  a 

+hx' 

+  !•■-!» 

-  3a*  +  3i*y>  +4a6-t-  < 

-  fia>  +  M>y*  -4a&-i-13 

-  too*  -  H)6»s»  +7ai-  14 
+  IOa>  —  JM>yi  +  ai+  3 
+  11«»  —  S6*j'  -6aA— 10 


4-  asej  —  Sv^os  —  jf— 6o«* 

-ftia*  —IZ^u  — 2s-f6o«* 
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When  At  QMonMiet  an  Unlike. 

HArme  collected  tt^her  sU  the  tike  qaantitiM,  m  in  the 
two  foregoing  cum,  Ht  down  thoM  thm  are  uDlike,  one  nfler 
iDOtfaer,  with  their  proper  signs. 


tax         -  4x»  +ary 

-B*y        +*x*  — tatjt 

6ax        — ^+4i« 


9x*y  t4ax — Ss* 

-fSaxy  Bjf" — iax 

— 4«'y  ar»+«6 


4(W— lS0+Si4 

7ay— 4*1+90 
^*+40  — 6jt« 

7iM;+8*»+7*y 

9+10v/o*-6y 
«*+  7v'*!l+^ 
6y+  3^a«— 4y 
10—  4v'«»+'»y 


4«»y  4y^  X—  Sj 

-&ty«  Sv'*y  +  "* 

+V*  3*  +      sy 

-7r»y  —9  +  i^xy 


3a«+  9  +  *t— < 

to  —  8  +8b»— 3* 

4x»-.ta»  +  18  —7 

-12  +  a  —St*—iy 


Add  a+h  and  So — 6b  together. 
Add  6a— 8x  and  3a~tx  together. 
Add  Bx-bb+a+6  to  — 5fl-4*+46-3. 
Adda+26— 3c— I0  1o3fc-4a+6e+10aiid  bb—c. 
Add  a-|-6  and  a— t  together. 

Ad(J3o+6— lOtoc-rf— oand— 4e+2o— 3*— 7.    . 
Add  Sa*+b'~c  lo  ta4-3a»+*c— 6- 
Add  a)-f  Mc-A*  to  oi*— ok+i*. 

Addfti-8i+I0«~6«i_7c  +  30to2i-3a-6c  +  4*  +  ei 
-10. 
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SUBTtlAtTION; 


Set  doihi  iB  dn*  line  the  firit  ^^oantiltui^  ton  whkli  tbe 
nbtnctint  u  to  be  made ;  and  anderDeatb  them  place  mil  th« 
^«ther  qaintilia  compMinl  the  aubtraheixl :  ranglif  the  like 
qiunlitiea  nnder  each  other  ai  io  Adttition. 

Th«ii  cbante  all  the  aigoi  (-{-  and—)  of  the  lower  line,  or 
MDCfliTe  them  to  he  changed;  afterwhich,coUeetatltheterm9 
togethu  at  in  thii  chiel  of  Addition,* 


^r<im  fa*  —Sb 
Take  So* -Si 

fVom  6xy— 6 
Take-Sxy+fi 

Rem.  Tcy-lt 


ftry^-3+e*—  y 

4Jfs+i+ie«+3sf' 

—SO— 6x — Sxy 


ty»~6y-i  -1I8+Sx~&ry4-A^ 


9x*-lX     +fi&+>i 


■  lUt  rail  B  fanodkd  oa  0w  o 
oppndta  to  taA  Stbir  i*  dMir  Mtura  ukI  wentkni,  w  an  lb«  Dgnt  -f-  md  — , 
M  which  (b«r  ««  aiprtwui  mm  fpieMmwL  6atfeBt,itoeBM.iwc  *n»MlH 
qnatit;  with  t  piMhIniB* of  *e ■«•  kind, ku  tU cdKt  (rf dUU^w X. •» 
HbdactniBuikaiuil  pooliTe  «oefronll,t)ieraftn  tpNblnct«poa(B'c  (wUil 
IttatoffUiltotimMif  or  KkUag)  k  to  bU  tfw  eqaal  MgalivB  qutolll;.  In 
lb*lHaaer,toafblnctBBet*ti^  qulotitTi  it  An  M»e  .ia  (Act  M  toaHor 
dntte  an  equal  pootivs  cat.  So  that,  bjr  dun^g  |)ie  rign  of  ■  i]iiiiitUj  Aon  ^^ 
Id  --,  or  6am  —  to  -f  >  ch«ap»  iti  nMure  ftau  a  ubdoctiTe  inMittlj  to  an  a&- 
dMnaoa;  and  aiijr  cpBoli^  B  h  cflect  ^ibacttd,  tj' baiclf  di>iigiD|;  iti  iiga. 


(tejr 
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MULTIPt.ICATION.  181 

itay-30        W~tU+h\        3dcy>  +M«^(ay+IO) 
7xy— fiO        b*-.4(a-f»)        4»»y«+It«v'(i^to5 


Fran  tt+h,  tik*  ■— 4. 
Fran  4<i+4i,  tak«  H-*- 
.  From  4a— 46,  take  Sm+M. 
From  8a— ie«,  take  4a-Sr. 
Pram  3«-4a-ZM-8^  tak«  8— 5«+ii+6x. 
From  Sa+i+e— il— 10,  take  c+Sa— A 
Fram3a+&+e— rf~IO,teke  ft~ie+3a. 
Fnnl  tab-\-b» -Ae+U-b,  take  3«»— «+fi». 
From  a*+3^c-f-(i^-a6«.  take  M+o^— «(«• 
Prom  12x4'6a-4H-40.  take  4A— 3a+4x+6il-10. 
From  2z~3a+4£-f6c~60,  take  9a+x+66-6e-40. 
From  6b- 4i-lie+l3w.  take  Sx— 6<i+4i-fic< 


MULTIPLICATION. 

This  Goniilti  of  teTeral  casei,  according  is  tk%  factors  are 
■imple  er  compoond  quantities. 

CASE  I.     What  hotk  A<  FtuUtrt  an  SmfU  ^jtanUlUt! 

Wiwf  multiply  the  co-efflcienti  of  the  two  temu  together, 
thea  to  die  product  BUDes  all  the  letten  in  those  tenu,  which 
l*in  give  the  whole  product  remitBd. 

JVbte.*  Like  lignt,  id  the  Uctwa,  produce  +  and  unlike 
0igDS  — ,  in  the  products. 


'  n>t  tbl(  rate  Ibr  Oh  rfgna  la  tnM,  aaj  Im  Ifaa  Aawa- 
1.  ynta  ^  aUlohc  rauKipUed b;  ^  c ,-  tba  ntemtn^  iMhil-f  •>»ta 
l^m  u  laarf  times  U  there  are  uMts  in  c  f  lod  rinCR  tlw  Km  of  1117  Dml 
of  pi)ittlntAtiMiipatittTe,itWliiinakt.f  aX  +  caakM  4-ae. 
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l<kt 

-3a 

7a 
—4c 

—4a 

iQab 

-Sab 

-Stee 

+34*« 

4ae 

4x 

-4 

_4xff 

-i2a*be 

—  B» 

-6e 

+4«V 

~9<tx 
4x 

— fior 

Case  ii. 

^<m  oMt^  the  Fatlort  i>  o  CMiymaMf  Quantify. 

HtrLTiFLT  eveiy  terra  of  the  mnltiplicaDd,  or  compomid 
^uantitj,  Mparately,  by  the  tiiDlti|>lier,  m  id  ths  tbmer  cue  ; 
placing  the  prodnctn  one  after  another,  with  the  proper  BigM ; 
sod  the  reauU  will  be  the  whole  prodact  required. 


3.  Whea  two  ijmotitiM  4ra  lo  be  multiplinl  logetbor,  (be  nmll  irill  be  eucll j 
flte  lUH,  ID  whUevei  order  lbq>  «n  pb»4 ;  lor  a  timei  e  t*  Ik  nnw  ■■  c  Umcii 
■,  Did Ibenfore,  whsn  —  a  ti  to ba  mulliplied  br  +  c,  or  -^  cby  ~  m, Ihit ii 


s  — 4=1=0,  thcidbn-  (n-B)  X  -ci..l»o 
OmoltifiUed  b7  ■Bjquutitj'.u  Kill  but  0;  uduDce  Iho  fint  tcrni  of  tbe  prodncl, 
o"X  —  cb=>—  KC,  bf  Ibe  leaiiKlcaMi  (herefbra  (be  kHtleima''  Ihe  pro- 
dact, w  —  a  X  —  c,nnulb«  +  ac,  tonaka  tlunim  — 0,  or  — «.f.«r  ^1 
Ibatli,  — o  X  --t=  +  «e. 

EXAMPLES. 
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So— 3c 

HULTIPLICATION.                        IM 

EXAMPLEa. 
3ac-4&                    So'-rStf-t-fi 
Sa                           6e 

10a* -6ae 

&a»c-l«a6 

,«««tc-36c«+54c 

4a 

«6c-W 
— Sa 

4*-i+Sai 
Sa( 

Sc>+x 
toy 

iOs'-Sy* 
-4*« 

2tt** 

CASE  III.  ' 

Hi)LTiri.r  e*«rj  term  of  tbe  multiplier  t?  «r«ry  terqi  of 
the  maltiplicBDd,  separately  ;  seltiog  dowii  tne  pnidiicti  ooe 
after  or  voder  aoother,  «itb  tbe'ir  proper  ligna ;  siid  sdd  tbe 
several  lioea  ot  predncta  all  tt^tber  for  tbe  frhole  product 
required. 


*.+«» 
4I-6J 

.g'-^--'^ 

a'+at 

18^+gi, 
ISx.— 7xy«IOy* 

-+J 

I'+Ji" 

'•■Sj:S:+^. 

.■+!itt+l" 

6»--a.-,-9^+6,. 

0+6 
a-4 

•■+.*+*■ 
fl-6 

-+a» 
-aA-6» 

«-+a"6+<.»< 
-o.4_o*<-i' 

o«     •   -b* 

.■         •     •    -»■ 

-:i,vGoog[c 


(H 

}VoU.  In  tke  multfpUutiM  of  eomponnd  qpnlitiM,  it  i» 
the  best  way  to  tet  them  down  in  orderi  accordii^  to  th* 
powen  aniL  the  letters  of  the  alphabet.  And  in  ntolt^p^iMf 
them,  beg^n  at  tlie  left  hand  aide,  and  ipultiplj  Awn  tBe  Im 
hand  towards  the  r!^t,  in  the  maDner  that  we  write,  which 
is  coDtrarf  to  the  waj  of  mnltiptfing  ntunben.  6bt  in  Mt- 
ting  down  the  seyera)  products,  as  the^  aiiie,  in  the  aecsn^ 
and  following  tinea,  range  them  ssder  die  like  termi  In  the 
IJDW  abore,  when  there  are  sach  like  qnantitiea  ;  which  il 
the  easiest  way  for  adding  them  up  tt^thcr. 

In  many  cases,  iha  multiplication  of  "bompoaiid  qoantitiet 
is  on);  to  be  performed  bj  aetting  than  down  qpe  after 
another,  each  within-  or  under  a  Tincalmn  with  a  ai^  of  mal- 
tiplication  betweee  them.  Ai  (a+£)  X  (<(— A^  X  3ai,  or 
a^  .  a-b  .  3*k. 

CXAHPLES  FOB  FBACTICE. 

1.  Multiply  lOoehySa.  Am.  tOa*e. 

i.  Multiply  ia'-Uhy^  Ans.  9a*i-fi&>^ 

3.  Multiply  3a+Si  by  3a— U,  Ans.  9a'-4^. 

4.  Multiply  x*~-xy-i-y*  byai+j.  An.  «»+«*. 

6.  Multiply  «'+o«i+ai*+i«  by  a-h.      Ana.  o*— •*. 
8.  Multiply  o»+o5+6»  bja'-ah+h*. 

7.  Multiply  3x»-«xy+5  by  *'+«**-  6. 

8.  Mnldply  Sa'-tax+bx*  by  3o»-4a«-7««. 

9.  Multiply  S*=+2j»y»+3i(»  by  ««•— S»»y»+3y»- 
!0.  Multiply  a»+ttb+l*  hya-»b. 


DiFiBioc  in  Algebra,  like  that  in  number*,  is  the  convctae 
of  multiplication  ;  and  it  is  performed  like  that  of  numben 
also,  by  beginnii^  at  the  left  hand  side,  and  dividing  all  the 
parts  of  the  dividend  by  th«  divisor,  when  they  can  be  so 
divided  ;  or  else  by  setting  diem  down  like  a  fraction,  the 
dividend  over  the  dirtaor,  and  then  abbreviating  the  fractian 
K  mocb  as  can  be  done.  This  will  naturally  diride  into  th« 
following  particqlar  cues. 

tMSE 
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Set  the  tormi  Iwtb  donra  u  in  dinMon  of  annben,  eithaf 
lb«  iinua  btStr*  tbe  4|fi4eul.  or  bOow  it,  14«  tlw  debo* 
miiutor  of  a  IVacdon.  Tb«n  abbrariats  time  tetna  41 
much  ••  can  be  done,  by  cancelliDg  or  atrikiDg  oat  alt  th« 
lettera  tbat  are  conuoon  to  them  botfa,  and  dso  diTiding 
tbe  one  ce-efficient  by  tbe  other,  or  ^breTialii^  tben  aftel 
tbe  manner  of  a  fraction,  by  diridiag  them  by  their  comipM 
BUainre. 

^  A'pte.  Like  lignt  in  the  tiro  fiicton  make  +  in  the  qao* 
bent ;  and  nnlike  ligjtB  nake  — ;  the  aame  aa  ip  BMltipli!> 
cation*,  ^^ 

EXAN1>UU. 

).  To  d^ndc  M  by  So, 

Here  M  -i-  3a  or  3*}  lot  (  ot—x^ib, 

Ako  c  +  e»— =1 ;  an4.aixi^bxjn=T— =K— 4 

8.  Divide  ISc*  by  8x.  AAi.  f]h 

4.  Diride  lta>xi  In  — 3«|ix.  Ant.-^te, 

fi.  Divide— IfieytbjStq,.  4na.— Ef. 

«.  Diride -~iaac<y  by— «a*f.  ^^' ^' 


■  BemuM  dw  Atoot  DHltipliod  bf  the  ^wtlaBt,  oibk  fndnce  Ih*  ^Tidud, 

I.  Wbea  bodi  the  teimt  an  +,  Iba  qnoboit  muft  bt -^ t  %»>M  ^  b ttH 
divinrv  4-<D4ieq(iMisttt,prahKea  ■f'W(ki^Uw& 

S.  mat  tbe  teniM  m  bott--,  Ow  qaeUeat  ii  alu  4-;  bKWMS— fa  tta  diri- 
■or  vj^ fa  tba  qmMiatt,  pndwsa — Ip  Ac  dirUeud. 

3.  mmMNtaRnii-f  ■Bdibaotbuf— >lhaoaMiaDtMiiKbe*>l  Iwwwi  f 
iff  lb*  dbwir  X  —  in  Dm  owtiuit  nrodncM— m  tba  dMdud,  ot-fia  )he  dtfr 
Mr,  X  •(-  n  tbe  cnatkid  glie*— bi  Hw  dMdHMl 

So  fliM  ifa«  rulH  b  noofkl ;  yit,  OMtntttfcMM  *!•,  MtabltariauaW* 
-t  b  «faa  qaotknt  '^ 
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CASEH. 
fnm  At  Dieidrnd  it  •  C«mpo»md  QwwWy,  tmd  the  Dhuor  a 


DiriDK  every  Un»  ef  the  dividend  bj  the  diviaor,  i 
the  former  caie. 


4.  Divide  6ab— Sox+a  by  Sa. 

6.  Divide  3««—16+6«+6«  by  Sr. 

6.  Divide  6a6c+12a(x — 9a*h  by  Sofr. 

7.  Divide  10a>a:— I6x*— Sb  by  fo. 

8.  Divide  16ai6c-l6aex>+Sad*  hy —6ae. 

9.  Divide  lSa+3<9-18y*  by  Sla. 
10.  Divide  -«0(ii+«ta6>  by  —6ob, 

CASEID- 
WhutAe  Dhinr  and  Dividvid  att  hotk  Campatmd  ^uantttia  ; 

1.  Sbt  them  down  as  in  coauwMt  Diviuoit  of  Domben, 
the  diviior  beftre  the  dividend,  with  b  inwl)  curved  line 
foetiveen  then,  end  nngiiig  the  temu  according  to  the 
[kowen  »f  lome  one  of  the  letten  in  both,  the  higher  powen 
before  the  lower. 

2.  Divide  the  fint  tenn  of  the  dividend  bv  4fae  first  term 
of  the  divisor,  u  in  the  fint  case,  and  get  uie  result  in  the 
^otiest. 

3.  Multiply  Ike  whole  divisor  by  the  term  thaa  found,  and 
■uhtract  the  result  Irom  the  dividend. 

4.  To  this  renudnder  bring  down  as  many  terns  of  the 
dividend  as  are  reqoiiite  for  the  next  operation,  dividing  aa 
before ;  and  so  on  to  the  end,  aa  in  comowa  aiithvetk. 

AM*. 
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DIVISION.  t«T 

/ftU.  if  the  Atiaor  be  not  enctl;  cOBtained  is  tbe  divi- 
dend, Uie  qoutilT  which  remuna  aAer   the  operation  ii       ''^^ 
fiaished,  maj  be  puoed  over  Uk  diriior,  Uhe  ■  ndgar  frec- 
tion,  and  wt  dom  et  the  end  of  the  qaotieht  ai  in  common 
arithnetic. 


•->)  a>-I«t-)->>  (>— > 

O— 3)  a* -6a*  4- ISo— 8  (a*— 4<H-4 


— 4a'+  So 


«+*)«•+■»»  (a«  -o«+r" 


«•+*» 
«•+'* 

«+«) 
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a'x'+tu' 


1.  biTi(lea*+4a«+4x*  by  a+Ss.  Ant.  s+2x. 

t.  Divide  a*— 3«**+3ax>'-«i  Irjra-r. 

Aoi.  a*— Soz+x*. 

3.  Diride  1  bj  l+«,  An.  1— •+a«-o»+iu:. 

4.  Dirid*  lex*  — 19t  by  S*-6. 

Ana.  4x»+e««+I8»+M. 

6.  Dindea'-6a*i+fOa*i*— ]0ii*(*+6ai*— 6' Ina*. 

iai+b*.  Aoa.  a'~3a*b+StA*~b  . 

6,  Dmde4Bx*-.9iku*~e4a't-i-ibOa'iyix—3». 

7.  DiTide*»-34**«+3*»«*— *•  byl>-36*«+3>»»-«*. 
9.  Diridea^— s^  bja— x, 

«.  Divide  a*+6a*7.|-&tw*+x*  byo+*- 

10.  Divide  «4+4aiii-326«  by  a+tb. 

11.  Divide  t4a«— M  b;  Sa-U. 


AMEBRAIC  FRACTIONS. 

AtouKAic  FiucTiana  hare  the  uma  luuiiei  and  rule*  of 
epention,  ai  numeral  Avctjeu  in  common  uithlueltc  ;  at  ap- 
peaia  in  tbe  foUmriag  ftnlea  and  Catei. 

Case 
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CASE  I. 

%  r*duet  a  Mnd  QudiUi^  ta  an  Ai^m^^  Frattio», 

HrLTiFLT  the  integer  bj  the  denoininstDr  of  the  fractJeot 
and  to  the  product  add  the  nomenttor,  or  connect  it  with  id 
proper  Ugn,  -|-  or  — ;  then  the  denonaiutor  being  set  under 
tbii  iiiBi  Will  give  the  ui^r6per  fractioo  required. 

E^AUPLES. 
1.  Reduce  5f ,  ud  ■•»-  to  improper  fracttou. 
-  the  Anawer. 


S.  Redace  a+  -7-  and  a to  inprvper  fnctiom. 

Finl,  0+^= ~— = — I —  the  AtUwer. 


9.  Reduce  &f  to  an  improper  fraction.  Aot.  ^. 

4.  Reduce  l-« —  to  in  toproper  IractiOB.        Ans.  ~ — , 

8,  Reduce  2b——- —  to  ui  improper  Iractioa. 

6.  Reduce  lS-( — — —  to  en  iniavper  firactioD. 

D  impK^r  Fraction. 

8.  Redace  4+tt — —  to  ao  improifer  fraction. 

CASKO- 

To  Bedacv  on  Impraptr  Fraeiim  to  a  Wholi  or  Mind  QwHilify. 

DiTfDE  the  Dumerator  b;  the  denominator,  for  the  integrtd 
part ;  end  set  the  remainder,  if  any  over  the  denominator, 
for  the  frBctianal  f»rt ;  the  tw«  joined  together  wil]  be  the 
nixed  qoantity  reouired. 

sxumzs. 
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MJBE&iA. 


1.  To  reduce—  and  — - —  M  mixed  quaatitiei. 

First,  ^=l6-ir3=6j,  the  AmWKt  reqpired. 

And,  — T —  3=a*+a* -4.6=0  4-  -r-.     ^wwer. 

„        ,        ««-3o»      .  3o*4-4a:»  .     , 

8.  To  reduce and — to  nuxed  quntUiM. 

AnRwer. 

3mH-4*^_  j^_j_^^  ^^+ija3!t+-^.     Am. 
'      a+x  «+* 

3.  Reduce-^ and tonuied  qnanUtica. 

Ad«.  6j,  and  ix—~. 


titicB. 

„   ,       3a»— S«* 

tities. 


So»+2o»-8a~4 


to  a  mixed  qnantit;. 


CA8EIIL 
To  Rtduet  Fractiont  ta  a  CDnuium  Dtmomi»ator, 

MoLTtPt-r  every  nomerator,  separately,  by  all  the  deso- 
minators  except  ita  owd,  for  the  new  numerators ;  and  all  tlia 
denomioatori  together,  for  the  common  denominator. 

When  the  denominators  have  a  common  divisor,  it  will  bo 
better,  instead  of  moltiplying  trf  the  whole  denominators,  to 
nultitily  onl^  by  those  parti  which  arise  from  dinding  bj  th« 
commoa  dinsor.  And  observing  also  the  several  rales  and 
diRctioos  as  in  Fractions  in  Uie  Arithmetic. 

EXAMPLES 
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1.  8«dBce  — tod  —  to  s  commoo  denominstor. 

Here —  and— =  —  tad — ,  by  multiplying  the  lerau  of  tke 

fint  fractioa  by  x,  and  the  tenU  of  the  id  by  x. 
ax         h 
t.  Radoca— t'l-  «ta -r  to  «  common  denomiiMtor. 

ax  b         abe    ex*  b*x 

Hmb  --.  -J ,  and  -  =  ^.  -J-  and  -y-,  by  ittoltiplying  tbe 

lemu  of  the  IM  fnctloa  by  be,  of  the  aecond  by  ex,  and  of 
the  3d  by  &z. 

S.  Reduce  ~  and  5l  to  a  conunon  deBonunatar. 

4ae         Sbx 

■         ,       ta        3a+26 
4-  Rednce  -r-  and  — x —  to  a  common  denominator. 

4«         3o6+3i« 


6.   Reduce  ^  and  ^,  and  4d  to  a  common  denominator. 

16m  ■       fl«*      .  34cd3e 
An.,  -g^and^and^-. 

5  So  Sa 

6,  Reduce  -g-  and  -t-  and  Zb  +  "jTi  to  fractions  baring  a 


1  ?a«      ,8o»+6» 

r.  Reduce  T"  and  -—  and  — xi —  to  a  c 


8.  Reduce  7-;-  and  =-  and  3-  to  a  common  denominator. 

CASE 


i;,Gooj;[c 


AI/HSRA. 


.  To  jUnd  the  QrtaUit  Common  ihoMin  ^  tk«  TVnRi  ^  a 


DiTiDK  tlw  greater  term  b;  th«  leu,  and  the  lut  diriior 
by  the  last  renuailer,  Bnd  ao  on  till  Dotfaiag  rrmrim  ;  tbea 
the  cliviaar  laat  uied  will  be  the  conmoD  meann  required ; 
JDst  the  same  as  in  common  numben. 

But  oote,  thet  it  is  pitiper  to  range  the  qmatitiM  eoioHi^ 
to  the  dimension!  of  lome  tetten,  r>  ii  ifaewn  in  dhirion. 
And  oote  also,  thet  all  (be  letten  or  fignret  i^eb  are  com- 
mon  toeanh  termoftbe  diviion,  mnit  be  thrown  oat  of  theiB, 
or  Buiit  dinde  them,  before  thej  are  swd  b  lh«  eperatioii. 


1.  To  fiod  the  greatest  contmoo  nei 

ora+*  >K»+6c*(c« 

Therefore  the  greiOeit  c 
X.  To  find  the  greatest  common  n 
fl»+Jo*+ft*>»-o*»Ca 


or    a+  &    )a>+toi+6*Ca+& 
a*+  06 


Therefore  o+fr  ii  the  greatest  common  diriior. 
o*— 4 
.  To  find  the  gtealeft  cownon  diTiaor  of -TXiT 

Am.  a— >t 
4.  T« 
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4.  Totii3ttiegiwtwt«HBmoBdiTigor<Kf -p--.^  ■• 

Aab.  a>-(*. 


To  il«(hcc  «- fVaelMin  to  *(*  £oMff  TVniu. 

FiXD  the  greatest  conunoo  BteBsiire,  u  in  tb«  bat  proUen. 
Hun  dinds  both  the  terma  of  the  Inctioa  by  the  conmoa 
aeasOTC  thus  foaad,  and  it  wilt  r«dgcc  it  to  Its  loweat  tenna  at 
once,  aa  wai  taqaired.  Or  dinde  the  terms  bj  any  qaaati^ 
which  it  may  appear  will  diride  them  both,  ai  ia  arithintical 
fraction. 


.  R«d«ce  ■  ...  .  to  iti  loweat  tenu. 


Hen  ■(+(■  ia  divided  by  the  common  fiutorb. 
Tbereftre  a+b  is  the  greateat  common  ffleooni  and  bence 


c«+«Je-fJ*)«'-6»e(a 
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1^4  AUOEKftA. 

Tberefim  c4^  ii  the  cealeat  cMUUHi  iiMawr*,  lad  beoce 


4.  Reduce  -; — t~-  to  ib  lewest  teims.  An*.    .,  .  ,,. 

'■  ''•*^..-».'I+3lf-t.  "  '" '"""'  ""•■ 


to  ih  lotrest  tensi. 


7.  Rednce  ■  ■  .  '^-i- ,  rr-  toitelqwert 


To  add  Fraefiowl  <2wm(Mm  fe; clAcr. 


If  the  fractions  hare  m  odttnoB  danoHiMtor,  add  all  the 
ouneniton  t<^ther  ;  tben  Mder  their  iiub  set  the  cooibob 
deoOBinator,  and  it  is  ddm. 

ir  they  hare  not  h  cMnnm  dmomtnator,  redM*  4Mli  t» 


!•  Let:aDd-begireii,tofiiidtfa«ir  sum. 

2.  SiTen  r,  ->  and  I  to  find  their  ran. 
reqaired. 
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FRACTKMR. 

-  and  £4*  —  tw  B(Med  togetber. 


h 

,  ,  ,  Bofct— Scat*     ^  _j     J 


Ads. 


6.  Add  -|-,  -^  and  -I-  taJieUier.  Am.  |^. 
«.  Ad<l??^wid^tog»*a-.                    Am-  ?^ 

7.  Add  «.+  •+?  to  *,+  ?!^. 

8.  Add  &».  and  ^  and  ^  together. 
».  Adf^.andyand^^tfigst&er. 

10.  Add  8«,  aivi  Y  aqd  3+  -|-  together. 

11.  Add  8a+  ~  and  Ss-  ^  together. 


*  Tt  Svhiract  one  Frottwi^  Qvanlt^jVom  CMOI^r. 


Rkdvce  tba  fnctiont  to  ■  conuBoa  denaniastsr,  a*  in  addi- 
tion, if  they  hare  not  a  common  denonuoator 

Snbtract  the  nnmeraton  from  each  other,  and  nnder  their 
diftrence  aet  &e  comaon  denomiQater,  aikl  Ac  wwk  ia  done. 


*  lalbcaddhkBafBiind  qoutltiH,  it  a  bail  to  bnr  4h  haotlvi]  niU 
itif  to  «  c^DOKiii  danoolutcr,  and  to  bwcx  (bctr  ran  to  dui  aniii  of  ifaiiato- 
!<>«.  wm  iLn  n«tf  rin,     AM  ll>«  >UM  nl«  nnr  bs  obtenad  for  mittA 
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1.  To  find  (he  MercDceof^aBdY. 

4  7  Xo  Zo         XB 

I.  To  fiod  Om  differance  of  — r —  uhI  ~^— . 

'      "*     4e     ~       3*      '^      lltte  Ittc       "* 

6«t-3W- tSac+164c  .    ^     .., 
^— — — --^^^~^^  u  the  difference  required. 

8.  Required  the  differoKe  ot-j-aoA—: 

3a 

4.  Required  tbe  differtaice  ot  Qaaad-j. 

6.  Required  the  diSereoce  of  —  and  ■^. 
6.  SabtTKl^from?^. 
r  Take  *^  from  ^. 

«.  T«ke  ta- ^^  froa  4a+ -.  ■ 


TV  MMpty  Fraetimid  QiKMtduf  legAer. 

MDrTinr  the  niimentorB  tc^tber  lor  s  new  nnswrator, 
■nd  the  denominators  Tor  a  new  denominator.* 

•  1  WlMotiw  nwiaialwof  <m  frutku,  ud  tha  iViMwiWalw  rf  **  tAvt 
1M  b*  dbUwl  t?  TCOM  qnuiliir,  whkh  N  EOEBoo  to  bMh,  ibe  qoMiMli  mkf  bB 

«.  WhcnafrKlicDiitobc  nsllildwd  br  in  tatager,  (he  jcodact  ii  finnd  m- 
Ow  br  iBidtiplTiiK  Iha  aoMntn,  or  diiidiu  (be  dmonii— (m  b*  K  i  *ad  if  iba 
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1.  Required  t«  find  the  prodact  of  g and— . 
"  "8X6  °^"40 "^        product  reqmred. 
S.  Reqnired  tl»  prodsct  of  ^,  — ,  and  — . 

3X4X7*64*14  ^  '"^"^  "I""*"' 

3.  Reqnirtdthe^vdnct  of-r-BudT— 7--. 

4.  Rcqnind  At  jffodiict  of  —  and  —. 
,3o 


6.  keqnircdtbcprodiKtof— aod-j 

,3tt 


S.  To  naltiply  -r-  aod  -r-  and  -^  togfiiber. 


.  Reqnired tbeprodnctofCa+^u 


8.  Required  the  product  of - 


Sbc  a+b     ' 

9.  Required  the  product  of  3a,  aid ,  and  s-^r- 

IO.MdU,l,.+i-^b,.-J+^. 

CASE  a. 

7^  Dim4t  Me  FVaetional  Qumlf^  6y  atuthtr, 

OiriDB  the  numerators  by  ench  other,  and  the  deaoBiaa- 

"  ide.    Bat,  if  not, 

mnHiply  by  it  ex- 


tors  hj  each  other;  if  they  will  exactly  divide.    Bat,  if  not, 
then  inrert  the  terms  of  the  divisor,  and 


actly  aa  in  multiplication.* 


r,  ud  Ihe  nnncntor  al  the  dMwr  far 
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1.  Re^nired  to  ^firide  ;^y-r 


-  the  qootieat. 


4  "So     Ma    3 

3a      5 
S.  Required  to  divide  ^  l>y  t 


Sa-f-Sft 


ttert. 


3fl-2t    '  4a+b  ' 


Here,  ■    .  ■■  X =>-r,uw --»  .  ■  itt;  "  **»  q«»- 

tient  reqaired. 

6.  To  divide  ^  Ijy  3*. 

7.  To  diride^by^. 

8.  To  divide  = rby=- 

Sx—^l    '  3 

9.  To  divide  ^by^. 

10.  To  dinde-i-T-bv-Trr. 

.,    _.  .,         t»*~U*      ,     «a»+fio6 
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I    IM    ] 

INVOLUTION. 

laTOLvnoir  ii  the  ratiii^  of  powen  from  any  propoied 
roat ;  luch  bb  findii^  the  aqaare,  cat>e,  biquadrste,  ^c.  of 
any  given  quantity.     The  nwthod  ii  m  followi ; 

•  UoLTiPLK  the  root  or  given  quantity  liy  itself,  aa  many 
times  as  there  an  anits  in  the  index  lest  one,  and  the  last 
]^odact  will  b«  the  pewer  required. — Or,  in  literalB,  mahi- 
{Ay  the  index  of  the  root  tyj  the  index  of  the  power,  and  the 
naalt  will  be  the  power,  the  sane  as  before,  ' 

/fou.  VThen  the  sign  of  the  root  is  -^-i  a^  tiie  powers  of  it 
wilt'ti«  +  ;  bat  when  the  signi*  — ,all  the  even  powerswill 
be  +1  *oi  aD  die  odd  jMwen  —  ;  as  ia  evident  trom  mnltipli- 
catioo. 


n,  the  root 
»■  s  sqaare. 
a*  =  cnbe 
«•  =  4th  power 
a*  >=  5th  power 
be. 

a«,  the  Toot 
«*  «B  Square 

a*  .scabe 

«•  =m  4th  pow«r 

a»»=  6th  power 

he 

-  <a.thenH>t 
+  4a»  =  square 

-  8«»  =  nhe 

+lta*»>n4th?KJW« 

-33a»  a:  6th  power 

-  5ai",  tteroot 
+    .9a«6*  » aviate 

-  27<.«6»  =:  cnhe 

+  81a«4»  «!  4th  power 
-«43a»i«»=  6th  power 

-^th.r«. 

^.*ero« 

-^»«-» 

,S^-"'» 

+j|^==«.„,«. 

iSr-^l"^"" 

•  Aavpnnrsf  tha'enidactof  tinarlKm  cttuititiM,  ia  equal  to  the  ii 
ppmi  ar«Kk  of  Ika  bEWMnaMriied  MnAer. 

AsdUTpMerof  «>'{nctli»,ii«qa»llD)be>ttiB  power  of  IhalM 
^Oad  bj  OH  tika  power  of  tk  ^ncmiiulcir. 

Allot  Bomh  urKnt*  ttf  diseaiDe^qalltt^,  UB  muKplied  bj  < 
adcBog  Aelr  eipoaeitt* ;  ordMded,  l^iDbbactiagtbeireipanec 


Uiqi-ZD^UvGOOglC 


X*+tLX 

+ax+aP 


s  +a 


:»  -fax*  +a'x  »*+«ase»  +a*x 


«»+3ojt«+5o"«-fa» 


the  cabei,  or  third  pomra,  of  x— a  utd  x+o, 
EXAHFLfS  F(Xt  FKACnCB. 

1,  Rtqaired  the  cube  or  third  power  of  So*. 

5.  Required  the  4th  power  of  3a*(. 

3.  Required  the  3d  power  of  --4a*ft«. 

4.  To  find  the  biquodrate  of  —  ^r-, 

6.  Required  the  Stb  power  of  a— tx. 
6.  To  find  the  6th  power  of  Kn^. 

Sw  Ibaac  Nkwtoh'b  Rdlk  for  ramttg  a 
Pontr  wAolffver.* 

1.  Tajtnd  At  t«rnu  miOwM  tk*  Co-^eituU.  The  index  of 
the  fint,  or  leading  quanlitj,  beg^ni  with  the  index  of  dte 
gi*en  power,  end  in  the  auceeediiig  termi  decreaaea  conti- 
nualljrb;  I,  in  ererj  tenn  to  the  hnt;  and  in  the  Sd  w 
JoUowing  qoaotitT,  the  indices  of  the  term  ere  0,  1.2,  9, 4, 
&G.  mrreusini  ^wayi  by  1.  That  is,  the  first  term  will  con- 
tain only  the  fint  part  at  the  root  with  the  laine  index,  «r  of 

•  lUinileiqnMediiigeoenltBnniltuMain) 

A*it(.  TIm  •am  of  lbs  e»(Acian(i,  is  era; jdwv,  i>  aqul  to  tlw  mwWX, 
iriNU raiMd lo  that  power.  ^»*I  +  1  b  sisilw  fimpomr;  1  -f  S  -f.  1 
ss4  =  t*iiitlwiqaH«{l  -l-S-f  3  +  l  =  «=3S'  b  lbs  odw,  or  thM 
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INVOLUTION.  SOI 

the  mM  height  ^  the  intended  power :  and  the  hit  term  of 
the  lerieB  will  coataiD  only  the  2d  pait  of  the  given  root, 
wheo  raised  alio  to  the  ume  height  of  the  intended  paw(r  | 
hat  all  the  other  or  iatenaediate  lenu  will  contain  the  pro> 
dacta  of  lome  powen  of  both  the  roembera  of  the  root,  ia 
•nch  aort,  that  the  powen  or  indieei  of  the  1st  or  leading 
atember  will  alwaji  decrease  by  I,  while  those  of  the  2d 
Betnber  always  increaae  by  1. 

t.  Tojind  the  Qt-^detiU.  The  fint  co-efficient  it  alwayi 
1,  and  the  second  is  the  same  aa  the  lodex  of  the  intended 
power ;  to  find  the  third  co-efficient,  ntnltiply  that  of  the  2d 
term  by  the  index  of  the  leading  letter  in  the  same  tersi,  and 
divide  the  product  hy  2  ;  and  bo  on,  that  is,  multiply  the  co- 
^cient  of  the  term  last  found  by  the  index  of  the  leading 
quantity  in  that  term,  and  divide  the  prodact  by  the  number 
of  terms  to  that  place,  and  it  will  give  the  co-efficient  of  thft 
term  next  following ;  which  rule  wU)  find  all  the  ca-efficients, 
one  after  anoAer. 

JVbte.  The  whole  number  of  terms  wilt  be  I  more  than  the 
index  of  the  giren  power :  and  when  both  ternu  of  the  root 
are  +,  all  the  terms  of  the  power  will  be  -f- ;  but  if  the  se* 
eond  term  be  ~,  all  the  odd  terms  will  be  +>  and  all  the 
even  terms  — ~,  which  caoaea  dte  terms  to  be  4"  and  —  alter- 
nately. Also  the  som  of  the  two  indices,  in  each  tens,  ia 
alwaji  the  same  ntimber,  viz.  the  index  of  the  required 
power :  and  conntmg  from  the  middle  of  the  series,  both 
ways,  or  towards  the  right  and  left,  tbe  indicea  of  the  two 
terma  are  tbe  same  figures  at  equal  distances,  but  mutually 
changed  placea.  Moreover,  the  caefficieots  are  the  same 
QDmheia  at  equal  distances  from  the  middle  of  the  i^ies,  to- 
wards tbe  right  and  left ;  so  by  whatever  numbers  they  in- 
crease to  the  middle,  by  the  same  in  the  reverse  order  they 
decrease  to  the  ead. 


I .  Let  a+x  be  involved  to  the  £th  power. 

The  terms  withont  tbe  co-efficients,  by  th«  1st  nilt, 
will  be 

a',  a*x,  b'x',  a'x',  ax*,  x', 

and  the  co-efficients,  by  tbe  8d  rule,  will  be 

AX 4   10X3    iOXa    6X1 

or  I,  6,  10;         10.  5,  'It 

Therefore  the  stfa  power  altogether  ii 
o»  +bfi*x+lOa*x*  -}- 1  Oo» »'+ 6m*  +»* . 
Vol.  I.  87  Kat, 
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but  it  u  beat  to  set  Ama  'both  Ae  cb-efficienlk  and  ttc 
poWen  of  the  letten  at  ooce,  in  one  IiDe,  without  Hie  inter- 
mediate Unet  In  the  above  eiunple,  as  in  &e  example  here 
below. 

i.  Let  a~x  he  involTed  to  tbe  6th  power. 

The  terms  with  the  co-efficients  will  he 
a'-So^i+lfifl***  — 20o'z3+15o*i;'  — 6ai'+j;«. 
3.  Required  the  4th  power  of  a~x. 

Ads.  »*■ — 4os«+6<^x»— 4*c»+**- 
And  thus  any  odier  powers  may  be  set  down  at  once,  in  tbe 
feame  manner  ;  wlkh  w  the  beit  way. 


EvoLDTioii  is  the  rererae  of  .InTalnliM,  being  tiM  method 
•f  flndhig  the  aqnare  root,  cube  root,  &C.  of  any  gives  qwa- 
tii^  whe^r  sii^e  or  compoosd.    . 


To  find  tbe  Rooti  of  Simple  Qiw»ii(iM. 

Entract  the  root  of  the  co-efficient  for  (he  nVneral 
part ;  and  divide  the  index  of  the  letter  or  letters,  by  the 
index  of  the  power,  and  it  will  give  the  root  of  tbe  literal 
part;  then  annex  Uiii  to  the  former,  for  the  whole  root 
■oi^t.* 

■  Anj  evoi  root  of  m  ifGimatlTe  quanlilj,  nny  I 
•qiHR  luot  of  -t-  ■!  ii  either  -|-  n,  or  —  a;  beam: 

Bui  in  odd  mol  of  any  qimnti^  will  haie  the  •eme  lifa  at  the  qnuidiv  iut\t! 
Ifaiu  tbe  cab*  root  of  -f.a>  ia  -f-auid  (he  cube  mot  of  a3  ii— 4;  (bi  ■i-a.X  + 
«X  +a=  +  «',«Bd-^ix—"X— «=—"=. 

Aofnta  nolof  eiMKeilve  queatkr  ■■  inqiaiuble;  for  oeitlvr  >f-«X  '^■■ 
BUT  —ax  — «  "n  produce  — aJ. 

Annolof  BpiHluct.isomuil  lo  [he  like  njot  of  each  of  (he  Ihcton  mnlttnlied 
MSXher.  And  fir  ihe  root  of  ■  Cnclioi,  ttka  (Iw  mot  of  the  nuDKralar,  nod  (be 
HNt  of  die  deiMauDalat. 
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EVOfJJTlp^. 


1.  Thesqiurerootor  4ai,is  3a. 

2.  The  cube  root  of  8a*,  ii  Sa'  or  2a. 


5.  To  find  the  acjaure  root  of  2a*i*.  Ans.  alt*^/t. 

e.  Tefindtbecoberootof  .64iis6«.  Abb.  >■ '  " 

7.  To  fiod  the  wjaare  root  of  —^ — .  Anf.  — . 

8.  To  find  the  41b  root  of  81a*&>.  Ans.  3a(  ^b. 

9.  To  find  the  6tfa  root  of  -3Sb*6*.         Ai».~2a^  V  ^• 

CASE  II. 

To^nd  the  Square  root  of  a  Compovni  QfUMtiti/. 

Tbih  is  performed  like  aa  in  numbers,  tbua : 
1.  Range  the  qaantitiei  according  to  the  dimeniiont  of 
one  of  the  letten,  and  tet  the  root  of  the  S,nt  tenn  in  the 
qnotieDt.  H 

S.  Subtract  the  square  of  the  root,  thns  fotind,  from  the 
fint  term,  and  bring  dotra  tii«  next  two  terms  to  the  re- 
ndnder  for  a 'dividend;  and  take  donble  die  root  far  a  di- 
visor. 

3.  Diride  tfie  dividend  by  the  divisor,  and  annex  the  r«|n)t 
both  to  the  auotieat  and  to  the  diriior. 

4.  Holtiidy  the  divisor  thus  increased,  by  the  term  }tat 
set  IB  the  quotient,  aod  snbtraot  Ute  prodnct  irom  the  (b«- 
dead. 

And  so  on,  alivajs  the  same,  aa  in  ctmnMn  arithmetic. 

HXAHFLES. 

1.  £ztncttbesqaarerootof(i*-4a)&+6aifr*->4iiA>-|-6*. 
B*-4«'644<i«fc»  -  4o6»+6«(«»  -  9ab+b»  the  root 

»«» -  lot)  -  4o»6+5««*» 
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t.  Find  the  root  of  a^+4an+tOcfb»+iiiil>-{-h*. 


6a*h'  +  Uab*+%* 


9.  To  find  the  MOare  root  of  a*+4<i*+6ii*4-4a4-l. 

Ai».  a>+2a-t<1. 
4.  Extrmcttbe  iffaare  rootol*  a*-3a>+2a*     o+i.        , 
Au  V*  -Jc+*. 
6.  It  it  feqoired  to  find  tiie  uoare  root  of  a*  —at. 

b    b'      b*  ■' 

Am.  (l-v— •- — -• ••  be. 

i    8a    ie«» 


7V,^iul  lb  Reott  of  any  Pontn  in  Gtntni. 

Tbh  ii  aba  dene  like  the  lune  root!  In  nninben,  thw  : 
Find  the  root  of  the  first  term,  and  set  it  tn  the  qnotient. 
•—Subtract  its  power  from  that  term,  and  1>nng  down  the 
Mcend  term  lor  a  dirideod.— Inrolre  the  root,  last  fonod,  t* 
the  next  lower  power,  and  maltiplj  it  by  the  index  of  the 
g^Ten  power,  for  adivbor.— Diride  the  dindend  bj  the  di- 
Tiior,  and  aet  the  quotient  ag  the  next  term  of  the  root. — : 
Involve  now  the  whole  root  to  Uie  power  to  be  extracted  ; 
tiien  aub'Tact  the  power  thua  arising  from  the  giveo  power, 
and  divide  the  fint  term  of  the  remainder  by  the  diviaor  first 
found ;  and  ao  on  till  the  whole  ia  fioiahed.* 


•  A>  lkiiRieaDd,iDh%hp(Mren,B«7b*Acii^tDoI«bariaai,itwinnotb> 
hnproptr  to  obtatie,  dut  tte  nnti  of  ccoqxxuid  (juutitiei  bh;  mBMlmei  be  ca> 


Citnet  <lu  loott  of  noie  sf  dw  moat  aimplc  toni 

&lbeB|*-|.  or— (Hoar  ba  judged  mcut  mM 
COtr^Diind  iDot,  thqi/ond,  to  tbe  properpcmcr : 


itlaUa  Ibr  (bs  pDr]Kiab>— In 
.  icr;  theii,iftluibctti*auMif 
III  if  h ba  foimd to dUcr 0)7  bin 
'—       U  •t',  till  it!  MKTcr  ap 
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1.  Tofindthewjturerootofa*  ~ta'h+3a'b*'—tah'+b*. 


ta»)ta*b' 


I.  Find  tbe  cube  root  of  a<— 6a'+Sla*  — 44a*+63a* 

— 64«+r;. 

«■— 6a*+«Ia*-44a>+63a*-a4a+S7(ai-Za+3. 


3b«)— 60' 


a*— fti»+«lo«-44a3+83a._64o+27t=(o"-U-3)», 


3.  To  find  the  iquare  root  of  a*  ~  itd>+iax-frh* —&x 
+iF*.  Ant-  a-b+:(. 

4.  Find  the  csbe  root  «f  a*-— 3a*+9a«— I3a>+I8a*-. 
12a+S.  Ao*.  oi-o+S. 

6.  find  the  4th  root  of  8la«— 216a>i+S16a>fc>— 96(|6> 
-)-t6&«.  Ani.  Sit— Si. 

6.  Find  the  6th  root  of  b>—  I0a44>40a*— 80a>+8te 
—32.  Au.  a— C. 

7.  Reqnired  the  aqnare  root  of  1  -«*. 

8.  Iteqaired  tbecnberoot^  1— X*. 


"IW  (B  Ibe  5b  nunple,  tba  root  3a- U,  iiibc  diBeraiM  of  the  noB  (f  Ae 
nitt  and  tM  tenna  J  and  in  ibe  (bird  eiunple,  (Im  not  a— 6  4-  c,  ta  Aanmc' 
Ae  KBtt  of  the  In,  4th,  utd  6tfi  Mtms.  fha  wdb  ma.j  >]»  be  ohurved  cf  Om 
6&  eXMBfl)^  when  Hm  Hot  i*  bmd  baa  die  bit  *ad  lut  Wtna. 

SURDS. 
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SviiDs  ore  mcli  qnantitiei  as  have  oot  eiact  valtiei  ib  qxud- 
bers  ;  and  are  iiausll;  expresied  b;  fractional  indicei,  or  bjr 
means  of  the  radical  sign  ^,  Thus,  S>,  or  ^  3,  denotes  the 
iquare  root  of  9  i  sod  s'  or  \/t* ,  or  \/\,  (he  cube  root  of 
the  square  of  2 ;  nhere  the  numerator  shows  the  power  to 
which  the  quantitj  is  to  be  raised,  and  the  denoQiifiator  its  root. 


To  Ridttct  a  Rational  QyuuttUy  to  the  form  of  a  Surd. 

Raise  the  ^ven  quantity  to  the  power  denoted  hj  the  iadax 
of  the  surd  :  tbeit  over  or  before  this  new  quanlitj  set  the 
radicd  sign,  and  it  will  be  the.  form  required. 


1.  To  reduce  4  to  tfaa  form  of  the  square  root. 

^irst,  4^=4X4=16;  then  ^  16  is  the  answer. 
9.  To  reduce  3a'  to  the  form  of  the  cube  root 

First  3«»X3«i»  X3o»=(3a")»=27a»  j 
tiheo  ^?a*  or  (27a<)^isthe  answer. 
8.  Reduce  6  to  ti»e  form  of  the  cube  root. 

Ans.  (216)^  ori^3t6. 

4.  Reduce  |ai  to  the  Ibrm  of  the  square  root- 

Ans.  v'|o*J*. 

5.  Hednc*  K  todttftna  of  th«4th  root.        .  Am.  <16)i 

6.  Reduce  a*  to  the  form  of  the  6th  root. 

1.'  Reduce  a-\-x  to'theformof  the  iquare  root, 
8.  Reduce  a~x  to  the,  form  of  the  cube  nKit- 


To  Rtdvce  (Quantities  lo  a  Common  Index. 

1.  RxDVCB  the  indices  of  the  circa  quantities  to  «  common 
JMominator,  and  involve  each  of  them  to  the  power  denoted 
bjrits  numerated  then  I  set  orer  the  eonunoti  denotnioetor 
fml  form  the  sommoo  index.    Or, 

2.  If 
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e.  ir  tHa  common  indes  be  givea,  finde  the  Indicei  of  (Iw 
qaanbtici  by  the  given  index,  and  the  qnolieaU  will  he  the 
new  indite  for  tbtwe  qmotitiet.  Then  over  the  uid  qnaa* 
titiei,  wiA  their  neir  isdicei,  set  the  giren  indei,  end  th«j 
wiQ  a»dc«  the  eqaivrieut  qaantitiei  looght. 

QUMPLES. 

1.  Reduce  3' asd  5*  to  s  cofflDHn  indei. 
Here  ^  and  J  a:  ^  u>d  f^. 

'Hierefore  S^  ud  6^  «  (S»)^  and  {»»}^»  =  V'S*  "id  v' 
6«=i/843and^  3S. 

S.  Reduce  a*  aitd  b'  to  the  lame  commoa  index  \. 
Here,  f  ^  ^  =  ;  X  )  =  f  the  lit  index, 

and^<ri  =  ix  f>=}tbe2d  index. 
Therefiire  («•)*  and  (6')*.  or  •  a*  wad  ,yh*  ate  the  quan- 
titiet. 

5.  Reduce  4*  and  5>  to  the  common  index  \. 

Ah.  S5S^)^  and  tb^. 
4.  Redaee  a*  and  x*  to  the  common  index  \. 

Am.  (<.*)t8nd(i*)^. 

6.  Reduce  a*  end  x*  I*  the  lame  radical  sign. 

Ana,  ^a*  and  V*. 
«,  Reduce  (o+i)*  and  (a—*)*  to  a  common  iadex. 

7.  R«A>ce  (0+^)*  and  {a—hy  to  a  common  index. 

PROBLEM  ITL 

To  Rtd%et  Snrdi  to  nu>r«  Shnplt  Ttrmi, 

FiHP  out  the  greHteit  power  contaiied  in,  or  to  dinde  the 
(iven  «nrd ;  takeits  root,  and  lel  it  before  the  quotient  or  the 
reowiDidg  tjaanlitiei ,  with  the  proper  radical  ugn  between 


1.  To  reduce  ^Si  to  tlmpler  terms. 
Here  _j/32Bt^l  fix  2=^/10  x  v/8=4X  ^'3— 4 -/i- 
7.  Ti)  reduce  ^3So  to  liropler  terms. 

^98(hB>/64  X  5»^64  X  ^^(^4  x  ^^=4^/6. 

3.  Reduce 
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3.  Hednce  ^76  to  ib  Hmplett  tenns.  Am.  6^. 

4.  Reduce  ^4}  lo  Bimpler  temu.  Am,  fy^/SS, 
a.  Redace  ^l89  tg  its  limpleit  terms.  Ans.  3^7. 

„         9.  Redace  l/W  to  ita  simplest  teroM.  Aim.  }^10. 

'^        7.  Reduce  v'7«'*^  to  iu  aiinidest  tenni.       Aiu.  &a^/3b^ 

Note.  There  are  other  cuei  of  redndug  algebraic  surds  - 
lo  umpler  forta>.  that  are  practiaed  od  oeren!  occaiioni :  one 
inatasce  of  which,  on  account  of  iti  simplicity  and  usefblneas, 
may  be  here  noticed,  viz.  in  frafitionol  fiiniie  baviog  com> 
poifod  sarda  in  the  deDominator,  maltiply  both  numerator  and 
denominator  by  the  same  term  of  the  deniHniaator,  bat  hav 
mg  one  aign  changed,  from  +  to  —  or  from  —  to  +,  which 
will  redace  the  fraction  to  s  ration^  deDoainator. 

E..  T.  r«l«=.  5!^J±^,  »dlipl,  i.  b,  :^|t^,  «U 

,  ,  18+4t/Ifi      „  ,  ^     ,,       .,      ..Sv-lfi— 4v'5 

it btcMnea  — ^~ — =8+2v'16.    *^>^^-r7i5+7^  • 

„^pl,  ,t  by  ^-^.  "nd  ,t  become!  — j^^  = 
65-3&^3_  13-7  V3 


To  add  Surd  QuONftlto  together. 

I.  Bring  all  fractiona  to  a  common  deoominator,  fndre* 
dace  the  qnantities  to  their  simplest  tenns,  ai  in  the  lart  prob- 
lem.— i,  Redace  abo  such  <|uantitiea  as  hare  uolike  indices 
to  after  equivalent  aaes,  haTing  a  common  index.-~S.  Then, 
if  the  surd  part  be  the  same  in  them  all,  Bonex  it  to  Uie  sum 
of  the  rational  parts,  nith  the  sign  ot  mnltiplication,  and  it 
will  give  the  total  sam  required. 

Bofif  the  sord  part  be  not  the  same  in  all  the  quantities, 
they  can  only  be  added  by  the  signs  +  and  — , 

EXAMPLES. 

1.  Required  to  add  ^It  and  ^38  together. 

First,  v'18=^?X2^3v/4  ;  and  v'32=^/l6X8=s4v'S  : 
Then.  3^i+4^i=a^S+i^y^i=TVi=  "um  required. 

2.  It  is  reqnired  to  add  ^376,  and  ^19«  together. 

First,  ^376=^126  X3=6V3;MdV'93=V6*X*=*V3' 
Then,  S^3+4{/S=(6-t-4)^S=9^3=  torn  required. 

9.  Reqdred 
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8.  R«;nir*d  the  mm  of  ^  27  and  ^/  48.        Ana,  T  ^  3. 

4.  Required  the  sam  of  ^  50  and  y/  7S.       Aiu.  1 1  ^  S. 

5.  Requirad  the  flum  of  v''  J  ^'^  «/  iV- 

Ans.  4  v't'j  OPt^^/ 16. 
4.  Require  the  sum  of  ^  5i  and  ^  18ij.         Ads.  a  \/  7, 

7.  Required  the  sum  of  i^  I  aod  ^3^.  Ani.  \}/%\ 

8.  Required  the  flum  of  Syi'a'i  and  Ay^l6a*i. 

PROBLEM  V, 
To/nd  t&€  I>^eretKe  of  Surd  QuaMititt. 

P&crAKE  the  qoaotitiei  the  laine  wa;  as  io  the  last  rule  ; 
thea  subtract  the  rationa)  pnrta,  aud  to  the  remainder  anoes 
the  cooiinoo  lurd,  for  the  difference  of  the  surdii  required. 

But  if  the  qatmtilie"  have  no  Goaunoo  surd,  they  c«i)  oplr 
W  subtracted  bj  means  of  the  si(p — . 


1.  To  fiod  tbe  jifference  between  ^  3S0  and  ^  BO. 
First,  ^  SiQ=y/G4)i5=B^&  ;  and  ^80=^/16  x  (•=4y/5. 
Then  8^.1—4^5=4^5  the  difference  soaght. 

2.  To  find  the  difference  betneen  ^  128  and  V  M. 
First,  V  lS8=^/'64>:2=4y2;  and  ^4=^*^' X^=V2- 
Then  4V*— 3^.  =1/^,  the  difference  required. 

3.  Required  the  difference  of  ^7B  end  y/iS.       Am.  ^3. 

4.  Required  the  difference  of  %/ibS  and  ^32.     Ans.  2s/4. 
6.  Required  the  difference  of  v'}  and  ^}.  Ant.  ^^^e. 

6.  Required  the  difference  of  ^  j  and  ^V  ■     A'"-  A  V^^-  - 

7.  Find  tlje  difference  of  ^tia'b"  and  ^54A* . 

Ans.  (ioA— 3i»}y'6,ort3i»r-2a<S)y'6. 

PROBIXM  VI. 

To  Multiply  Surd  QuaniUiei  togtlhtr. 

Reduce  the  surds  to  the  same  tndei,  if  necessary ;  neit 
multiply  the  rational  qoBntitie)<  together,  and  the  eurds  loge- 
(ber  ;  Uieo  annei  the  one  product  to  the  other  for  the  (Fhole 

{>roduct  required  ;  nhichinay  be  reduced  to  more  sim]jletertm 
r  DecessarT. 

^  E^^AMf  L£5. 

Voi.,  I.  8? 
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1.  Required  to  find  the  prodact  of  4^t»,  and  3y*.  

Here,  4  X  S  X  i/liX^i=l2^ltX2=:i2^H~l2^4X6 

=  lZx3>Cv'6=24^G,  the  product  required. 

2.  Require  to  multiply  i  y/i^y  ^i/  i- 
H«eiXiViXy|=^X^^,=-VTXVH=i'FXixVl« 

=^r^l8,  the  product  required. 

3.  Reqaired  the  prodnct  of  3^i  and  S^e.  Ani.  24. 

4.  Reqoiredtheprodactofi(/4and  J^12.  Ata.  ^l/G, 
6.  To  find  the  product  of  4  v^^  and  ^  ^f .  Aiu.  ^^15. 
6.  Required  the  product  ot  2^14  and  3>/4.     Am.  13^7. 

7:  Required  the  product  of  2a'  anda^.  Am.  2a  . 

8.  Required  the  product  of  (a+i)^  and  (a+£)'. 

9.  Required  the  product  of  Sx+^/B  and  2x—^6. 

10.  Required  the  product  of  (a+2v'A)*aod(a— 9^6)*. 

11.  Reqaired  the  product  of  S*"  aod  Si". 

12.  Required  the  product  of  Ax'  and  ty". 


To  Dioid*  ont  Smrd  Quantify  by  anathtr. 

RtBBce  the  aurds  to  the  same  indei,  if  neceisBiy  ;  then 
take  the  qnatieut  of  the  rational  quantitiei,  and  anoei  it  to 
the  quotient  af  the  surda,  and  it  will  give  the  whole  quotient 
required ;  which  may  be  reduced  to  more  aimple  terms  if  re- 
quisite. 


1.  Required  to  divide  6^96  by  ay's. 

Here  6^3  .  ,/(9e~.Q)=2^/li=2^{4X3)^iXi^3= 
4^3,  the  quotient  required. 

2.  Required  to  divide  12>/2G0  by  3^5. 
Here  12-^-3=4,  and  280-i-6=66=8X7=:3»  .  7. 

■  Therefore  4X2X^7=8^7,  U  the  qwoticDt  required. 


-:l,vG00gIC 


SURDS.  KM 

3.  Let  4  v*  fiO  be  dividea  by  2  /  G-  Ans,  t^  10. 

4.  Let  8  V  I0«  be  divided  by  3  ^  6.  Aas.  S  ^  20. 
6.  Let  4  ^  iV  ^  divided  by  J  ^  |.  Ans.  ,V  ■•  * 

6.  Let  }  ^  fV  be  divided  by  j  (/  j.  Ana.  y^  V'  ^' 

7.  Let  }  y^a,  or  )a^,  be  dividsd  by  \i^.  Ans.  Jo* . 

8.  Let  a^  be  divided  by  «^. 

9.  To  divide  Sa-  by  4a„. 


PROHiEH  Tin. 


To  Imoht  or  Raiit  Svnl  Qwuift'tiet  to  any  Pawtr. 


Raise  both  (he  ntioBiit  part  and  the  lard  part.  Or  mul- 
tiply the  index  of  the  quantity  by  the  index  of  the  power  to 
which  it  ia  to  be  raised,  and  to  the  reealt  annex  the  power  of 
the  rational  parti,  which  wiU  gire  (he  power  rcquire<l. 


I.  Required  to  find  the  square  of  jo*. 
Fiwt,  (|)'=JX|«A,and  (a*)»=«****>=o*=;p. 
Therefore  ({<■')*  =^a,  if  the  sqanre  required. 

3.  Required  to  find  the  square  of  ^a>. 
Firrt,  iXl=J  and  (o*)*<=o*=<i  V»; 
Therefore  (^a^Y^la}/a  it  the  square  required. 

5.  Required  to  find  the  cube  of  %^ii  or  %  X6*. 
Firtt,  (|)'»=J  Xf  X}*  A  an^  (6^)»=6^=6v'6. 
Theref.  (iv'fi)'=JV>*fi*/*'=y\/6.  t^*  '^^  required. 

4.  Required  the  square  of  2^2.  Ana.  4^4. 

6.  Required  the  cube  of  3*,  or  ^3.  Ans.  Sy/'S. 
«.  Required  the  3d  power  of  ^  ^S.                    Ans.  iv^S. 

7.  Required  to  find  the  4th  poiver  of  \  y/l.  Ans.  \. 

8.  Required 
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i.  fteqnire^  to  iui  tbe  mth  power  of  a". 
9.  Requind  to  find  the  aquarc  of  S+v'S- 


PBOBLEH  DL 


%  Etolvt  (rf-  Exttael  tbt  Reott  of  Surd  Quafi(t(M«.* 

tiTiiACT  both  the  rational  part  and  the  mrd  part.  Or  di^ 
tide  the  indei  of  the  given  quanti^  hj  the  index  of  the  root 
to  be  extracted ;  then  to  the  result  annex  the  root  of  tbe  ra- 
tional part,  which  will  give  the  root  required^ 


1.  Required  to  find  the  square  root  of  16^6. 
First,  v/  18=*,  and  (6^)^=6*"^*=6i  ; 
theref.  (16v'6)'=4  ■  6*=4y6,  is  the  square  root  required. 

S.  Required  to  find  the  cube  root  of  ^V^- 
First,  ViV=i.  and  (^3)*  =  si'^^^S* ; 
theref.  {j^^sy^^  .  3^=l^S.  in  the  cube  root  required. 

8.  Required  the  square  root  of  6'.  Ans.  6^6. 

4.  Required  the  cube  root  of  jo'J.  Am.  ^n  \/6 

5.  Required  tbe  fourth  root  of  16a*.  Ans.  i^a. 

6.  Required  to  fiqd  the  mth  root  of  x". 

7.  Required  tbe  sqnare  root  of  a>  —  6a^&4-9b. 


•  Ilic  •qmiaroot_af  ■  binomid  or  reudtul  surd,  a+t,  o 

Bad  %/i^=-v'^Y"~*'^' 

Tbns  (be  aquue  rool  of  4  +  S  v' 3  >c^  1 -f  ^  3  i 

■ndlhf  iqiureroolof  8— 3^5k  ^6  —  1. 

JVote,  For  the  cube  root  or  «nj  higher  root  k«  Hirt  __  .  . 
wonl  BiiuinuiJ  Siird,  Hewtou'i  Vnirtml  Artthmetic,  wid  the  IrealiKi  oi'  A%e- 
hts  b;  Mc.  Luuio,  Wgod.  uid  Bonnjcaille. 

»  INFINITE 
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INFINITE  SERIES. 

An  lofinite  Series  b  formed  either  from  dirisioR,  cUnding 
by  8  compound  divisor,  or  bj  etiraCting  the  root  of  a  com- 
pouod  (unl  juaatit^  ;  and  is  such  as,  betiig  cootiDued,  would 
roD  on  infinitely,  in  the  manner  of  a  continued  decimal  frac- 
tion. 

But  by  ttbtuoing  a  few  of  the  fint  tenns,  the  law  of  the 
progrcHion  will  be  manifest ;  ■«  Ihal  the  leriei  may  thence  be 
continued,  without  actually  perfonning  the  whole  operation. 


To  Jteduee  Fractional  Quantifut  mtv  Infinite  Strtet  by  Diwtion. 

DiTiuE  the  numerator  by  the  denominatOE,  as  in  rommon 
■liTision  ;  then  the  operation,  continued  as  for  as  may  be  thought 
neceasary,  will  give  tike  inGoite  series  required. 


«a£-(-S5> 


— u* 

?/l* 

~~ 

9fi» 

«» 

tt* 

s 

'> 
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3.  Let-T be  cbangod.  into  an  ia&ule  aeries. 

l-«)  I (H-o+o*+o»+o*+Im;, 


3.  Eijumd  — -~—  iDtO  an  iDfioite  seriea. 


*-H'<('-;+S4+'«> 


4,  Eipand  — 


.  into  an  infinite  Hrica. 


Am.  l-%x+ix'—2x'+2x*,tic. 


7.  Bxpand-rxjs  ^,  into  anittfioile  Miin- 

FR0BU3M  II. 

To  Rethut  a  Compound  Surd  into  an  Infinite  Striet. 

£stract  the  root  aa  in  common  arithmetic. ;  (ben  the  ope- 
ration, continued  as  fdr  a»  may  be  theu^t  neceasan,  will  give 
the  seriei  required.  Dnt  thii  method  is  chiefijr  of  use  in  es- 
tracting  the  square  root,  tbe  operation  being  too  tedious  for  the 
higher  powers. 

tlXAMPLBS. 
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INFINITE  SERIES. 

EXAMINES. 
1.  Extract  tbe'root  of  a*  -x*  id  an  iD6nite  Beriet. 


-— -(tc. 

64o« 

f,  Ezpjttd  ^'l+i~^Z,  into  an  infiiute  mriei. 

An,.  i+i-^+A-ihSw. 

8.  Expand  ^1  —  1  into  an  uifinil«  leriei. 

Am.  i-^-|.A-^te. 

4.  Expand  ^a'  +x  into  an  infinite  leriei. 

6.  Expend  ^a*—2(x—x'  to  an  infinite  serie*. 

PROBLEM  IIL 

To  Extract  any  Root  of  a  Binomial;  or  to  Beduce  a  Binomial 
Surd  into  an  Infinile  Seriu. 

Tint  tviil  be  done  by  lubftitDling  the  particniar  letten  of 
the  binomial,  with  their  proper  tigna,  in  the  folloiriDg  genera) 
theorem  or  fornrala,  viz. 
,    ,      ,—      ™     i«        ,  m — n      ,  tii — 2»      ,    , 
(?+r«)  .=r.+^i«+-^«»+-jj-c«+  be. 
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tie  ALGEBRA! 

and  it  gire  will  the  root  rcquiretl :  obwrring  tbst  f  deiiotei  th» 
fint  term,  «  the  second  term  divided  by  tbe  fint,  *  the  indev 
of  the  power  or  root ;  uid  *,  b.  c.  d.  Itc,,  dcaota  die  MTtntl 
(bregoins  t«nni  witb  their  proper  ugna. 


I.  Toeztnctdtc  sq  root  of  a'+^'tUi'*  infinittHriet. 
Here  p=a»,  «  =  — aod  — =s-;  therefore 

r  ■;=  (»»)■;=  (a*y=a=A,  the  lat  term  of  the  leriei. 

m  b*     b* 

—  i«=i  xoX  -— =  Tr=".  **•*  2d  term. 


4        8a     «■  a.4a' 

1-4  6* 


=c,  the  3d  term. 


2o     «.4a»^2.4.6ffl» 

3.  To  fiod  the  value  of  ; — • — r,  er  ita  equal  (a-x)'*,  in 
(a-*) 
an  mfinite  series.* 


*  Moti.     Td  &clliuts  tlM  appliotiaa  of  tbe  nik  to  fttctimal  atatjiet,  it 


Bay  ninl  naj  be  bjin  Trgm  tb 


don  (ud  ^"ccd  lo  lliB  nuiiiEimior,  and  rice  Tena,  by  ooljr  chuging  Ihe  ngn  of  il 
■ideK.    Tbui, 

(a  +  bf'-.uaA  .    ^.     >=tt'(a4j)~';  md-|-=K'x'^;  »'~ 
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INFINITE  SERIES.'  „f 

Here  f=.,  .=  =;  =_»-.,,  1^  =.  =  =?,=_,,  a„„t 
»  ■  =(«)"■  =  ^  =*,  the  lit  tenn  of  the  series. 
T  "=-"<?  X  ^  =.!|  =8.-..=,,  u,e  sd  ten.. 

*»  a*        o       (»•> 

Hence  ffl"»+2a-»*-f-3o-*x»+4a-»«9+  Uc.  op 

5"^+ oT"+"^+-^  •c- "  "«e  Banes  required. 

5.  To  find  the  ralae  of-;;-,  in  an  ii^nitc  leriei. 

An..  a+,+^+^+^  u. 

6.  To  ^'P'lxIf^^TT;  io  "n  infioite  series. 

B,  To  eipwid  v'«»  -t*  or  (o*— j")*  in  b  series. 

Am.  a—  — • — _ ..  be 

So     8a»      l6o«      12«o' 

7.  Find  Ihe  value  of  ^(o»-i*)  op  (a»-i»)^  Id  BKriei, 

B.  To  find  (he  Talu«  of  V("'+**)  «r  (o*  +j»)^  in  a  series, 

Ans.  a+—-~.—-^+~~-~  to. 
o»'     Sou*     ixoa>' 

Vor,.  I.  J9  9    To 
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5+4  ■■ 

a' 
JO.  Fittd  Qw  cube  root  of  ,  .  .,■  ">  > 

^      


ARITHMETICAL  PROGRESSION. 


ARifBKKTicu  PitooREiiioN  u  when  t  series  of  qunntitiK 
hare  all  the  same  coronioa  difference,  or  when  they  either 
increase  or  decrease  by  the  same  common  differeoce.  Thus. 
2,  4, 6,  8,  10, 12,  be.  are  in  arithmetical  progression,  having 
the  commoo  difiereoce  2 ;  and  a,a  +  d,a  +  Sd,a  +  3d, 
a  +  4d,  a  +  fid,  kc.  are  series  in  arithmetical  progression, 
the  commoo  difference  being  d. 

The  most  nsefid  part  of  arithmetical  propartiob  is  contiun- 
«d  in  the  following  theorems : 

1.  When  fbnr  qnantitiea  are  in  Arithmetical  PMportioD, 
the  (om  of  the  two  extremer  is  equal  to  the  sum  of  the  two 
raestts.  That,  in  the  arithmetic^  4,  6,  7,  9,  the  sum  4+9 
=6+7«:IS :  and  in  the  arithmeticals,  a,  a+d,  b,  b+d,  the 
sun  a+6+(l=a+6+(f. 

1.  In  anj  continned  arithmetical  prt^ression,  the  aom  of 
the  two  eitremei  is  Aqnal  to  the  snm  of  any  two  terms  at  aq 
equal  distance  from  them. 

Thus. 
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AKITHHETICAL  PROPORTION.  Xl9 

Thin,  if  the  seriei  be  1,  ?,  6,  7,  9,  II,  be. 
Then  1+11=3+9=5+7=12. 

2.  The  Uit  term  at  uiy  increuiiig  arilhmetica)  leriM,  is 
equal  40  the  first  (eim  increaied  by  the  prodoct  of  the  com- 
non  difference  maltipiieil  by  the  number  of  tatot  leu  one  j 
bat  in  B  deucatii^  aeriea,  the  lut  tenn  is  equal  to  the  first 
term  leiaened  hy  tlw  laid  product 

Thai,  the  20th  tens  of  the  lerieB,  1,  S,  6,  7,  9,  fee  ia  = 
I  +  2(gO_|)=il+2XI9=l+38sB39. 

And  the  nth  term  of  a,a-^d,  a— 2d,  a— 3^  a— W,  be,  it 
=a_(n— 1)  Xrf—a— (»— l)rf. 

3.  The  flom  of  all  the  termt  in  any  Mfiea  in  arithiBCtieal 
ptogrenion,  if  equal  to  half  the  aum  of  the  two  extrcaea 
multiplied  by  the  number  of  lerma. 

Thoa,  Ote  nun  of  I,  3,  5,  7,  8,  lu,  continaed  to  the  10th 
fl  +  l9)XtO     20X10     .„„.«,„ 
term,  n  =  >.  .'■  ■/ = — - — =10X103«100. 

jtnd  the  lum  of*  tenu  of  a,  a+d^  a-^-id,a+id,  to  s-HmI, 


EXAMPLES  FOR  PRACTICE. 


1.  The  firat  term  of  an  increaaing  arithmetical  aeriea  is  1, 
the  common  difference  2,  and  the  number  of  tetmi  21 ;  re- 
quired the  aum  of  the  aeries  ? 
First,  1+2XH)=1+40=:4I,  is  the  last  term. 

Then  -^^  x2e=2IX20=420,  the  aum  required. 

a .  The  firat  term  of  a  decreaaing  arithmetical  series  ia  1 99, 
the  common  difference  3,  and  the  number  of  teima  67  ;  re- 
quired the  sum  of  the  aeries  ? 

Fint,  199-3 .  66=199— (98=1.  ia  the  last  term. 


=  100  X  67  1=  6700,  the  i 


quired. 

3.  To  find  the  ann 
1,  2, 3. 4,  6,  e,  be. 


4.  Required 
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no  ALGEBRA. 

4.  *  Reqttirtil  the  nm  of  99  termt  of  die  odd  Mulven 
1,  3,  6,  7,  9,  &c.  Am.  «8n. 

5.  The  fint  teriD  of  s  decreuing  arittnetinl  terim  i>  10, 
the  commoD  difference  ),  aad  the  ■umber  ^  terns  SI ;  re- 
quired the  Bnm  of  the  leriea  T  Am.  140. 

6.  One  boadred  ttoDes  being  pUced  on  the  groand,  in  ■ 
itrai^t  line,  at  the  distance  oft  yrt*  from  wch  other :  how 
fiu-  iriH  B  penon  trarel.  Who  riull  briag  then  me  bj  one  to 
a  baiket,  which  is  placed  3  juds  from  the  fint  stone  T 

Asa.  n  Hdlei  and  810  yards. 


AMPLICATION  OF  ARITHMETICAL  PROGRESSION 
TO  MILITARY  AFFAIRS. 


A    TiutiiaDi.ui   BattalioD.t    consisting   of  Mtty    rmki, 

in  whkh  the  fittt  rank  is  formed  of  one  man  only,  the 

second 


*  The  lamofm;  Dumbw  (h)  of  lemiiaf  Ibe  •rillagMinl  aerie*  of  odl  IMK- 
b«rl,3,5,7,9,*ciieqa«ltoll»iqo«»(ii»)<rfaiMnBnher.     nwlhj 
If  I,    3.     i,     7,      9,    Ac.  ba  tfa>  nonben,  thai  will 
I'.S*,  9*,  4*.  »*.  ac.l»tiM>uiiiiori,*,3,*c,(inttt 
11^0+1^     1  atl'.thttmoril  tern, 
14^3=E    4orl*,tkaiURi<ir2Krm», 

iXs^     9  or  3   ,  the  «Di  ol'  3  terms,  * 

94.T3E  16or4',t)Miuinof  4ieiiiit,ftc. 
Far.W  Oe  3d  tbeoren,  1+1  (n— I>n.I  +  &>— Ss>ai— 1  h  Ihclul  tenD, 
nbw  ibe  nombir  o(  tennalsn;  to  (his  lot  tcnn  2it~l,mdd  Ihe&ilteiB  1, 
gTTiii3>itbaniDof  die»tr«nti,oT(llH][^aiijiiof  dKntnme*;  ikHi,byth* 
4&  tbcofCBi,  nXn  =n*  it  Ox  mm  of  all  ttw  termi.  Hetm  it  ipPMn  in  E^ 
onni,  that  bkir  the  nun  of  iba  axtnmM,  is  alwaf  >  Ibe  nme  H  tbc  DiUDber  of 
the  temntt;  mud  tfut  the  Bm  ^  all  (hi  temu,  id  Iha  nme  Mtbe  sqiurt  of  iha 

S»  mon  OB  AiittaB^tkal  FiDpiMioo  ki  ths  Aritluqetic,  p.  HI- 

f  ^  triuicaliT  batftlioo,  it  to  ba  uodertlood,  «  body  of  trodpe,  nn 
roira  ^>  tiu^le,  iowUcblfaerH^einied  wch  otber  hr  w  equal 
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ARITHMETICAL  PROGRESSION.  2St 

uemtd  of  3,  the  Oird  of  5,  and  10  «n :   What  U  the  streDglh 
«f  nrich  I  tnuguter  balUliob  ?  Aniwer,  900  men. 


A  ^etachmcDt  baring  I!  aiKcesiire  days  to  march,  with 
•rden  to  advance  the  first  daj  only  2  leagues,  the  second  S^, 
and  so  on  increaning  tl  leagae  ench  day's  inarch  :  What  ia 
the  length  of  the  whole  mardi,  and  what  is  the  last  day's 
march  ? 

Answer  the  last  daj's  march  is  18|leagaes,  and  123  leagues 
is  th<  length  of  the  whole  march. 


QIIESTICHI  in. 

A  brigade  of  ssrppers,*  baring  carried  on  16  jards  of  sap 
Ok  first  night,  the  second  only  13  yards,  and  so  on,  decreaaiog 
2  yards  erery  njgbt,  till  at  last  they  carried  on  io  one  night 
vnly  3  yards :  miat  is  the  number  of  nights  they  were  em- 
(rtoyed ;  and  what  is  the  whole  length  of  the  sap  ? 

Answer,  they  were  employed  7  D^bts,  and  the  length  of 
the  whole  sap  was  63  yards. 


*  A  hrinda  of  MtnerOi  comlMi  geotnUj  of  <  neo  diiidcd  equill^  into  two 
Mitic*.  Wklle  one  d  Ifaew  pmAa  u  tdvatcjng  (be  np,  the  oCwr  is  nmiafaiflf 
.  tte  SBbfais,  fucBK*,  «>d  otber  aeceutry  ma^ltamtla,  lod  irim  the  Ont  |iBMr  u 
tired,  the  xccod  ttkac  its  ^ace,  (nd  lo  m  till  eadi  naa  in  turn  has  beta  U  llw 
hfd  of  lbs  mp.  A  Mp  k  >  nodi  dildi,  between  thne  uxl  ibnr  feet  in  breadth 
auddepdli  lad  if  diMtBcuidMd  ftomClie  tranch  bj  its  breadth  oalj,  the  trench 
banng  beoreen  10  md  IS  bet  breadOL  Aa  an  encoaragemeDl  (o  lappers,  the 
ptj  fOT  ill  the  irork  carried  oo  by  the  whole  bri|;wle,  U  girea  toihe  surriTOrs. 

Q[7EGTI0.\ 
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QUESTION  IV. 

A  Rtunber  of  gabioni*  being  givn n  to  be  plued  in  at 
tanks,  one  above  the  other,  in  such  a  naanner  as  that  each 
rauk  exceediog  une  another  equally,  the  fintt  maj  consisl  of 
4  gabiuDi,  Hod  the  last  of  9  :  What  is  the  number  of  galHOU 
in  the  ^iz  ranks ;  and  what  ic  the  difference  between  each 
rank? 

Answer,  the  difference  between  the  ranks  will  be  1(  and 
the  nombsr  of  gabions  in  the  six  ranks  will  be  39. 

.    QUESTION  V. 

Two  detachments,  dittant  from  each  other  37  leagues,  snt 
both  designing  to  occupy  an  adrantageow  post  equi-distant 
from  each  other's  camp,  set  nut  at  difierent  times  ;  the  first 
detachmeot  increaeing  ever;  daj's  march  1  leagae  and  a  half, 
and  the  second  detachment  increasing  each  day's  march  S 
leagues :  both  the  detnchments  arrive  at  the  same  time  ;  the 
first  aAer  6  dajs'  march,  and  the  second  after  4  dajs'  march  : 
What  is  the  number  of  leagues  marched  by  each  detachment 
e«ch  day  ? 

The  progression  |^^,  8-^,  3^,  &^,  6^^,  answers  the  con- 
ditions of  the  first  detachment :  and  the  progression  If,  3f, 
&|,  7f ,  answers  the  conditiooa  of  the  second  detiichmeat. 

QUESTION  VI. 

A  deserter,  in  bis  Ai^t,  travelling  at  the  Yate  of  8  les«aei 
n  day  ;  and  a  detachment  of  dragoons  being  sent  after  hiiBa 
with  orders  to  march  the  first  day  only  S  leagues,  the  second 
h  leagues,  the  third  8  leagues,  and  so  on  ;  What  is  the  nnm- 
ber  of  days  necewary  for  the  detachmutt  to  overtake  the  de- 
serter, and  what  will  be  the  number  of  leagues  marched  be- 
fore he  is  overtaken  ? 

Answer,  5  days  are  necessary  to  overtake  him ;  and  cmtse- 
qnently  40  leagues  win  be  the  extent  of  the  march. 

*  GkUont  an  buluU,  npea  at  bndi  cndt,  made  of  cnkit  twin,  and  of  a  (7- 
Andrical  £>nn ;  thole  niBde  use  of  nl  Uk  tnochee  are  2  Teet  iridc,  and  about  > 
fcethigihi  wUch,  being  lUkd  wilfa  earth,  nrre  as  a  teller  fiaiiduBtein)''3  lite  | 
aaS  man  made  uae  oC  to  construct  ba(t>trie*,  an  gnnerallf  hi^Mr  and  broader, 
T)«v  ia  another  eort  of  nhicn,  Diada  ute  of  to  niae  a  Imr  panpel;  ilshai^ 
M  fraa  1  to  9  t^.  and  1  loot  wide  at  tof,  but  woewbat  ten  at  bMIon,  M  gtre 
fopni  fer  placing  the  muitle  of  a  firelocli  betireen  Ihem ;  (heie  gabioas  aairs  in- 
Head  of  latid  liagi.  A  nnd  bag  ia  generall;  (oa^  to  ctMain  •boot  a  cabkat 
.  fool  of  earth. 

QUESTION 
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PILING  OF  BALLS. 


QUESTION  Tn.' 


A  coRTOy*  dutaot  36  leagues,  having  orders  to  join  id 
camp,  and  to  march  at  the  rate  of  6  loagucs  per  day  -,  ita 
eicort  departiDg  at  the  ume  time,  with  order*  to  march  the 
fint  day  only  half  a  leogne,  and  the  hat  day  9|  leagues  ;  and 
both  the  etcort  and  convoy  arriving  at  the  laine  time  :  At 
what  distance  is  the  etcort  from  the  convpy  at  the  end  of  each 
Barch? 

OF  caapUTIMG  SHOT  OR  SHELLS  IN  A  FINISHED  PILE. 

SiMT  and  shells  are  generally  piled  in  three  different  forms, 
called  triangular,  square,  or  oblong  pilei,  a&cording  as  their 
base  ia  either  a  triangle,  a  square,  or  a  rectangle. 

f'g.  1.     C  G  Fig.  2. 


ABCD,  figk  1,  is  a  triangular  pile, 
troB,^.  2,  is  a  square  pile. 

E  A  J%.  J. 


AacPEF,  fig.  S,  is  an  oblong  pile. 

*  Br  cunnqrif  (eoanJlf  meint  ■  upplj  oT  mnnuiltion  wproriakoi,  cganjr- 
ldlo|lMn<»riinv.    TCe  bodjiariiieo  thai  guard  IhilEupprr  it  called  «Kon., 

Atrianpilar 
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324  AL6SBRA. 

A  triaDgalarpite  is  fbnned  bj  the  cODtiiiDal  layii^  of  triM* 
gnlsr  borizonlal  courssi  of  shot  oat  abore  another,  id  aocli 
a  manner,  as  that  the  sides  of  these  counea,  called  rows,  de- 
crease bj  unity  Irom  the  bottom  row  ts  the  top  row,  which 
ends  aliv^jTs  in  t  shot. 

A  sqiiiire  pile  is  formed  by  the  contino^  lejiog  of  sqaai^ 
horizoDlal  courses  of  shot  one  above  another,  in  inch  a  m^- 
Der,  as  that  the  sides  of  these  coonei  decrease  by  nnity  from 
the  bottom  to  the  top  roir,  which  ends  also  in  1  shot. 

Id  the  traDgalnr  and  the  sqaare  piles,  the  sides  or  &cei 
being  equilateral  triangles,  the  shot  contained  Id  those  facet 
'  form  an  arithmetical  progression,  having  for  first  term  uai^, 
and  for  last  term  and  number  of  terms,  the  shot  contained 
in  the  bottom  row  ;  for  the  number  of  horizontal  roue,  or 
the  number  counted  on  one  of  the  angles  from  the  bottom  to 
the  (op,  is  always  equal  to  those  counted  on  one  tide  in  the 
bottom :  the  xides  or  faces  in  either  the  triaogiilar  or  sqaara 
piles,  are  calltid  arithmetical  trian^et ;  and  the  numbers  con- 
tained in  these,  are  called  triangular  nnmbert ;  «BC,  fig.  l.Ero, 
fig.  3,  are  arithmetical  triangles. 

The  oblong  pile  may  be  conceived  as  formed  from  the 
square  pile  abcd  :  to  one  side  or  face  of  which,  at  ad,  a 
number  of  arithmetical  triangles  equal  to  the  face  hare  been 
added :  and  the  number  of  arithoMtical  triangle*  added  to  the 
square  pile,  by  means  of  which  the  oblong  pile  is  formed,  ii' 
always  one  less  than  the  shot  in  the  top  row  ;  er,  which  is  the 
same,  equal  to  the  difference  between  the  bottom  row  of  the 
greater  side  and  that  of  the  lesier. 


QUEsncmna 

To  find  the  shot  in  the  triangolarTile  4bc»,  fig.  ],  the  bot^ 
torn  row  aa  consisting  of  8  shot. 


The  prapoted  [Mle  consitting  of  8  horizontal  connee,  each 
of  which  forms  an  equilateral  tnaD|^e  ;  that  is,  the  shot  con- 
tained in  these  beii^  in  an  arithmetical  progression,  of  which 
the  first  and  last  tenn,  as  also  the  number  of  terms,  are  known  ; 
it  follows,  that  the  sum  of  these  particular  courses,  or  of  the 
8  progrenioni,  will  be  the  shot  contained  in  the  proposed  pile  ; 
then 

The 
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PIUNQ  OF  BALI£. 

The  ibot  of  dw  fint  or  lower  ) 
triangiilar  cotine  will  be      ) 

tibeBecond  -  -  • 

tfio  tbird  -  - 

thefbarth  ...  -  6+1X21=15 

Ae  fiftb  -  -  -  4  +  1  X  2  =  10 

tbe  sixth  -  -  -  3  +  I  X  H»:    6 

the  fCTCBth  -  -  -  -  S  +  1  X  1  a>   S 

the  eighth  -  -  -  1  +  1  X   4«=   I 

.  Total     .     ISO  shot 
is  tfao  pile  propofled. 
qtrESTtoH  IX. 
To  fiod  the  shot  of  the  iqaare  pile  ktoh,  ig-  3,  the  bottom 
TOW  Kr  cQQsistiDg  of  8  ibot. 

SOLUTION. 
The  bottom  row  cpatainiDg  8  shot,  the  aecond  only  7 ;  that 
it,  the  rows  fontting  the  progression  8,  7,  6{  5,  4,  3,  2,  1,  ia 
which  each  a[  the  terms  being  the  cqaare  root  of  tbe  ihot 
contained  in  each  lepante  square  course  employed  in  foming 
the  vqaare  pile ,  it  fellows,  that  the  sam  of  the  sqoaru  of 
these  roots  will  be  the  shot  required :  and  the  som  of  the 
sqaareaof  8,7,6,6,  4,3,2,  1,  being  204,  expresses  the  shot, 
in  the  proposed  pile. 

(tUESTKMX. 
To  find  tbe  tbot  of  the  obk»i%  pile  abcdef,  fig.  3 ;  ia 
which  Bp=16,  and  bg=T. 

soLtrrioN. 
Tbe  oblong  pile  proposed  consisti^  of  the  e^nsre  pile 
UCD,  whose  bottom  row  is  7  shot;  besides  9  arithmetical 
triangles  or  progressions,  in  which  ibt  first  and  last  tenn,  as 
also  the  nnaber  of  terms,  are  known ;  itibllowi  that, 
if  to  the  COTiteoti  of  the  square  pile  -        140 

we  add  the  sum  of  9  times  the  progression  -        252 

their  Mai  gires  tiie  contents  required         -        392  AiA> 
REMARK L 

The  shot  in  the  triangular  and  the  square  piles,  as  also 
the  shot  iu  each  horizootsl  course,  may  at  onca  be  secer* 
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tained  b;  the  felbwing  tabl« :  the  vertieal  coluaa  a,  md- 
tHins  the  <bot  in  the  bottom  Totr,  from  1  to  20  iaclaaiT^) 
the  colamn  •  cootitDi  the  Iriaogalar  ntiiBben,  or  nmnber 
of  each  coune ;  the  cokiina  c  contuu  the  anm  d*  tb« 
trisDgnlar  nnmben,  that  is,  the  shot  contained  in  a  triannlar 
pile,  commonlj  caUed  pjraoridal  namben;  the  column  i> 
contaiu  the  square  of  the  namben  of  the  column  a,  that  ■•, 
the  shot  contained  in  each  square  horizootal  course ;  and  tb« 
column  E  contains  tbe  sum  oftheae  squares  or  shot  in  asquare 
j»te. 

C  B  A  D  E 


^^ 

as- 

■nmben. 

Squ«. 

ttaett 
iquin 

4 

1 
3 

1 

2 

1 

4 

1 

6 

10 

6 

3 

9 

14 

80 

10 

4 

16 

SO 

35 

16 

6 

25 

56 

66 

Zl 

6 

38 

SI 

84 

28 

7 

49 

«0 

120 

36 

8 

£4 

204 

166 

.   46 

9 

81 

286 

2S0 

66 

10 

100 

385 

286 

66 

II 

121 

606 

364 

78 

12 

144 

650 

466 

91 

13 

169 

819 

660 

106 

14 

196 

1016  , 

eeo 

120 

15 

225 

1240 

8IS 

1» 

16 

266 

1496 

969 

163 

17 

383 

1786 

1140 

171 

18 

324 

2109 

1330 

190 

19 

361 

2470 

1640 

210 

Hi 

400 

2870 

Thus,  the  bottom  roir  in  a  trisDgular  pile,  consisting  of  & 
■hot)  the  contents  will  be  165 ;  and  when  of  9  in  the  square 
pile,  286. — In  {he  tame  manner,  the  contents  either  of  a  square 
or  triangular  pile  being  given,  the  shot  in  the  bottom  row  maj 
be  easily  ascertained. 

The  contents  of  anj  oblong  pile  by  the  precedii^  table 
nay  be  also  with  little  trooble  ascertamed,  the  fexs  side  not 
etceeding  20  shot,  nor  the  difference  between  the  leSi  and 
the  gre^r  side  20.    Thus,  to  find  the  shot  in  u  obloiw  pile. 

the 
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PILING  OP  BALLS.  UT 

A«  l«M  aide  being  lb,  tnd  the  greater  36,  w«  are  first  t« 
find  the  coDtenta  of  the  iiinare  pile,  bjr  meaaa  of  which  the 
•Mong  pile  may  be  conceived  to  be  formed ;  that  is,  we  a/e 
to  find  the  c(»tents  of  a  iquare  pile,  whue  bottom  row  is 
ISabot;  which  bein^  1240.  we  are,  Hcondly,  to  add  theie 
1240  tft  the  product  8400  of  the  trtaDgular  nnmber  130, 
aoawariitg  to  I6,  the  number  expresaing  the  bottom  nnr  of 
iht  aritbiDRtical  triaogla.  moltiplied  by  20,  the  Dumber  of 
thoee  triaog^ ;  and  their  sum,  beii%  3640,  upretses  the 
*   r  of  shot  in  the  propoaed  oblong  pile. 


The  fi^owing  algebraical  expreiaionfl,  dedaced  from  the 
iOTedigationi  of  the  suina  of  (he  powers  «f  Bamben  ia 
arithmetical  progression,  whiob  are  seen  upon  many  gun&eia' 
callipers*;  serve  to  compute  with  ease  and  expeditioD  the 
shot  or  shells  in  any  pile. 
That  serving  to  compute  any  triaogular  > n  +  iXn+lXn 

{»le,  inepresented  by  .      ^  6 

That  serving  to  compute  any  square  pile,  i  w  +  lX3w  +  lX  * 

is  represented  by  J~  6 

In  each  of  these,  the  letter  *  repreients  the  number  in  the 
bottom  row :  hence,  in  a  triai^lar  pile,  the  nnmb«>.r  in  the 
bottom  row  hang  SO ;  then  this  pile  will  he  SO+XX80+) 
xy^  49ti0  shot  or  shells  In  a  iqaare  pile,  the  number 
in  the  bottom  row  being  also  30;  then  this  pile  wiU  be 
SO+TxBO+ix  V^  9455  shot  br  shells. 

That  sertiog  fo  compute  yiy  oblong  pUe,  ii  represented  by 


■llben  *n  lu|«  conpuKi,  wllh  boired  diaiil%  lening  to  tike  die  di- 
rt of  conei  lol  MDcare  bodies.  Tbe  giaiwar  caffipen  coutot  tt  Mo 
-le*  or  ^atei,  fAfaA  ua  (SDnable  ndta  Tonad  ■  islBt,  t7  &e  plMM  faldb« 
•T  tbc  MUr :  4w  l«^th  «f  each  rale  n  pUte  if  e  taicbei.  dw  Gnsdth  ebont 
It  if  DH^  ID  nptMcnt,  oo  dw  idetes,  a  Ttriety  «f  naiet,  taUei,  pwor- 
sd  awful  to  be  knoim  cw  panooi  cmploirw  annt 
1^  of  tba  caUbar  of  itiM  ukd  caniHB,  asd  the 
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nenber  of  cwinei,  and  lite  lettw  m  the  Mitbt*  of  riist, 
test  one,  in  the  to]^  row :  hence,  in  an  obh>i^  pik  the  Dak»- 
ber  of  cooriei  being  90,  and  the  top  row  31 ;  Ihii  pile  wffl 
be  CO+1+90X36+1 X  V=  29*>&  ■^<>t  o'  "beUt. 


PROPORTION  AND  GEOMETRICAL  PROGRESSION. 


PkDPORTioir  contemplates  the  relation  of  qoantities  con- 
sidered B>  to  what  part  or  what  mnHiple  one  it  of  another,  or 
honr  often  one  containa,  or  i>  contained  in,  another. — Of  two 
onantMea  compared  together,  the  first  is  cnlled  the  Antece* 
dent,  and  the  lecond  the  Consequent.  Their  ratio  is  the 
qnotieBt  which  ariaei  (nm  dividing  the  one  by  the  other. 

Fettr  Quantities  are  proportional,  when  the*two  couplets 
faaT«  eqniil  ratios,  or  when  the  first  is  the  same  part  or  mul- 
tiple of  the  second,  as  the  third  is  of  the  fourth.  Thus, 
3,  6,  4,  8,  and  a,  ar,  h,  br,  are  geometrical  proportionals. 

For  !=}=>{,  and —ic:-T-  =  r.    And  tfaejr  ue  ttated  th», 

3  :  6  : :  4  :  8,  8tc. 

Direct  Proportion  is  when  the  same  relation  sabsiita  t>e- 
twera  the  first  term  a«d  the  second,  as  between  the  third  and 
the  fourth:  As  in  the  terms  above.  But  Reciprocal,  or 
Inverse  Proportion,  is  when  one  quantity  increases  in  the 
tame  proportion,  as  another  diminishes :  M  in  these,  3,  6,  8, 
4 ;  ai^  these,  a,  ar,  br,  ft. 

Quantities  are  in  geometrical  progression,  or  continnoas 
pvportion,  when  every  two  terms  hare  always  the  same  ratn, 
or  when  the  first  has  the  same  ratio  to  Uie  second,  as  d>e 
aecand  to  the  third,  and  the  third  to  the  fourth,  kc.  Thns, 
3,4,6,16,  32,  64,1m:,  md  a,  ar,  ar' ,  ar' ,  ar* ,  ar* ,  Sic.  are 
series  in  geometrical  progression. 

The  most  useful  part  of  Proportion  and  Geometrical  Pro- 
portion ifi  contained  in  the  following  theorems. 

I.  Whe« 
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OEOHETRIQAL  ntCH>0RTION.  I» 

.  a.  WbcJifafrftuMitiaaniBiHnpQrtipD,  Uiflftndqctof  the 
tm  estrecBM  is  ei|iul  to  the  prpdact  of  the  two  mean*.  As 
in  these,  3, 6,  4,  8,  where  SX8=6X4=S4  {  fmd  in  thete. 
tt,*r,b,  br,  whatv axbr'=ary.b=abr. 

9.  When  four  qumtitiefl  are  io  proportion,  the  product  of 
die  neuw  divided  by  either  of  the  eitremes  girea  the  other 

extreme.    Tba»if  3:6  ;;  4  :  S.then  5-J^=8.  and  ^^ 


tbig  is  the  finmditioa  of  the  Role  of  Three. 

3.  If  my  eontinued  geometrical  progression,  the  prodoct 
of  the  two  eitremes,  and  that  of  anj  other  two  terms,  equally 
diatant  from  them,  are  equal  to  each  other,  or  equal  to  the 
square  of  the  middle  term  when  there  is  an  odd  aumber  of 
them.  So  in  the  series,  1,2,4,6,  16, 32,  64,  be.  it  is  1X64 
i«2X3S=MX16»i8XB=e4. 

1.  In  any  continued  geometrical  series,  the  last  term  is 
equal  to  the  first  multiplied  by  such  a  power  of  the  ratio  aa 
is  denoted  by  1  less  than  the  number  of  tenns.  Thus,  in  the 
series,  S,fi,  18,24,  48,96,itc.  itis  3XS''=96. 

B.  The  sum  of  any  series  in  geometrical  pn^ression,  is 
fimnd  by  multiplying  the  last  term  by  the  ratio,  and  diTidiae 
the  difference  of  this  product  and  the  6rst  term  by  the  di^ 
ference  between  1  and  the  ratio.     Ttins,  the  sum  of  3,  6, 12, 

1 92  X  2     & 
24,  46,  9G,  192,  is  - -■^.— ^-  =384-3  =  381  ■     And  the 

sum  of  n  terms  of  the  series,  a,  ar,  ar*,  or',  or*,  &c.  to 
_  ,    .   om-ixr— o    ar'—a    f-— I 


_1  r— 1       r-1 

6.  When  four  qaantitier,  a,  ar,  fr,  hr,  or  S,  6,  4,  12.  are 
proportional  j  then  any  of  the  following  forms  of  those  quan- 
tities are  also  proportional,  riz. 

1.  IKrectly, «  ;  ar  ::  b:br;  or2  :6  :;  4  :  18. 

2.  Inversely,  or  :  a  ::  6r -.  fr  ;  or  6  :  2  ;:  12:4. 

3.  Alternately,  a  :  6  ::  «(r:  ^;  or£  :  4  ::  6  :  12. 

4.  Compoondedlyfa: a+nr  ::  b:b+br\  or  2:8  ;;  4^16. 
fi.  Dividedly,  a  :ar—a  ::  b  :  br—b,  or  2  :  4  ::  4  :  8. 

6.  Uiied, 
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7.  MultiplicMtion.aeiarc  ;;  bcibre;  ort.9  ;  6.3  "4;  It. 

8.  DiviBion, — : — ::  b:br;  or  1  :3  ::  4  :  13. 

c    c 

9.  The  aumbers  a,  b,  e,  d,  art  in  banaonical  proportion, 
when  n;  liiiavi  b:cm  d. 


].  Gtren  the  fint  term  of  a  geometric  leriei  t,  die  ratio 
2,  and  the  Domber  of  terms  H;  tofindthe  inm  of  thewiie*  ; 
Ftnt,  J  XZ' '  =  1 X2048,  ia  the  last  term. 
_.       2048X2-t     4096-1      ^^,   ^.  .     . 

Then  — 3 — T- — »» — j —  =4086,  the  ium  refpurea. 

i.  Given  the  first  tern  of  a  geometrical  serial  ^,  the  ratio 
),  and  the  DUD>ber  of  tertnt  8  ;  to  find  th«  anm  of  the  seiies  f 
Pint,  ^  X  (i)'=i  Xy^= jIj,  is  the  last  term. 
Then,    J-jijXi)-=.(I-l5=Ci-Ti»)-i-*-*HX^=|H, 
the  sam  required. 

S.  Rec|aired  the  lumof  12  termaoftbe  aeriea,  t|3,  9,  27, 
Sl.&c.  Anr.  165780. 

4.  Reqnirej  the  aom  of  12  terms  of  the  series  1,  ).  i.  ^, 

iV-  ««•  ■*«■  HHH- 

5.  R«qaired  the  som  of  lOOtemu  of  the  series  I,  2,  4,  8, 
16,  SS.iu.  Ana.  l2e766O60O2282S9<OI4967O330&37&, 

See  more  of  Proportiim  in  the  Arithmetic. 


SIMPLE  EC^ATIONS. 


Ai  EqiMtion  is  the  cipreaaion  of  two  a^nal  quantities,  with 
the  sign  of  eqaalitf  (=e)  placed  between  them.  Thus,  10— 
4=6  is  an  eqnaticHi,  denoting  the  eqaality  of  the  quantitiee 
10-4  wd  6. 

Eqaationi 
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SIMPLE  BQUATTONS.  fai 

EqtMtioin,  are  either  umplfl  or  componttd.  A  Siotple 
.Equstion,  u  that  which  contuiu  only  one  power  of  the  ua- 
knoiui  quantity,  witboat  including  different  powers.  Tbaa, 
x~a  ^ib+CiOr  ax*  =6,  ia  a  limple  equation  contMinini;  odIt 
one  powar  of  the  uDjuewn  quantitj  s.  But  x' — iiax=b'  u 
a  compousd  one. 

GENERAL  RULE. 

Reduction  of  Equatiom,  it  the  finding  the  value  of  the 
unknown  quantity.  Aad  this  coasiati  in  disengaging  that 
quantity  (rom  the  known  ones ;  or  in  ordering  the  equa- 
tioa  ao,  that  the  unftown  letter  or  qaaatity  m^  sUod 
alone  on  one  lide  of  the  eqnatjoD,  or  of  the  mark  of  equality, 
without  a  coueSicient :  and  nil  the  rest,  or  tlie  known  quan- 
titieB,  en  the  other  side. — In  general,  the  uuknowo  quantity 
is  disengaged  from  the  known  one»,  by  perfunning  always 
the  revene  operations.  So  if  the  known  (]aBn(itteB  are  con- 
nected with  it  by  +  or  addition,  tbey  must  be  auritrdctcil ;  if 
hj  jsuam  ( — ),  or  subtractioo,  tbey  must  be  added ;  if  by 
mnltiplication,  we  must  divide  by  them;  if  by  division,  we 
most  multiply ;  when  it  is  in  any  power,  we  must  extract 
the  root ;  and  when  in  any  radical,  we  mnit  rai^e  it  to  the 

£>wer.  As  in  the  following  particular  rules  ;  which  are 
nnded  on  the  general  pripciple  of  performing  equal  opera- 
tions on  equal  quantities  ;  in  which  case  it  is  evident  that 
the  results  must  still  be  equal,  whether  by  equal  additions, 
or  aubtractioni,  or  multipUcatioai,  or  divisions,  or  rooti,  or 
powen. 

PARTICVLAB  RULE  1. 

WsBK  knowD  qnaatittei  are  connected  widi  the  unknown 
by  -f-  or  —  ;  transpose  them  to  the  other  side  of  the  eqoatioa, 
mi  change  their  signs.  Which  is  only  addii^  or  subtracting 
the  same  quantities  on  bath  sides,  in  order  to  get  all  the  un- 
known terms  on  one  side  of  the  equation,  and  all  the  koowa 
oaes  on  the  other  side.* 

Thne, 

■  HeKili9«9nw3dji«caimKDdeddiattliapap3bt>ccii9tHiiBd,atcniyli)aa 
or  step  tn  ibe  irduclion  of  tfiE-WBailooi,  to  niune  (ha  pmlicntar  opanlka  to  bi 
pirlOmiBd  oo  ihe  rqiulirai  bi  (he  line,  m  MtUr  to  produce  the  wit  tonn  ot  MUa 
oT  the  eqinlwa,  in  ipfiiyinf  each  of  lb«  ralei,  Kccordii^  u  IbE  pwticabr  fcnw 
•r  IbacfUllaonnf  R^iuic;  appl jiif  Ihem  accoidiic  ts  (fas  anlcr  is  iMeiilkif 
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tSt  ALQCBKA. 

Thoa,  if  «+8>«8 ;  tbta  tmapoting  fi  ffnt  •kC_$s3. 
Aad,  if  X— S+7^9 ;  theu  tniupMng  tbe  3  Mid  T,  girtt 

a;=8+S-7=6. 
iUio,  if  c— a+frscetj;  tben  by  tnnapoiiBg  a  tod t, Hit 

In  like  msDner,  if  6x— 6=4x+IO,  then  ^  ti 
ad  4*,  it  ia  6x~*i=10+6,  or3e=16. 


Whu  tbe  xi&kDOWD  term  ia  nullified  by  ^nj  qnantity  > 
diride  all  tlie  tenat  of  tbe  e^mtiaii  by  it. 

Tboi,  if  w:=oi— 4o ;  Ukd  dividii^  by  a,  ffnM  xbA— 4. 

And,  if  3i);+£=20;  theu  first  tnnqKMiDg&^vM  Sac=3 15; 
-  XUi  then  b}  lUridiniE  by  3,  it  i>  «=&. 

In  like  mmaer,  if  ax+aab=ic* ;  then  by  diTiding  by  a,  k 
IB  x+3i= ;  and  then  tnuMposii^  Sb,  girea  xxs 3b. 


Wbeh  the  unknown  term  »  divided  by  any  qnaotitT ;  we 
must  then  multiply  all  the  tenm  «f  the  eqaatioo  by  mat  di- 
Tiaor;  which  takes  it  away. 

That,  ifj^S+t  1  theo  malt  by  4,giTM  z^ie+S^vfO. 

And.  if|=M+«e-*I: 
then  ^  mntt.  a,  it  giTei  *«B3ai+S«e— «d. 
Al»,if  y-3=fi+2: 
Then  by  transpoatng  3,  i(  ii  |z=:10. 
And  multiplying  by  5,  it  ii  Sx'^iO. 
Lutly  diridingby  3  ^rei       zs:16}. 


fbUawing  ipKimem  of  Euniplu ;  wluch  Mo  worii  wiU  iJw*^ 


Id  ■nBDuacB  nrfaat  putkukr  opcnliai  be  n 

ntuo,  uid  nogiag  the  equilicai  a 


rtiat  putkuMr  opcnliai  be  n  Id  peiunn  an 
t;  (Jlonu;  tlinr«  a  iin|;le  lias  lor  ack 

KtioD,  uao  nogiag  uie  equinoii  DeMlj  jot  imdeT  eidi  otber,  in  Aa  Kmal 
■s  llu7  in  tDCCcMiTelj  pradoced. 
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SIMPLE  EQjUATIOMS, 


WsRX  the  mikDown  ijoBotity  ii  inctnJed  in  apy  root  or 
anrd  ;  traasiKne  the  re*t  of  the  termi,  if  there  bA  any.  by 
Rale  I  ;  then  raiae  each  tide  to  iqch  a  power  as  is  deuoted 
by  the  index  of  the  sard ;  viz.  square  eacli  aide  when  it  if 
Ihe  sqnare  root ;  cabe  eaph  aide  when  it  i*  the  cal>e  root  { 
Itc.  which  deva  that  radical. 

ThoB,  ify''— 3=4  ;  tt^D  traupof iqg S, proB  ^x=7; 

Aod  aqmriBg  both  aidei  girei  x=i9. 

And,  if  ^ix+10=^B: 

Then  by  squarii^,  it  beconMs  S«+10b^4  ; 

And  by  traoapoaiof  10,  it  is  Sx=64  ; 

j^tly,  diTJding  by  i,  gires  x=a37. 
Alao,  if  ySi+4+3=6  :      

Then  by  tranapoBiDg  3,  it  la  i/3x+4=3 ; 

And  by  cnbi)^,  it  is  3«4-4=x7  ; 

Also,  bj  transposing  4.  it  is  Sx^tS ; 

lastly,  diridiug  by  9,  gires  x=»?| 


WfiBit  tint  aide  of  the  eqaatioo  which  cimtaiot  tb€  Ur 
^noiro  qaantity  |a  a  complete  power,  «r  can  eaaily  be  reduced 
to  one,  by  rale  1,  S,  or  3  ;  then  extract  th«.root  of  the  aasd 
power  on  both  sides  of  the  equation ;  that  is.  extract  the 
sqnare  root  when  it  is  a  square  power,  or  t^  in|lM  fw^  ffltqi) 
it  ia  a  cabe,  &c. 

Thns,  if  x'+8«+ie«i»,  or  f*+4)«»-36 : 

Then  by  extracting  the  roots,  it  is  x-H"=S ; 

Atid  by  trmsposiog  4,  it  is  za-6— 4^:3. 
Andif  3»»-I8=«21+S6. 

Then,'b^  transposing  19,  It  is  39^*B7B} 

And  ^Tiding  by  3,  pvm  x*  =iS ; 
'   And  extractiog  the  root,  gives  x=6' 
Also,  if  fi* -6=44. 

Then  transposing  6,  gives  Jx*  =^30  ; 

And  multiplying  by  4,  gires  3i*=lX0; 

Then  dividing  by  S.gives  x*=40 ; 

f^tly,  extract^i«  th|e  ropt,  giyea  (X=:^4f)=».fl-^45&fi. 


-:l,vG00gIC 


Wrei)  there  >■   my  analogj  or  proportion,  it  ii  to  be 
changed  into  ao  equation,  bj  aaultiplying  ttie  two  extreroe 
terms  together,  and  the  two  meaoa  togetfaer,  and  najuog  tbe 
one  product  equal  to  the  other. 
Thus,  if  la  :  9  : :  3  :  5. 
Then,  mult,  the  extremefl  and  means,  pvea  10x=:27 ; 
And  dividing  by  10,  sives  x=2^. 

And  if  ixia::  bb  :  2c. 
Then  mult  eitremes  and  meau  girea  fCT=&a6  ; 
And  multiplying  by  t,  gives  Scx^lOah  ; 

lOab 
Lutly,  dividing  by  3c,  gives  x  ==  ~r:~- 

Also,  if  10-i:f*  ::  3:  1. 
Then  mult,  extremes  and  means,  givea  I0-x=2x  ; 
Asd  traoiposing  x,  gives  10=3x  ; 
Lastly,  dividit^  by  3,  gives'3^=r. 


WatH  the  same  quantity  is  found  ob  both  sides  of  an  eqna- 
tioDi  with  the  same  sign,  either  plus  or  mbua,  it  may  be  left 
oet  of  both  :  and  when  every  term  in  an  e^aation  is  either 
multiplied  or  divided  by  the  same  quantity  it  nuy  be  stttick 
eut  of  them  all. 

Thus,  if  3x-^-ta=ia+b  t 

Then  by  taking  away  8a,  it  is  3x=(. 

And  diriding  by  3,  it  is  x=li. 
Also  if  there  be  4tta+6ai=7ae. 

Then  striking  out  or  dividing  by  a,  gives  4z+6i=7c. 

Then,  by  transposing  66,  it  Incomes  ix=lc—6bi 

And  then  dividing  by  4  gives  x=}c— j6. 
Again,  if  |x—|=V—}. 

Then,  taking  away  the  },  it  becomes  }x=y ; 

And  taking  away  the  3's,  it  is  2f  =10; 

Lastly,  dividiitg  by  2  gives  a:^5. 

HISCELtANEOfJS  ElUHPLES. 

1.  Given  7x  -  18=4x+6  ;  to  find  the  value  of  x. 
First,  transposing  16  and  6x  gives  3x=24 ; 
Then  dividing  by  3,  gives  z— 8. 

2.  Given 
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SIHPUB  E^ATIONS.  S3l 

3.  OiTenS0-4x-l2=-92-10x;  to  find  x. 

First  traMpoaiiig  20  tai  12  and  lOr,  give*  6x>=e4  } 
Then  diriding  by  6,  ^ves  a=  U, 

S.  Let  4at--bb=Sdx-{-it  be  ^v«n ;  to  find  x. 

First,  bjr  trans.  56  and  3dx,  it  is  4ax—idx=tA+Si: ; 

Then  dinding  by  4a— 3d,  gtT»  it=B -^. 

4.  Let  6x>  — ]2x=9i:'{-2«*  be  jpren;  to  find  x. 
Fint,  by  diridiDg  by  r,  it  is  &»-  IS=9+2x  ; 
Then  tranepotii^  If  and  ix,  gives  Sx=21 ; 
Lastly,  dividing  by  3,  gives  x=7. 

5.  Given  9ax*  — I5a£x>=eaz*+12ax*  ;  to  find  z. 
First,  dividing  by  3ax  ,  gives  3x  — 6i=2x+4  ; 
Then  transposing  bb  and  2x,  gives  x=fii+4> 

6.  Let  -5- — 5-+- E"  =  ib*  pven,  to  find  x. 
First,  multiplying  by  3,  gives  x— jx-j-jx=6  ; 
Tfaen  moltiplying  by  4,  gives  x+'/x=:24. 
AIm  mnltipiying  by  5,  gives  17x=lilO. 
Lastly,  diviiUng  by  )7,  gives  x=7j>f . 


First,  mult,  by  3,  gives  x-5+^3r=36— x+10. 
Then  transposing  5  and  x^gives  Sx+jx=51 ; 
And  multiplying  by  2,  gives  7x=l02. 
Lastly,  dividing  by  7,  gives  x=144. 

8.  Let  y/ ['''=10,  be  given  I  to  find  x. 

First,  tranapofling  7,  gives  ^}x=3  ; 
Then  squaring  the  equation,  gives  }x=9  ; 
Then  dividing  by  3,  gives  lx=^3 ; 
Lastly,  mnltiplying  by  4,  gives  x=t2. 

.   .  fio* 

■9.  Let  2x+«^*"+x«=--p==~,  be  given!  to  find  ». 

First,  molt  by  ^««+x»,  pves  tx^a'+x*+ia*  +2x» 

=6a»  

Thea  trans.  2a«  and  2a!», gives  2x^o»+x»=3a"-2a;»  ; 

Then 
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tirtn  by  hqaning,  it  ii  4x>  y.V+x'^'Sa*  -««■'; 

That  ia,  ta*«i+4sE««9a«- i2a>x)4-4x«  ; 

By  taking  4*«  (mo  both  sideB,  it  U  4««*»==:9o«  —  12o»««j 

Then  traniposivg  l2o"):«,giTBB  16«*i»i^9ft«; 

Diridiiigby  a*,  givei  I6x*=ga>; 

And  dividing  by  16,  give*  z*  =  ^a* ; 

LuUf  ettncting  tba  root,  gira  xK|a. 

SiAMPUB  TOR  tttACnCE. 

I.  GiTen  Sa:-5+l6=2J ;  {o  find  x.  AtA.  x=6. 

».  GiTen  9x~  1 5=«+6  ;  to  find  z.  Ane.  «=2|v 

5.  Giten8-3x+|2=30-&<+4itofiDd3E.  Aii«,ie=7. 
4.  Given  X'f-|x-(x=l3;  tofindx.  AnB.  x=lS. 
8.  Given  3x+ J«+S«=&i_  4 ;  to  find  *.         An».  m»4. 

6.  Giyea4a»+i«— «=<«:-*«;  to  find  ». 

AM.x=-£z^. 
...  -  9m+3b 

7.  Givea  i<—^+ixe=i^ ;  to  fiod  X.  An*.  x=^.  \ 

%  mm  v/44-«ac4— ^/x  i  to  find  z.  Am.  «=^.^    / 

8.  Girea  4o+*=s— — - ;  to  deter,  x.      Am.  x=-  2«.v; 
10.  GitCB  v'4a>+x*=V^*4«*;  to  find*. 

Am.  ,=^_— _.  . 


Am.  xts^d. 


13.  GinD(i+«s^/ii'+«v'4*'+«*j  to  fiod  X 


Am.  «=-■-«.  y 


h.Gopylc 


SIMPI£  BIJtrATIONS. 


To  ExUrmiiiaU  Tm  E^MbioWM  ^uamitieM;  Or,  to  tUdun  Iht 
Tmo  Sitnpla  Equatioiu  conlauMg  tlun,  to  a  BingU  ono. 


Titm  th*  Talu  of  ane  of  tb«  Unknown  letten,  in  teraU  of 
Um  otbar  qoantiticB,  io  each  of  tke  eqnatiau,  hy  the  methodi 
already  ezplaiaed.  Then  pat  those  two  viJae*  equal  to  eacb . 
other  for  a  u«ir  cqaatioa,  nith  only  ooe  nnknown  quanti^  itt 
it,  wboae  niat  ii  to  be  found  a»  before. 

AbK.  It  is  evident  tjMt  we  mnt  fint  becin  to  find  the 
tilvee  of  that  letter  whi^  are  eaiieit  to  be  ftntnd  in  the  two 
^opoted  eqaatient. 


iDtheltteqnittnnip.  3y  and  dir.  by  2,  girea  x« — t^i 
I  -In  the  2d  tnmp.  Zy  aaA  dir.  by  5  pvta  x= — ~^i 

I  Potti^  these  twe  ralae*  eqnal,  pjea  — — -S«— — 3| 

r  Then  mnlt.  by  6  and  S,  girea  28-(-4y=8&—  Ifiy ; 

,  TnnepoaiDg  n  and  IS^f,  givei  lf^=67  ; 
,  And  dividingby  19,giTei  jfsaS. 

\  And  faewe  :r=4. 


And  faeace  x=4. 

Or,  to  do  the  taiH  by  findiif  two  Talnei  of  jr,  thus . 
17— tc 
In  the  lit  eqaat  tr.  tx  and  dir.  by  S,  gires  y= — ^ — ; 

5x~14 
Inthetdtr.  ^and  U,  and  diT.  by  £,  i^vei  y» — - — ; 

'    .  ■  .  .     .       «a!-U     XT-U 

Patting  theae  two  Tunes  eqnal,  gires  — 5 — « — 5 —  ;■ 

Unit,  by  2  and  by  3.  prea  I6c--48<=U— 4x  ; 


Tramp. 


I;,  Google 


3.  G'tYsa  Sx+y—ii,  aai  Sjct-^—lS;  to  findxandy. 

=«,  ana  y=4. 


m  ALGEBRA. 

Tmup.  it  nai  4x,  gins  I9za76  ; 
DividiDg  hy  t9,  givet  x^4. 
Hence  t/=S,  tu  before. 

!.  Gi,eD  j  l^t'pj  J  i  1.  fi«l .  «.J  ». 

Am.  r=a+6,  and  y=ja— |i. 
'         -3;  to  findi        ' 
Aos.  x= 
4.  Gi«n  I  ttipj.  I ;  tB  find  I  and  y. 

Ant.  xb6,  and  y^3. 

6.  Given  —+-S.=~  and  ■x+ «  =77  i  *"  ""*  '  ""*  »■ 
a       a        o  o       o       la 

Ans.  z=3,  and  y=4. 
6.  GiveD  x+2y=<,  and  «■— 4y*==(l>  ;  to  find  x  andy. 

,t  j.^  7  .,     J. 

Am.  x= — - — .-andys 


PiH6  the  Tal«<  of  one  of  the  onknown  lelten,  in  onl;  one 
of  the  equBttoni .  aa  in  the  former  rule  ;  and  subetitute  tbia 
Talne  initead  of  that  unknown  qaaotit;  in  the  other  eqnatiOD, 
and  there  i«ill  arise  a  new  equation,  with  on);  one  uoknowD 
qnantit;,  whoae  ralue  ia  to  be  found  aa  beJbre. 

JVoU.  It  is  evident  that  it  li  beat  to  begin  first  with  dint  let- 
ter  whoae  r^ne  is  eaaieit  found  in  the  given  eqoatians. 

fXAblFLES. 

This  wuJ  admit  of  four  waja  of  solution  ;  Ihui :  Pint, 
In  die  lit  eq.  trant.  Sy  and  div.  hf  2,  girea  x^  — ~-^  ; 

This  val.  sabs,  for  x  in  the  2d,  gi vea,^""  ^-^-  2y=  1 4  ; 
Holt  by  2,  this  becomes  86—lfiy.4y3s2l ; 

Tranap. 
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Trantp.  ISjf  asdljr  and  2e,give«  67^19y; 
And  diriding  1^  19,  girei  3=3f. 

Thenx=i^=4. 


TbU  iDbgt.  for  x  in  the  let,  ^vea  — 

Mult  b>>,  giveg  98+4y+t^=8S  ; 
TraoBpos.  S8,giTes  )9y=:u7; 
And  dividing  b;  19,  give^j  y-=3. 

Then  a  «  il±^  =4,  u  before. 


UaHiplying  by  3  gives      ISx— 34-{-4xss42  ; 

TmBiposiDg  34,  ffvea       1 9x^76  ; 

And  dividing  by  19,  giref    x=  4. 

„  17-«i      , 

Henc«  j^  — ^-^ —  =3,  as  before. 


Multiplying  by  S,  givci  19x— 42=34  ; 
TraDsptMing  42,  gires  I!tes:76  ; 
And  dividing  by  19,  gives  tc=i. 

Hence  y=  — ~ —  —  3,  ai  before. 

S.  Given  23:+3y»89,  and  3z-2y=Bll ;  tofinddcandy. 
Ans.  x=c7,  andp^S. 

3.  Given  j  "^p"  |  I  to  find  x  and  j. 

Au.  x=38,  and  yi^. 
4.  Given 
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4.  OiT«i|^=2^i=4t!*"^'"*^» 

Abi.  x»>6,  and  jfi^ . 

fi.  GiTea  Y +8^=21,  aad-|-+S9->X»;  to  tad  x and  y. ' 

Ana.  9^=9,  uid  y~(. 

1 ;  to  find  X  and  jr.  Am.  scbS,  uoi  p^fl. 

7.  Giren  « ;  y  ::  4  :  3,  and  x'j^y**^! ;  to  fiod  s  and  y.    . 

Aa*.  «>e4,  a«d  y=S. 

IIDl£IIL 

Lbt  the  ^ren  «qu«(iou  be  to  mltqilted,  or  4inded,  lie. 
and  b;  «ach  Dumbere  or  quaatitiei,  as  will  make  the  tenw 
which  contaia  one  of  the  vnknowo  qaantitiM  the  aane  in 
botb  equations ;  if  tbeji  are  not  the  same  when  fint  pro- 
posed. 

Then  by  adding  or  inbtraeting  the  equatiooi,  according  at 
the  lignt  may  require,  th«r«  wOl  remain  a  new  eqoation,  with 
only  one  unknown  quantity,  at  beforai  That  is,  add  the  two 
eqaatioBt,  when  the  aigns  are  unlike,  but  subtract  them  wheq 
the  signs  are  alike,  to  cancel  that  common  tan 

//ou.  To  make  two  anequsl  tem»  become  equal,  aa  vbore, 
multiply  each  term  by  the  co-efficient  of  the  other. 


Mere  we  may  either  make  the  two  first  tenSs,  containing 
X,  equal,  or  the  two  fd  terms,  containing  y  equal.  To  make 
the  two  first  terms  equal,  we  must  multiply  ^e  lit  equation 
by  2,  and  the  Sd  by  5  ;  but  to  make  the  two  2d  terms  eqnal, 
we  must  muUipIy  t^e  1st  equation  by  5,  and  the  2d  by  S  ;  at 
fullows. 

I.  By 
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1.  By  making  the  two  Bnt  teniu  eqad : 

'    HnlL  the  lit  eqn.  by  2,  givet  lOz—  6^=18; 

And  mult,  the  M  by  6,  gires  10x+t&y=±80 ; 

Snbtr.  the  o^per  from  the  ander,  girei    31y=6X; 
And  dividing  by  31,  givei  y^  i. 

Hpnce,  from  the  1st  given  eqn.  xs — ^^  ^^ 

2.  By  making  the  two  3d  terms  equal : 

Hult.  the  1st  equat.  by  6,  gives  S&r— IGyn^S; 
And  mult,  the  Sd  by  3,  gives  Sx+lBy^tt ; 

Adding  these  two,  gives  31x=93 ; 

AnddividiDgby  31,  gives  x=^  3; 

Hence,  from  the  1st  equ.  y'= — ^=  2. 


MSCiXI^NEOtrS  EXAMPLES. 

1.  Oiv«tt^i5+6y==2I,Bn4?^  +  fi*  =  23;  to  find  x 
toAy.  Am.  x=t4,  and  y=S. 

i.  Giten^^+10=13,  wid^y^  +  6«l«;  to  find  a; 
and  y.  *  Ans.  x=s5,  and  y  =^  3. 

,.  Gi,e.?^»+i_10.  „a5ijS!  +  |,=  14;tofi.d 

X  and  y.  An«.  1=^8,  and  y=4. 

4.  Given33t  +  4y=S8,  and4x-3y  =  9;  to  find  a:  and  y. 

Ans,  X  s  6,  and  y  fs  5. 


To  ExUrmmate  nret  or  More  Uitknown  ^Mntiiiei ;  Or,  to 
Reduce  Ike  SimpU  Equations,  eotOainitig  them,  to  a  Single 

RULE. 

This  may  be  done  by  any  of  the  tbrte  methods  in  the  last 
problem :  viz. 

1 .  After  the  mumer  of  the  fir^t  rule  in  the.Iast  problem, 
find  the  value  of  one  of  the  uhknown  letters  in  each  of  the 
given  eqaations  :  next  put  two  of  these  values  equal  to  eacK 
other,  and  then  one  of  these  and  a  third  ralue  equal,  and  so 
on  for  all  the  values  of  it ;  which^vesanewsetofeqiiBtioni, 

Vol.  I,  ^2  Willi 
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with  which  the  nine  proceu  i<  to  be  repeated,  and  so  on  till 
th«rt  ii  only  one  eqqatioo,  to  be  reduced  b;  the  mlo  for  a 
tingl*  s^natioa, 

I.  Or,  as  in  the  2d  nile  of  the  same  problem,  find  the  ra- 
(m  of  one  of  the  ankooi^  qnantitie*  in  one  of  the  equatioM 
only ;  then  ralMtilute  thla  value  ioatead  of  it  id  th4  other- 
Aqoationi ;  which  girea  a  oew  »et  of  equations  to  be  reiolred 
w»  before,  bj  repeating  the  operation. 

3.  Or,  aa  in  the  3d  mle,  redace  the  equations,  by  multi- 
plying  or  diriding  them,  ao  a*  to  make  aome  of  the  tenn*  to 
agree  i  then,  by  adding  or  flubtractieg  them,  aa  the  signa  may 
require,  one  of  the  iett«»  maj  be  extenninatedi  lie.  aa 
before. 

ESAHFIX3. 

1.  Given  (  x+Iy+Sz=l6  }  ;  to  find  x,  y,  asd  i. 
(«+3j,+4*=3lJ 

I.  By  the  tat  method: 
^nramp.  the  tema  containing  y  and  z  in  each  equa.  prei 
*=  9-  y-  '. 

Theii  putting  the  lit  and  2d  raluei  equal,  and  Uie  2d  and  M 
f^nea  equal,  give 

9-  y-  *=«16-8y-5i. 

In  the  Isttraoi.  9,    z,  and  8y,  givea  y=r— 2z  ; 

In  the  3d  traiiB.  16,  St  and  Sy^giveB  >(=&—  z  ; 

Putting Ifaeae  two  equal,  gives  6~7=7-;b; 

TraDB.  5  and  %r,  givea  2=2. 

Meoce  y=5*z!^3,  and  x^9->y— z=4. 

2dly.  By  the  2d  method  : 

From  the  Ut  equa.  x=9— y— z  ; 

Thii  value  of  x  subitit.  in  the  2d  and  3d,  givea 

9+  #-t-2z=16, 

9+2y-f3z=il; 

In  the  lit  trana.  9  and  2z,  givea  yc7— tz  ; 

Thta  aubatit.  in  the  lait,  pvea  «3-z^81 ; 

Trans.  X  and  21,  g^vea  2=:z. 

Uenc*  apoB  y=e7— Sj-b3,  and  z>=9— y— z-b4. 

Sdly.  By 
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Sdl;.    By  the  3d  method  ;  rabtracting  the  Ist  eqa.  i 
tlw  Sd,  ind  the  U  from  the  3d,  pvei 

y+  a=6; 
Sttbti.  the  latter  from  the  fonner,  gires  2^:8. 
Heoce  y=6— z=3,  aDdx^fl  — 


Oiven  {  x+^+ez=38  >  ;  to  find  x,  y,  aod  z. 

-1^=271  ^ 

-iz=iO  J  ;  to  fi 


Ads.  x=4,  $=6, 


3.  Giveo  <x+^+i2=S0y;  to  find  »,  x,  uidr. 

4.  Gi?eB  «-j=2,  «— »=3,  xod  y+*=9 ;  to  fiod  «,  y, 
and  7>  Ana.  z=r7  ;  y^S ;  z=4. 

(«r+3y+4*=34) 

5.  GiTen  {  Sx+4y+63=4e  )  ;  to  find  x,  y,  aod  x. 


K  COLLECTKHf  OF  QUESTIOHS  PBODVCmO  9IMPIX- 
EQUATIONS. 


Qdht.  1 .  To  fiad  two  Dnmben,  such,  that  their  lum  tl 
l)e  10,  and  their  difference  6. 

Let  z  denote  the  greater  onmber.'and  y  the  less.* 
Then,  bj  ^e  Ist  coodition  x-f  y:=10. 
And  by  the  2d         -         -      x—  y=  6, 
■   Transp.  y  irfeach.girei        x=10—  y, 
and  *=  6+  y ; 
Pat  these  two  Talaes  equal,  giyea  6+y=10  — y  ; 
TnuupoB.  6  aod  —y,  gires  -        3y=4  ; 
Dividii^  by  3,  gires      •        -      y=2. 
And  hence  -         •         -      x=6+y=8. 


*  Id  ill  tbeM  toiotiQiu,  u  nrntij  nnkiioif  d  Uttin  kn  ■Jwajf  tued  u  thara  u» 
famn  Bontbcnla  beloimd,piirpasd;tlMtitUerlaexerciMlheinodeiafre4ui> 
[Iha  gqulku;  ivadiiii;  the  0»rt  if i;!  c€  ntitkn,  which  though  ^fing s 
[irternlatiin,*nlbrtb>tnuai)aaiiMfttlIolhspapiJ,  m  aflbf^siE  len  eiei^ 
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QjDUT.  S.  Difide  lOOl.  among  1,4,  o,  40  that  a  m^  bare 
30f.  more  than  B,  and  b  lOl.  mere  thane. 

I/Ct  X— a'i  ahare,  f^^;  and  *=c'b. 

In  tbe  lit  inbitit.  y+20  for  x,  gives  3y+24-S0B=100  ; 
IntluaaubatitatiDgz+lUftvy.  givei  Sz+4d=100 ; 
B7  (ranspoung  40,  g^vea       -      -       3z<=^0 ; 
And  diruting  ^  3.  givea      -     •        z'^W. 
Hence  y=*+  !0=30,  and  ,T=y+20=  50. 

Q,UEflT.  3,  A  prize  of  6001.  is  to  be  divided  between  two 
penona,  ao  bb  Ibeir  ibares  may  be  in  proportion  as  7  to  6  ; 
reqaired  tbe  share  of  each. 
Pat  X  and  y  for  the  two  ahares ;  then  b;  the  question, 

7:8  : :  X  :  y,  or  mult,  the  eiti^nes 
and  the  means,  7ys=fiz, 

and  x+pcSOO  ; 
Transposing  y,  girei  x^  500 — y ; 
This  subCitnted  in  the  Ist,  gires  7y^=40(n-8y; 
B;  tranipcning  fiy,  it  is  1  oy  =4000  ; 
By  dividing  by  16,  it  gives  y=866| ; 
And  hence  xi=SO0— y=  83^. 

Quest.  4.  What  number  is  that  whose  4tb  partciceeda  iu 
MipartbylO? 

Let  X  denote  th^  number  sought 
Then  by  the  qaeatioo  }z— 4x=10  ; 
By  mult,  by  4,  itbecames  x— }3:^=40  ; 
By  mult,  by  fi,  it  gtrea  x=200,  tbe  number  sought 

Q^asT.  6.  What  fraction  is  that  to  die  numerator  ef  which 
if  1  be  added,  tJie  value  will  be  4 ;  ^  if  one  be  addied  to  the 
denominatnr,  its  value  wil)  be  ^  f 

Let-  denote  the  fraction. 
S 

Then  by  the  quest  ^^-=1,  and-^-=:i. 
'        t  y       *'        y+1     ' 

'  The  )at  mult,  by  2  and  y,  gives  if+i=j/  ; 
The  2*muK.  by  3  and  y+l  i»  3x=y+l  ; 
The  upper  taken  from  the  under  leaves  x— 2^=1 ; 
By  transpos.  2,  it  gives  x=s3. 
And  hence  y=Sx-f  S— &  i  and  the  fraction  is  j. 

^8ST.'  6. 
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Qmff .  6.  A  Ubt^rer  engaged  to  lei^fl  for  30  iaj»  on 
Iheae  conditioni :  tl»t  for  every  day  he  worked,  be  wag  to 
receive  30d,  butfer  -emy  daj  he  placed,  orwai  absent,  be 
wtf  to  ferieit  lOd.  Now  at  the  end  of  the  time  he  bad  to  re- 
«eiTe  jnet  20  shillings,  or  210  pence.  It  is  required  to  find 
bow  ■own;  dajrs  he  nurked,  and  how  many  he  was  idle  ! 

Let  X  be  tbe  daji  worked,  anA  y  the  iajt  idle. 
Then  3Cte  is  the  peace  earned,  and  lOy  the  forleiU  ; 
Hence,  by  the  question       -     z4-F=30, 

andSOx— ]0$=-:240,-      ' 
The  1st  iBult.  b>  10,  gives  1 0x4- 1  (^=-300  ; 
These  two  added  give     -    SOx^  640 ; 
This  div,  by  90,  gives     -        x='  18,  tbe  days  woriied ; 
He^ce ]F=^0— z=  IS,the  daysidled. 

^OEST.  7.  Outof  a  calk  oi^  wine,  which  bad  leaked  away  J^. 
30  gallons  were  drawn  ;  and  then,  being  gaged,  it  appeared 
to  be  half  fiill ;  how  mncb  did  it  hold  ? 

'  Let  it  be  supposed  to  have  held  x  gallons, 
Tb^  it  would  have  leaked  jx  gallons, 
CoDseq.  there  had  been  taken  away  Jx-^SO  galloH. 
Hence  ^={x+30  by  the  question. 
Then  mult,  by  4,  gives  2x-=:j+ 120  : 
And  b^nspoting  x,  gives  x  =^120  tbe  cmtten^. 

QjiBST.  8.    To  divide  20  into  two  such  parts,  that  3  times 
tbe  ooe  part  added  to  6  tinai  the  other  may  make  7S. 
Let  X  and  f  denote  the  two  parts. 
Then  by  the  qoestio*       -        -        x+  y=30, 
■  .  "  and  Sx+ey=7e. 

Hnlt  the  lit  by  3,  gives  -  -  3x4-3y=60  ; 
Sobtr.  the  latter  from  tbe  fonner  gives,  2^=16  ^ 
And  dividing  by  3,  gives  -  -  -  y^  8. 
Hence,  from  the  Ist,    -        -        x=ao-y^l2. 

QpEST.  9.     A  market  woman  bought  in  a  certain  number 

of  eggs  at  2  a  ^nny,  and  aa  inaBy  more  at  3  a  penny,  alid 

'    sold  them  all  out  again  at  the  rate  of  6  for  two-pence,  and  1^ 

■o  doing,  contrary  to  expectatioD,  found  she  lost  3d. ;  what 

number  of  eggs  had  she  ? 

Let  7s=  number  of  e^  of  each  torU 
Then  will  }x=  cost  of  the  first  sort. 
And  ix=  caat  tf  the  second  sort ; 
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fiat  5:2:;^  (tbe  **{ud«  iRimber  of  eggl]  ;  }s  f 
fioice  jx^  price  of  botb  iorts,  tt'S  for  <  pence'; 
Then  bj  Uie  qnettion  ^x+fe— |z^3; 
M«H.by2.gifei      -    *+|x-|r«=fl; 
And  mult  by  S,  giru  fo  — yx^sis^ 
Aho  Diult.  by  6,  giva  z>i>0O,  the  amber  of  <tp.rf 
each  «ort. 

QrfEST.  10.  Tiro  [»enoDa,  A  md  a,  ei>g«g«  d  plaj.  Be- 
fore ikej  begin,  a  hu  BO  guineat,  and  ■  baa  60.  After  a 
Certain  namber  of  gBCnes  won  and  lost  between  thena,  a  rise* 
with  three  ttmeB  oa  many  gaineai  aa  a.  Query,  how  manf 
guinea!  did  a  win  of  a  T 

Let  X  denote  the  noraber  of  goiocas  i  won. 
Tlien  A  ritea  with  80+x, 
And  a  riies  wiA  60— x  ; 
Theref.  by  the  quest.  80+x=  1 80  -  3x  ; 
Traiip.  no  and  3x,  girei  42=100  ; 
And  dividing  by  4,  giTSa    z^e  25,  the  gnineai  won. 

QUESTIONS  FOR  PRACTICE. 

1.  To  detenaine  two  nnmbera  inch,  that  their  ffflerence 
■Wy  be  4,  and  the  difference  of  their  sqaares  64. 

Am.  6  and  10. 

f.  To  find  two  nnmbem  with  theie  cenditiooi,  viz.  thai 

batfthe  ftntwiA  aSd  part  of  the  aecOnd  may  make  9,  andtfart 

a  4tfa  pait  of  the  first  with  a  6th  part  o{  the  aecoud  may 

nake  6. '  Ani.  8  and  16. 

• 

5.  To  divide  the  number  20  into  two  snch  parta,  that  a  3d 
of  the  one  part  added  tn  a  fifth  of  thp  other,  may  make  6. 

Ana.  J6and  5. 

4.  To  find  three  nnmbera  socb,  that  the  mm  of  the  lat 
and  ied  shall  be  7,  the  stuaof  the*lBtaiid3d8,.andthea|imof 
the  Sd  md  3d  9.  Au.^  3, 4,  6.  ' 

6.  A  father,  dying,  beqneathed  his  fbrtqne,  iriiich.was 
SSOO/.  to  his  son  am)  dxaghler,  in  this  manner  ;  that  for  every 
half  crown  the  son  might  have,  the  daogbter  wa<  to  have  n 
•hilling.    What  then  were  their  two  shares  ? 

An.  The  son  SUOU.  and  the  daughter  8001. 

6.   Three  persons,  a,  b,  c,  make  a  joint  contribution, 
which  in  the  whole  amonnti  to  40W.  i  of  which  aom  a  con- 
tributes 
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trihitM  twiee  u  aoi^  »  a  and  SOf.  ^ere ;  and  c  M  awdt 
u  1  and  a  together.    Wliqt  lam  did  each  eoutribute  ? 

Ana.  i.60i.u  -140/.  and  c  COOf, 

,  7.  A  peftOB  paid  a  bill  af  lOOt.  with  half  fuincM  and 
croWM,  Dsiar  ia  all  202  piecea  ;  bow  many  piecei  were  then' 
of  each  aort  ?  Au.  180  half  gnineaif,  and  S3  citimia. 

B.  9^1  A  to  B,  if  Tou  girs  me  f  0  giiioeai  of  your  monej 
I  thall  then  hare  twice  aa  much  an  you  will  buv-  Iptt:  but 
aiya  a  to  a,  gire  me  lO  of  your  gniaexi,  and  then  J  aliall  hare 
3  times  ai  nany  aa.yoo.    How  many  had  aach  ? 

Ana.  A  ti,  ■  26, 

9.  A  penoD.  goci  to  a  tavpn  *nth  a  c«rtiun  qasotity  of 
money  in  liia  pocket,  where  be  iHiids  i  Hbil)ii,g« ;  he  then 
borrows  ai  much  money  a«  be  had  left,  and  going  to  unothir 
tsvem,  he  there  apendi  S  ibilliaKi  also  ;  then  borrowing 
again  as  macb  money  ui  waa  leR,  be  went  to  a  third  to  taiera, 
where  tikewiae  be  «pent  2  ihilliogs ;  and  thus  repeating  tb« 
aame  at  a  fourth  tavern,  he  Aen  bad  nothijig  re«iuoi|M[> 
Wbat  aam  had  he  at'fint  ?  .    Ads  St.  M. 

10.  A  man  with  hu  wife  and  child  dine  together  at  no  inn. 
The  iandlord  chai^d  I  ahilUng  for  the  child  ;  and  for  tbs. 
woman  be  charged  a>  much  as  for  the  child  and  ^  as  mucb  as 
for  tiie  nan  ;  and  for  the  mao  he  (barged  ae  nuch  as  (or  the 
WtMUan  and  cbild  together.     HofV-much  was  that  for  eachl 

Ana.  The  womao  tOd.  and  the  man  32d. 

1 1.  A  cask,  which  held  60  gBllona,  waa  filled  whh  a  mix< 
tare  of  brandy,  wine,  and  cyder,  in  this  manner,  viz.  the 
cydar  wu  6  gallons  more  than  the  brandy,  and  the  wine  m» 
as  mqch  aa  ibi  cyder  and  }  of  the  brandy.  How  micl)  waa 
there  of  each.  Ana.  Brandy  Id,  cyder  31,  wine  24. 

12.  A  general,  disposing  his  ajmy  into  a  square  form,  Gndi 
that  he  has  284  men  more  than  a  perfect  iqane ;  but  iacreas-' 
ing  the  side  by  1  man,  he  then  wants  9&  men  to  be  a  complets 
■qoare.     Then  how  many  men  had  he  under  bis  ceoimapd  * 

Ana.  2400(^ 

13.  What  number  Is  that,  to  which  if  3,  6,  and  8,  bs 
■ererally  added,  tbt  three  sums  shaU  be  to  geometrical  pr«- 
greaiion  ?  .  Ans.  l. 

14.  The  stock  of  three  traders  amouated  to  7601.  &m 
•bares  of  the  flnt  aad  accond  exceeded  tbit  of  the  tbiri 
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^  S40 ;  asd  the  mm  of  the  2d  and  3d  eiceeded  the  fint  by 
3  IfcO.     What  was  tfae  thare  of  each  ! 
f  Am.  The  Ist  200,  the  2d  300,  the  3d  260. 

1 5.  What  two  irambera  are  thoie,  which,  being  in  the  ntt« 
of  3  to  4^  their  product  is  equal  to  IX  tintea  Ifaeir  sam? 

Atit.  21  fmd  28. 

16.  A  certain  companj  at  a  tavern,  when  thej  came  to 
settle  their  reckoning,  foand  that  had-  there  been  4  more  in 
eompaoj.  they  might  have  paid  a  shilling  a-piece  lest  than 
tfaay  did  ;  but  that  if  there  bad  been  3  fewer  i^  coa^iany. 
they  must  hare  paid  a  shilling  a-piece  more  than  they  did. 
What  then  was  the  nniober  of  peimns  ia  company,  what  each 
paid,  and  what  was  the  whole  reckoning  ? 

Ana.  24  persons,  each  paid  is.  and  the  whole 
reckoning  8  gtuneas. 

17.  A  jocky  has  two  borsei :  and  also  two  saddles,  the  ene 
valued  at  I6J  the  othef  at  Zl.  Now  when  he  sets  the  better 
saddle  en  the  Ist  borse,  and  the  worst  on  the  2d,  it  makes  the 
first  horse  worth  double  the  2d ;  but  when  he  places  the  bet- 
ter saddle  on  the  8d  bom,  aai  the  worse  on  th«  first,  it 
makes  the  2d  horse  woitt  Qiree  times  the  tat  What  then 
were  the  Ttdaes  of  the  two  horses  ? 

AnsMlM  1st  ei.  and  the  2dW. 

18.  What  two  nnmbers  are  as  2  to  3,  (9  each  of  which  if 
6  be  added,  the  sums  will  be  as  4  to  S  7  Ans.  6  and  9.   ■ 

19.  What  are  those  two  nnmbers,  of  which  the  greater  is 
b>  the  less  as  their  sum  is  to  20,  and  as  their  difference  ia  to 
10?  Ans.  16  and  45. 

20.  What  two  nnmbers  are  those,  whose  difterence,  «nm, 
and  product,  are  to  each  other,  as  the  three  nnmbers  2, 3,  fi  ? 

Ans.  2  and  10. 
-  St.  To  find  three  sumbers  in  ariOinietical  progression,  of 
which  th«  first  is  to  the  third  as  fi  to  9,  and  the  sum  of  all  three 
is  63?  Ans.  15,  St.Sr. 

28,  It  is  required  to  divide  the  Bomher  24  into  two  aoch 
parts,  that  the  quotient  ofthe  greater  part  divided  by  thelesi, 
may  be  to  the  quotient  of  the  tela  part  divided  by  the  greater, 
as  4  to  I.  Ans.  16  and  8. 

23.  A  gentleman  bcii^  asked  the  age  of  his  two  sons, 
answered,  that  if  to  the  sum  of  their  ages  18  be  added, 
the  resalt  will  be  double  the  age  of  the  elder  ;*but  if  6  be 

taken 
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t^en  from  tbft  JiSereoc«  of  their  ages,  the  remunder  will 
be  equel  to  the  age  gf  the  yonoger.  What  then  were  tbeit 
ages  ?  Ana.  30  wad  It. 

24.  To  find  four  oumben  such,  that  the  turn  of  the  lat, 
Sd,  and  3d,  shall  be  13  ;  the  iuid  of  the  1st,  !d,  apd  4th,  16  ; 
the  sum  of  the  tat,  3d,  and  4th,  18  ;  and  lastly  the  anm  of 
the  Sd,  3d,  and  4th,  20.  Ans.  a,  4.  7,  9. 

SB.  To  divide  48  into  4  such  parts,  that  the  1st  .increased 
by  3,  the  aecond  dimiaisbed  by  3,  the  third  multipJied  by  3, 
^d  the  41h  dirided  bj  3,  may  be  all  equal  to  each  other. 

4d9.  e,  12,  3,  27. 


QUADRATIC  EQUATIONS. 


QuuKATic  EqaatioDB  are  either  simple  or  compound. 

A  simple  quadratic  equation,  is  tbiit  which  involves  the 
■qnare  of  the  unknown  qoantily  only.  As  ax' =6.  And  the 
solution  of  such  quadratics  has  been  already  given  in  simply 

'  A  compound  quadratic  equation,  is  that  which  containa  the 
■quare  of  tbe  unknown  quantity  in  one  term,  and  the  lint 
power  io  another  term.     A*  ax'+bx=e. 

All  compound  quadratic  equHtions,  after  being  properly 
reduced,  fall  under  the  three  following  tnrms,  to  which  they 
must  alwdya  be  reduced  by  preparing  them  for  lohition. 
J.     x'+ux=b 

2.  r'— 01=6 

3.  x»-aj:=-b. 

The  general  method  of  solving  quadratic  equatiopB,  is  by 
what  is  called  completing  the  square,  which  is  as  follows  : 

1 .  Reduce  the  proposed  equation  to  a  proper  simple  forqi, 
as  usual,  such  as  the  forme  above  j  namely,  by  trunrpoailg 
all  the  terms  which  contain  the  uoknown  quantity  to  oa« 
side  of  the  equation,  and  the  known  terms  to  the  other; 
placing  the  square  term  first,  and  the  single  power  second ; 
dividipg 

Vol.  I.  33 
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tSO  ALGEBRA. 

AntKog  th«  eqoatioa  hy  tbe  ca-e&cieat  of  the  square  or 
fint  term,  if  it  hu  one,  aod  cluuigiDg  the  sigoB  of  al)  the 
term*,  when  that  lenn  bapp«DS  t«  be  negative,  se  that  term 
mast  alwhyi  be  made  poeitiT*  before  tbe  solnlion.  Tben 
tbe  proper  mlution  ia  b;  comphtng  the  aquai-e  aa  foUowa, 
Viz. 

2.  Complete  tbe  unknown  side  to  a  aquare,  in  tbb  nuD- 
ner,  viz.  Take  half  tbe  co-efficient  of  the  aeconil  lenn,  and 
sqaare  it ;  which  aquare  add  to  both  (idea  of  tbe  equation, 
then  that  aide  which  cootaina  tbe  anknown  qiuiitity  will  be  a 
CMDpleU' aquare. 

3.  Then  eitract  the  square  root  oa  both  aides  of  the 
eqaatien>*  and  the  value  of  the  unknown  quantity  will  be 

determined. 


■  Al  Iheiqiurt  roc*of  any  qiunlity  ni»7heeitb«r  +  or — ,  thcrefim  all qnid- 
ra<k  Ufrntua  admil  of  two  nhiticnu.  Tbia,  IbaaqOBR  root  o(  +  k'  ia  ct- 
(bar  •)-ftor  —  r;  fbr  +  nX  -f*"  ""^  —  <■  ^  —  hub  each  equal  to  -{.  n'  ■ 
But  dM  ^uue  root  of  ~  n' ,  or  ^  ~  n' ,  i>  imagbajy  «'  inqiauible,  ai  nolttigr 
+»  nor  —  n,  when  •qimred,  gifts —»' - 

So,  in  (he  firW  fonn,  i'_+iue»t,  ■rfmre  3!+^  alafcapd  =»^  t  +  }B*.  lU 
rootniBjr  be  either  +^t^ia^,i>r  —  v^&4-4**i  ^ixM  nilbir  sf  Own  being 
RHilliplied  If  ilfdf  prodncei  i^-  )«* .  And  ihh  aiaMguHj  ii  etpreiKd  by  itrit- 
ing  the  nncartam  or  doable  ilgii  ±  balott  v'^'l't*'  i  <l>ii>  *=  ±  v'  ^  "l^e* 

-4*  , 

In  flril  fcnPi  where  »=  ±  s/t-fla*  — |a,  Ac  &«  Tahie  of  ■,  Til.  «— f 
^t+la' —  i«,  ii  ahrqn  a&MMh«;  for  wwe  ta'+J. ii gralcf  thnn— |g*. 
tbepn'^i'  BIpiBre  must  BecenarJty  bace  the  greater  root  i  tfaeicfoi«  ^i+^a* 
onUahnft  be  greater  (ban  1^^  a*,oritoequa]^a;aiidcanBcqiwnl)y  ^f.y't^^a* 
^ia  mil  alw2^'B  be  affinoatiTA. 

The  lecond  olue,  rii.  x=;  — ^i+|a*— ja  will  aim}-*  be  negctive,  be- 
came It  ia  cnnposed  cf  Mo  ueplive  lerma.  Tberdbre  wliea  ■*  -f.  ia=b,  we 
ih»n  hare  j=  +V'H-I»'  — i"  for  ttie  affitmative  v«lue  of  «.  and  *«- + 
^ft^-la'  — jafcrlheaegitivevilBeof  ». 

jn  the  Mfoad  term,  where  »=±,/t  +  ia^  +  ia  the  finil  ™lne,  vji.  3=a 
^V^+l  »' 4- i°  i*  alw^Fg ttffiimatif e,  since  it  in  coliipiaed  of  laroaffimuitive, 
leimt  fiutlhe»aciMidi'diie..ii.iC=— ^fc-hju'  +^»,  iriU  glwaji  bena. 
gadve;  foe  liaca  t-f-li*  "  grealertfiao  Ja*.  tltcrefon  ^*+Ja'  itill  be 
greatsf  thin  v'l«*>  <"  *<*  equ*!!":  and  consequently  —  v'*+i"«'  +  J" 
i«  always  a  negitire  quantily. 

'HierrliHv. 
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determiitH,  nutking  the  root  of  the  kaown  aide  either  +  or 
-•,  which  will  gire  two  roots  of  the  equation,  or  two  taIucb 
of  the  nDkaown  quaotity. 

A'oie,  I.  The  root  of  the  first  aide  c^the  e^aalifln,  is 
alwajrs  equal  to  the  root  of  the  first  tenur  with  half  the  eo- 
efiieient  of  the  second  term  joined  to  it;  with  its  sisn,  whe- 
ther +  or  - . 

2.  All  equations,  in  which  there  are  two  terms  inclading 
the  uniaown  quanti^,  and  which  have  the  index  ojf  the  odc 
just  doable  that  of  (be  other,  are  resolved  like  quadratics,  by 
completing  the  square,  as  abofe. 

Thna,  i'-j-oi»=J(or  x*"+««°~''.  or  *+«!'==&,  are  the 
sane  as  quadratics,  and  the  raUu    "  -'         ■ 
may  he  determined  accordiu^f . 


le  as  quadratics,  and  the  ralae  of  the  unknown  DuaotitT 
r  he  det 


TWeibn,  wb«i  a*  a»  ■(,  we  d«H  imn  r^^^b-^i^'  +  ia  tr  {ka 
iffirmatiire  vahuof  Xi  uhI  mss—^b^i<r  +  ^a(ot  th*  oegitiTE  value  of  i;  u 
Uttt  in  botb  Iha  fitM  aiid  wcaBd  lorma,  the  imkwiwn  qinotl^  hu  tlwtja  tiro  n- 
luu,  one  of  lAich  a  pmitiH,  hoi  the  Mber  negatiTc. 

Bat  <a  the  tbiidbna,  when  r=i±^y/iM*—i-i-ia,  botii  the  Titecs  of  a  wiD - 

be  potitive  whu  {a*  is  l^iuter  than  t.    For  tlM  fint  nine,  ni.  ir=  -f-^la' 


Tha  Kcond  nine,  Til.  a~—wrt<>*—^-H">>*B™'>™*>«>;  for*ieeta' 
(■gMatarthau  ja'^-t,  Ihewfore  ^ia'  or^ait  gruter  than  v'ta*— £;  and 

cmaKjuantl;  —  ^{b* — ft-f-'l'*  "i"  alira^  be  an  afliipialit*  quairtily.  So  Ihat, 
■Than  i'  — ac=»  b,  we  diall  hale  *=-  -J-  v  ^' —  t  +  Joi  and  alxi  ciw— 
i/ia' — b+^i  Ibrlha  Talnn  of  z,  botb  poattin. 

But  intUsdrfri  Ibrtn,  IT  i  be  gmater  dnn  ^a* ,  Iha  griutkn  of  the  pripoaed 
qattlioa  wiU  be  imposeit))*.  I'm  ^oee  fiie  upare  <rf  ai^  quaotilf  (whether  that 
qnantrlf  be  aflmnathe  or  Dcgalire)  is  kI«b;9  aiSnmtite,  llie  aqoare  root  of  • 
Oe^tlre  qtnntHj  is  impossible,  ud  cumot  be  aaHgned.  Bui  when  i  is  greater 
than  J«' ,  tbao  jo* — b  is  a  aegstire  quantilj;  B>d  tlwrelbre  ila  root  t^ia* — b 
n  impnaiblc,  or  imaginarj ;  CMWetpMBIlf,  in  Hut  cue,  ir=^^  «^la' — h,  or 
tba  tiro  roots  or  laluea  of  x,  an  both  bnpeaiMe,  or  intfjmry  ijoantitiei, 
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i.  GiTen*'+4*=60;  to  find  x. 

First,  by  completing  the  iqnare  x*  +4*+*=84  ; 

Then  by  extracting  the  root,  x+2=±8  ; 

Then,  trauspos.  t,  givei,  x=6  or  — 10,  tbe  tvro  roots. 
t.  GiTenx»-6a:+IO=65  ;  to  find  x. 

FirBl  trans.  10  gives  x*  —  6i=55  j 

Then  by  coipplet.  the  sq.  it  is  x*  —  lSt+9«64  ; 

And  by  estr.  the  n>ot,  gives  x—3=±8  ; 

Then  trans.  S,  gives  x=^i  1  or  —5. 

3.  Given  Sx*+8a:-3a=00;  to  fiod  x. 
FiatbytranspoS.SO,  it  is  83;»+at=90  ; 
Then  dir.  by  2,  gives  j:'+4»=45  ; 

And  by  compl.  the  sq.  it  is  st'+4*+4=49; 
■    Then  eitr.  the  root,  it  is  x+S=±7  ; 
And  transp.  2,  pves  t=6  or  -9. 

4.  Given  3**  — 3j;+9=B| ;  to  find  x. 
Firet  dii-.  by  3,  gives  a;»-a:+3=S}  ; 
Then  transpos.  3,  gives  x'  -1=  -\  ; 
Andumpl.  the  sq.  pves  «»— x+J=^  ; 
Thetfeitr.  the  root  gives  x—\=±i  ; 
And  transp.  |,  gives  x^f  or  }■ 

6.  Given  fr»  -  |r+30J=6?|,  to  find  x, 

Firat  by  transpos.  SOJ,  it  is  ^x*  -ix=SSi; 

Then  mult,  by  2,  gives  a;»— ix=-44t  ; 

And  by  compl.  the  sq.  it  is  x'  — |x+i=44J  ; 

Then  eitr.  the  root,  gives  x—i=  ±6|  ■, 

And  transp.  J.  gives  x=7  or  — 6|. 
6.  Given  «x'  —bx==c ;  to  find  x. 

b         e 

First  by  div.  by  a,  it  is  x» *=  — ; 

b  6         c      i* 

Then  compl.  the  sq.  gives  x'  -  _,+  —=_+_ 

b  4ac+A* 

Andextrac.  the  root,  gives  *- 5^  =±^—~j —  ; 

4oc+6«      i 


"Then  transp.  ~,  gives a;=±v'~ 
r.  Given  x*  —Sax*:=b  ;  to  find  x. 
First  by  compl.  the  sq.  gives  x*  -  2oi}+a"=a»+6; 
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And  Htraet.  the  root,  gires  i»  — o«=±^tt»+A; 

Then  transpos.  a,  girea  i*=±^o'+6+o ; 

And  eitract.  tbc  root.  giTC*  ar=  ±^/a±t/a>+b. 
And  tbus.  b;  atwaya  using  similar  words  at  each  line 
popil  will  reaolTc  the  lolluwing  eianples. 


EXAMPLES  FOR  PBACTICE. 

I.  Given  jr»—6ac-7"=33  ;  to  find  *.  An*.  *=I0, 

3.  Given  x'— 61-10=14;  to  find  a:.  An*.  r=8. 

3.  Givea  fii«+4i-P0=l  14  ;  to  find  i.  Ana.  a=«. 

4.  Giv«ij^T*-j^»-f-2=9;  to  find  *.  Am.  *=4. 

5.  Given  Sx* ~ix*  =40 ;  to  find  x.  Ani.  x=S. 
«.  Given  Jx— |yi=IJ  j  to  find  x.  Ans.  x=S. 
7.  Given  ,ix"+f»=j;  to  find  «.  Ans.  ar=t'787766. 
B.  Given  x«+4i3=12;  to  find  x. 

Ifcis.  «=^2*=r-25992I. 

».  Given  x»+4x=a'+i  ;  to  find  x.  

Ana.  x=^a*-{-6—2. 


QUESTIONS  PRODUCING  QUADRATIC  EQUATIONS. 


I.  -Tofind  titonuiBberawhoaedifiereDceisS,  andprodtictSt). 

Let  X  and  y  denote  the  two  required  Dumbers*. 
Then  the  first  condition  gives  x-~y=3. 
And  the  second  gives  xy=80. 
Then  transp.  y  in  the  1st  gives  z=y+S  ; 
7hii  valne  of  x  aubatiEut.  in  the  2d,  is  y*+9y=V9 
Then  comp.  the  square  givea  y»+<j+l=81 ; 
And  extrac.  the  root  givea  y+ 1=9 ; 
And  tranapos.  1  gives  y=-8  ; 
And  therefore  x=^4-3=10. 


*  Thne  qiKMiaal,  lik*  thoM  ia  simple  eqaatioiu,  bt*  sisb  wlrtd  b;  u^n;  M 
miij  DakDOwn  lelten,  a(  arc  the  niunben  required,  lor  the  beElor  onrciH  hi  re- 
dDcmg  aqmliDOSi  not  mnaag  at  lite  riwrteH  loaiks  at  bjIu'Job,  whicb  would  not 
itbti  10  moc^  DMftd  practice. 
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1,  To  divide  the  auflaber  14  into  tiro  such  fsrts,  that  lke>r 
product  majr  be  48. 

Let  X  and  y  d«Dote  the  two  ntimbers. 

Tben  the  1st  coadilioD  givei  x+y=3l4. 

And  the  2d  gives  xy=48, 

Then  traoip.  y  ID  the  1st  gires  xa^M—y; 

Tbie  Talne  eubst.  Tor  x  ia  the  ed,  ib  14y-yi=s48; 

Cbangiog  all  the  signs,  to  indke  the  square  positire, 

gives  y'—14y=-48; 
Then  conipl.  the  square  gives  y' —  lAy-^-i&^l ;     . 
And  eitrac.  the  root  gives  J- 7»d:l ;    ' 
Theu  transpod.  7,  gives  y=8  or  6,  the  two  peril. 

3.  Given  the  sum  of  two  ttumberS'i=d,  and  the  ism  of 
their  aqaares  =  45  ;  to  find  those  nuisbers. 

Let  X  and  y  denote  the  two  anmben 

Then  by  (he  lit  coaditioa  x+tj=9. 

And  by  the  ad  a!'4»»=45. 

Then  transpos.  y  in  the  1st  gives  x><»d—jr; 

This  value  subst.  in  the  9d  gives  81  -  lBy+i^~*6  ; 

Then  tran'pos.  81,  gives  a^'  — 18y=— 3ti  ; 

And  dividing  by  2  fpves  y''~9y=~lii 

Then  compl.  the  sq.  gives  y*— 8y+V=!  i 

And  estrac.  the  root  gives  y— f=±| ; 

Then  trauspos.  |  gives  y=6  or  S,  the-tno  nuntben. 

4.  What  two  nnmberc  are  thone,  whoge  sum,  product,  and 
difference  of  their  squares,  are  all  equal  to  each  other  ? 

Let  X  and  y  denote  the  two  numben. 
Then  the  Ut  and  3d  expression  give  r+y=T^. 
And  the  1st  and  3d  give  x+y=x'  — y*. 
Then  the  last  equa.  div.  by  x+y,  gives  las*— y ; 
Andtranspos.  y,  gives  y+lt=a,- 
This  val.  subsiit.  in  the  1st  gives  Sy+l=yi+y  ; 
And  transpOB.  2y,  gives  1— y'  —y  ; 
Then  cmnplet  the  sq,  gives  f=y*  — y+J  ; 
And  extracting  the  rootgivet  i^/&=y— }  ; 
And  transposing  |  givei  i^^-¥i^yi 
And  therefore  3r=y+ 1  =4.^6+ J. 
And  if  these  expresiioos  be  turned  into  nnmbers,  by  ex- 
tracting the  root  of  e,  &c.  they  give  x=8-61804-,  and 
y=l-6180+. 
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which  tbe  prodoct  of  the  iwo  eTtreme*  is  ti,  and  that  of  Hat 
fotaoB  40 ;  what  are  the  Dnmben  ? 

Let  X  =  the  lew  estretne, 

Bod  jr  =>.the  codhwib  difference ; 
Than  x,  x+y,  x+Sy,  i+3y,  will  be  the  four  ntiinben. 
Hence  hy  Ibe  1st  coDdition  x'+3xy=2i,        ^ 
And  by  the  8d««+3*y+«y»«=40.  "■ 

Then  subtracting  tbe  flrat  from  the  2d  gires  iy'^clt ; 
And  dividing  by  2  givei  y«=9  ; 
And  extracting  the  root  gives  y=S. 
Then  subftit.  3  for  y  in  the  1st.  gives  x*  +9x=^  22  ; 
And  conapletiag  the  square  giTe8a;*+9x-f-V=" 'I*  i 
Then  extracting  the  root  gives  r-j-f^^y  j 
And  transposing  |  gives  x=2  the  least  number. 
Hence  the  four  numbera  are  i,  5,  8,  1 1, 

6.  To  find  3  number*  in  geometrical  pregression,  wfaoM 
nun  ihall  be  ?■  and  the  sum  of  their  aquares  SI. 

Let  X,  y,  and  z,  denote  tha  three  numben  sought- 

Then  by  the  Ist  cooditioD  xi=ii'. 

And  by  the  id  a+y+z  =7, 

And  by  the  3d  »*  +y'  +*"=  11 .. 

Transposing  y  in  tbe  2d  gives  i+r=7— y  j 

Sq.  this  e^uB.  giyes  *'  +  SLzz  4-?*  +  »=49— 14y+B»  j 

Subxti.  2y»  for  2w, gives  «»-f-^-f  *a:=49_J4y4-y»  . 

Subtr.  y*  from  each  side,  leaves  a-s+y'-t-si-a 49— 14y;. 

Putting  the  twoTaluat  of  a;»  +  j»+z' i 

equal  to  each  other,  gives  ]  2"='f!>-Hy ; 
Then  transposing  21- and  I4y,  gives  I4y=c=88  ; 
And  diridiug  by  14,  gives  y=>2. 
Then  aubstit.  2  for  y  in  the  1st  equa.  gives  x?b=4. 
And  in  tbe  4th,  it  gives  «-4-*^6  ; 
Trungporing  z  in  £e  kit,  gives  x=5—x ; 
This  Bubstit.  in  the  next  above,  givee  5?— ^^=4  i 
Changing  all  the  signs,  ^res  z>  — &ie=— 4; 
Then  computing  the  square,  gives  «> —6z4-**sf  ; 
And  extracting  the  root  gives  2— f.=^|  j 
Then  transponing  i  gives  x  and  xe4  and  I,  be  two 

other  numbers ; 
60 -that  the  three  numbers  are  1,-2,  4. 

QCESTIONS  FOE  PRACTICE, 

1.  What  number  it  that  which  added  to  its  square  makes 
42  ?  Ans.  6. 

2.  To 
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S.  To  find  tiro  miiaberB  sacfa,  that  the  lesa  may  be  to  the 
greater  ai  the  ^eater  is  t«  13,  and  that  the  sum  of  their 
•quares  may  be  45.  Ans.  3  and  6. 

3.  What  two  numbers  are  those,. whose  diffwence  is  i,  siod 
the  difference  of  their  cubes  98  ?  Ans.  3  aud  5. 

4.  What  two  numbers  are  those  whose  sum  u  6,  and  the 
■ant  of  their  cubes  72  ?  Ans.  2  and  4. 

5.  Vftm  two  Diimben  are  those,  whose  product  is  ^0,  «nd 
the  difference  of  their  r.abe«  til  ;  Ana.  4  and .5. 

6.  To  iliride  Ibu  number  <  I  into  two  such  parti,  that  the 
product  of  their  squares  may  be  784.  Ans.  4  and  7. 

7.  To  divide  the  number  5  into  two  sock  parts,  thst  the 
^       sum  of  their  alternate  quotients  may  be  4^,  ti)^  is  of  the  two 

quotients  of  exh  garl  divided  by  the  other. 

Ans.  1  and  4. 

8.  -Tfl  divide  12  into  two  such  parts,  that  their  product  nray 
be  equal  to  8  limci^  tbssr  differeoce.  Ans.  4  and  8. 

9.  To  divide  the  number  10  into  two  such  pnrts,  that  the 
■qiireof  4  liine^  the  less  part,  maybe  113  more  thaD  the 
squiire  of  2  times  the  grraler.  Ans.  4  and  6. 

10.  To  linil  two  numbers  sach,thRt  the  sum  of  their  sqaarea 
m'-iy  he  89.  und  their  Hum  multiplied  by  the  greater  may  pro-  ■ 
duce  104.  Ans.  5  and  6. 

1 1 .  Whnt  numbed  is  that,  which  being  divided  by  the  pro- 
■  duct  of  »(9  two  digit*,  the  quotient  is  5J  ;  but  when  9  is  sub- 

tmctcd  from  it,  there  reotitios  a  number  having  the  same  d^ts 
iovcrted?  Ans.  32. 

1!^.  To  divide  20  into  three  parts,  such  that  the  continual 
product  of  all  three  may  be  i'Jt  and  that  the  difference  of 
firm  and.  second  may  l>e  2  less  than  the  difference  of  the 
secood  nnd  lh>rd.  Ans.  6,  6,  9. 

13.  To  6a>i  three  numliersin  arithmetical  progression,  such 
that  the  sum  of  their  squares  may  b^5f),  and  the  sum  arising  .^ 
by  adding  together  once  the  first  and  3  times  the  second  and 

3  times  the  third,  may  amount  to  28.  Ads.  S,  4,  6. 

14.  To  divide  the  number  1.3  into  three  such  parts,  that 
their  squares  may  have  equal  differences,  and  that  (he  Bum  of 
ihose  squares  may  be  75.  Ans.  1.  6,  -7. 

I,         15.  To  find  three  numbers  having  equal  differences.'so  tb^t  ^ 
(heir  sum  may  bo  IS,  and  the  sam  of  their  fourth  powers  962. 

Ans.  3,  4,  5.     ' 
16.  To  find  three  numbers  having  equnl  differences,  and 
fuch  that  the  square  of  the  least  added  to  the  product  of  the 
two  greater  may  make  38,  but  the  square  of  Ae  grcalcct  %d<l- 
"d  fn  the  product  of  the  two  less  may  make  44. 

Ans.  2,  4,  6. 
17.  Three 
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17.  TlirM  atrchtciti,  a,  t,  a,  od  compariag  tbeir  gains 

fiw),  tte  wDMg  th«m  d)  tib«y  h«r«  gaioed  14441. ;  and  that 

,'  »'■  gun  added  to  tha  aqaara  root  t£  a's  nstdc  iHOl. ;  but  if 

add^  l«  the  aqoan  root  itf  c'a  it  nade  9K.     What  amr* 

tbair  ^*«ral  saios  ">  Am.  a  400;  i  900,  c  144. 

li.  To  find  threvnimbsn  in  antbnwtiaa]  propVMon,  lo 

,  UtattlM  lum  of  ttMir  sqaarci  ahal)  be  93 ;  aha  if  tha  fint  Im' 

maMphfld  by  3,  tho  aecosd  bj  4,  and  Ac  third  1^  &,  tha  ann 

of  the  prodicts  may  be  S6.  Ana.  t,  6,  8.  - 

IS.  To  find  four  nnmben  ancb,  that  the  fint  nay  be  to  the 
•econd  aa  the  third  to  the  fburtb  ;  and  that  the  fint  may  be 
to  the  foartb  aa  1  to  & ;  also  the  vecond  to  tha  third  aa  6  to  9 1 
and  the aoia  of  the  atcond  aadftrartk  m^ be  id, 

Ana.  9,  5,  9,  18. 

BO.  To  find  two  naBM>Ha  asch  that  their  prodoot  addad  to 
diair  aom  nuy  make  47,  and  their  son  takes  tnm  the  ■am  of 
their  aqurei  may  1m*»  02.  Ah.  fiwidT. 


.ftCSQLUTlON  OF  CI7BIC  AND  HIGHER 
EqPATlONS. 


A  Cdbic  Eqaatian,  or  EqnatiOD  of  the  3d  d^ree  or  power, 
ii  one  that  containa  the  third  power  of  the  onknown  qna&titj. 
A*  »*— Mt»+6«=M.  ^ 

A  BifMdratie,  or  DooUe  ^wdralie,  ia  an  Mpalioii  tfwt 
cootaini  the  4tb  Pffwer  .of  the  ankoown  qaantity  : 

As  ««  -  (U* -f  kr*  -  ccM  d. 

Aa  Eqnatioii  of  the  6th  Powm  er  Degree,  ia  one  that  ooa- 

'  taina  the  6th  power  of  the  nnkoowB  qoaal^  : 
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And  BO  00,  for  all  ottier  higher  power*.  When  it  h  to  he 
noted,  however,  that  all  the  powers,  or  terms  in  the  eqoa- 
tioD,  are  luppoied  to  be  freed  froat  inrds  or  fractiona]  esp^ 
nenti. 

There  are  buht  particuhu-  and  prolix  ralei  usually  giren 
tow  the  lolution  of  some  of  the  abore-DKutMned  powers  or 
eqoatiqna.  But  they  msT  be  all  readily  solved  b;}  the  foDow- 
ing  eaajr  rule  of  Double  Fontion,aoinetimea  called  Thai-and- 


1.  FiHD,  by  trial,  two  nnmben,  a*  near  the  tme  root  as 
yon  can.  and  substitute  them  separately  in  the  given  «qQBtioB, 
instead  of  the  unknown  quantity  ;  and  fiod  how  much  the 
temw  collected  together,  accoi^iug  to  their  signs  +  or  -, — , 
differ  from  the  absolute  known  term  of  the  equatioD,  •nariiftg 
whether  these  errors  are  in  excess  or  defect. 

X.  Multiply  the  difference  of  the  two  numbers,  found  or 
taken  by  trial,  by  either  of  the  errors,  and  divide  the  pre- 
doct  by  the  difference  of  the  error*,  wbeo  they  are  aUke, 
but  by  their  sum  when  they  are  unlike.  Or  say.  As  the 
difference  or  sum  of  the  errors,  is  to  the  difference  of  the 
two  namber*,  so  is  either  error  to  tb«  correction  of  its  up- 
poled  number. 

3.  Add  the  quotient,  last  found,  te  the  number  kelon^ng  to 
that  error,  when  its  sappoaed  number  is  loo  little,  hot  lubtraet 
it  when  too  great,  and  thf  result  will  give  the  true  root 
nsaWy. 

4.' Take  this  root  and  the  nearest.of  the  two  former,  or 
any  other  that  may  be  found  nearer  f  and,  by  proceeding  in 
like  manner  as  above,  a  root  will  be  bad  still  nearer  than 
before.     And  so  on  to  any  degree  of  exactness  required. 

/foU  I.  It  is  best  to  employ  always  two  assumed  nomben 
that  shall  differ  ftom  each  other  only  by  unity  in  the  last 
figure  on  the  right  hand ;  because  then  the  difference,  or 
■nitiplier,  is  only  I.  It  is  also  best  to  nae  always  the  lemt 
error  in  the  above  operation. 

M'ott  X.  It  will  be  convenient  also  to  begin  with  a  single 
figure  at  first,  trying  KTeral  sin^  fignret  tiU  then  be  foantf 

the 
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tbe  two  neBFest  the  tralh,  Ihe  one  too  Kttle,  ud  the  other 
too  great ;  and  in  working  with  them,  find  only  one  mord 
figure.  Then  subatitnte  this  corrected  result  in  the  equntion, 
far  the  unknown  letter,  luid  if  the  result  proTe  too  httle, 
suhstitute  also  the  nnmber  oezt  greater  for  the  aecood  sop- 
pMition ;  but  cootrariwise,  if  the  former  prove  toii  great, 
then  take  the  aeit  le»  number  for  the  lecoad  supposition  ; 
and  in  working  with  the  second  pnir  of  errors,  continue  the 
quotient  only  *a  far  a«  to  have  the  corrected  number  to  four 
placea  of  6gureB.  Then  repeat  (he  aame  procMS  again  with 
thia  last  corrected  number,  ajad  tlie  next  greater  or  teas,  as 
die  case  may  require,  carrying  the  third  corrected  number  to 
eight  figure* ;  became  each  new  operation  commonly  doablea 
the  number  of  Irtre  figures.  And  Unu  proceed  to  any  eiteut 
that  may  be  wanted. 


Ez.  1.  To  find  the  root  of  (he  cobic  equation  x'+x*+x 
=™iOO,  or  the  valne  of  xtn  it. 


Here  it  is  soon  Ibnnd  that 
a  lies  between  4  and  6.  As- 
nme  therefore  these  two  num- 
b«i,  and  the  operation  will  be 
as  follows : 

1st  Sap.  Sd.  Sup. 

4        •        X       -  6 

16         -         x«       .       .    25 


Again,  snppoie  4-S  and  4-3  ^ 
and  repeat  the  work  aa  fol- 
lows : 


—16        -    errors    -      +66 

the  awn  of  which  is  71. 

Then  as  71  :  t  ::  16: 
Hence  x™4'2'nearly. 


lit  Sup. 


2d  Sap. 


96-928       Boms      102*397' 


—1-072    errors    -J-  2*297 


the  nam  of  which  is  6-369. 

As6*n69  it::  2-CS7  :  0*036 

This  taken  from     -     4-300 

learea  x  neariy  e4-264 

Again, 
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ECO  AXAEBftA. 

AgM,  foppOM  4-l84,  ud  4-S66,  vd  W*rfc  M  Mtfin : 
4- £64  -         X  -  4-265 

18-181696  z*         -  ie-IIWS2s 

lJ-bWlB»       '       c*        •  T7-seisio 


-^■Oi76&3        .     etran     •  +00366S& 

tbe  floin  ot  whidi  ia  -064087. 
Tbto  M  -064067  :  001  ::  -IM7662  :O-0004e99 
To  tfaii  addii«        •        4-264 

givfli  tE  T«iy  Uirlj  *>  4-t644S99 

Tbe  work  or  the  example  sbore  n^^  bsTC  been  much 
■bortened,  by  tbe  use  of  the  Tabte  of  rowers  in  the  Arith- 
metic, wbicb  would  have  given  two  or  three  E^nrei  bj  in- 
spection. But  tbe  eiampte  fau  been  werked  out  m  puticQ- 
luljr  H  it  ifl,  the  better  to  ibow  th«  netttod. 

Ex.  i.  To  find  the  rootof  tfa*  e<|uatioB  x*— 16z>-{-63x 
^b50^  or  the  nl«e  oi  xiakt. 

Here  it  soon  ippean  that  x  ia  very  Uttle  above  1 . 


SnppoM  therefore  1-0  and  I-I 
aitd  iToi^  M  foUowi ; 


AgWDi  ivppoic.  the  two  mtt~ 
ben  1-03  and  I'OC.&c.  tt 

followB  : 


.    63-0  -       63«     -        69-3 
—16         —16**       — 18-16 
1      .  i'   -         1-351 


64-89    -      63*    64-i« 
•  lngi36  — l&r*  - 16-6060 
l-0927t7       *•     1061209 


60 


ao 


— I      -   errors    -     +2-481 
3-481  aum  of  the  errors. 
Aa3-481:I::l:-03  correct. 
1-00 

Hence  x  =  1-03  nearly 


-|-0e9M7«rr«n  — 1847» 
-284792 


A«   -364019: -01  :: '06952?: 
-0019666 
This  taken  firam    1-03 


learea  x  nearly  «^  1  -02804 
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/fiate  S.  Bnry  *>|Hiit^B  tiM  •■  bub^  tvoti  n  H  tontaitn 
dlmemtoiw.-or  n  there  ■*>  <iii<t*  ■»  tin  inifx  af  ita  faighert 
potrcT.  Itntb  vumple  a^mtiWi  hu  only  one  Wu«  of  the 
root ;  but  a  qaadratic  eqi^Btion  ha*  tn o  raluee  cr  roots,  a 
cabic  equation  hu  three  rooti,  a  biquadratic  equation  kas 
bar  reotR,  and  *o  «n. 

And  when  one  of  the  rooti  of  an  eqaation  has  been  found 
br  npprasiiDation,  aa  abore,  the  real  qmj  be  jbnnd  as  folloiri. 
Take,  for  a  dividend,  the  given  eqaation,  with  the  known 
term  trans^ed,  with  its  sign  changed,  to  the  unknown  aide 
•f  the  equation ;  and,  for  a  dirisor,  take  x  mmufi  the  root 
jmt  feoM;  DnMe  the  said  diridend  by  the  diriaor,  and  the 
qnotieat  will  be  tbe  •ywtiwa  J^evaaed  a  degree  lower  then 
tfies^fOBime. 

Fiitd  «  foot  of  Hm  M«  eqaatiOD  by  epprbximation,  ai 
before,  or  ettaepwise,  and  it  will  be  a  second  root  of  the  ori- 
gi[Ml  equtioti.  Then,  by  meaw  of  tihis  root,  depn-is  the 
second  equation  one  dagne  lower,  mi  ftom  thence  find  a 
third  root,  ami  so  on,  tilt  tbe  eqaation  be  redoced  to  a  quad- 
ratic ;  tbcK  tbe  two  roots  «f  tUs  being  fonnd,  by  the  tnetbod 
of  comptetinj  the  sqoare,  they  wilt  make-np  the  renmioder 
of  the  roots.  Thw  in  the  foregoing  equation,  having  fonnd 
one  root  to  be  1  '02804.  connect  it  by  minus  with  x  for  a  diri- 
ior,  and  the  equation  for  a  dividend,  be.  as  fotlows : 

X  -  l-Ot804)  X*  —l6x*  +  eSx  -  60  (iS*  -  13-9ri96x  + 
48-63627=-0 

Then  the  tw*  rMti  (tf  diis  qaadrstic  equation,  or 

X*  - 13-97196  r=-4ti-636a7,  by  completing  tbe  aqnare,  are 
6-5765S  and  7-39543,  which  are  also  the  other  two  roots  of 
the  fiTe»  cubic  equation.  So  that  all  tbe  three  roots  ot  that 
eqaatioo,  viz.  z*  — lft>*-f^Sc=SO. 

ud  S-176S3  )  '"^  Bie.Bam  of  all  tbe  roots  is  found  to  Tie 

and  7-39S431  '®'  ^*"'*  **1™'  '"  **  co-efficient  of  the 

>2d  term  of  the  equation,  which  the  sum  of 

sum  16.00000  \  *e  roots  always  ought  to  be,  when  they  arc 

Jnght. 

ffote.  4.     It  is  abio  a  particutar  advantage  of  the  foregoiug 

rule,  that  it  is  not  necessary  to  prepare  the  equation,  as  for 

Other  rules,  by  reducing  it  to  the  usual  final  form  and  state  of 

equations. 
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eqnationi.    BecwiH  tk«  rate  may  be  applied  st  once  to  an 

nnredaced  equation,  though  it  be  ever  h  taoeh  embarraned 
by  iurd  and  oomponnd  qaantitiea.  Am  in  the  jbllowing  ex- 
Biaple : 

Ei.  3.  Let  it  be  required  to  find  the  root »  of  the  aqnitioB 
^144*»— (ti+'i(0}»+v'IM««-(a»4-24)*=ll4,  or  the 
nine  of  x  ia  it. 

By  a  few  trials,  it  ii  soon  found  that  the  Tilae  of  x  ia  bat 
tittle  abore  7.    Suppose  tlierefbre  firat  that  x  ia  =>7,  aud  tlten 


First,  when  zs:7. 


47-908     -     ^  144«''-(a^+t0)« 


66-3B4     •     ^  I9&t«-(«*+M)« 

1 13  290    -    the  sum  ef  dieae 
114000     •    thel 


— 0-710  .  -    the  twcerrors 
+  1-789     - 


AsS-469:l::0'7U>»0-«.Mkdj..    ,      .    , 
7-0 

Therefote'i=7';(iieariy       "  ,         '  ,^. 

Suppose  again  x3t*!f*,-uiA'ilnh,'h«tAi0iitnan^9a^tin>=l0tat 
suppose  X  also  =-T-i,'  &c  as  Allows :    •  -  ■-  -^    ■ 

Supp.x—7-S   "■  :-y.ii.-  ,■- ..^P-«=7*l 

47-930     ■     ^  144x» 4 («•+«))•     .'  ■47V73  ■    '  * 

,     66-402     -     y/  196x»-(*»-f24)»     ,      66*)4-    -• 

114  392     .     the  suDH  of  these       -       113  879- 
114-000     -    the  true  number  -       114-000    r    ■ 

+0-392    -    the  two  errors            -      — 0-18S  ^. 
0.123  
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aX  -616  ;  •!  : :  -ISS  :  '024  the  corrtctioil, 
7-100  «M 

Thera£>rfl  x  =7- 124  dcktIj  tbs  root  required. 

ffott  6.  The  same  rule  rUo  among  other  more  difficult 
fbrmi  of  eqaation,  aocceedi  rny  weU  in  what  ara  called 
eiponential  ones,  or  tbote  which  hare  ao  ankoown  qaaotitf 
ID  the  eipmieDt  of  the  power ;  ai  in  the  foUointig  example ; 

Ex.  4.  To  find  the  value  of  x  in  the  exponental  eqnation 
«*— 100. 

For  more  eaatlf  reaoWing  anch  kiada  of  equations,  it  is 
convanieat^  take  the  logariUtms  of  tbem,  a&d  then  compute 
the  terms  bj  meana  of  a  table  of  logarithma.  Tboa,  the  lo- 
garithme  of  the  tno  sidea  of  the  preteut  equation  are  xX  1<^- 
of  x=2  the  log.  of  100.  Then,  bj  a  few  triak.  it  is  soon 
perceired  that  the  value  of  z  ia  somewhere  between  the  two 
numbers  3  and  4,  and  indeed  nearly  in  the  middle  between 
them,  bat  rather  nearer  the  letter  ^n  the  former.  Taking 
thfrefore  first  2=^3  6,  uid  then  ^3-6,  and  working  with  the 
logarithm*,  the  operatioa  will  be  as  follows  : 


First  anpp.  x=3-B 
Log.  of  Se=U-644068 
then  3-5Xlog.  3-fi-.l-904«38 
the  true  number  t  000000 


Second  Supp.  x  =3-6 
Log.  of  3-6=:0-5S6S03 
then3-6Xl(^.  3'6=S-0026S9 
the  true  number  2.000000 


error,  toolittle,— -096762 
'  062689 


error,  too  gre«t4-lJ 


B  of  the  errors.    Then, 


leaves    >    3-69727=x  nearly.* 

Ex.  5.  To  find  the  value  of  x  in  the  equation  x*+10x* 
4-Bs«260.  Ana.  x=4-ll79867. 

Ex.  6.  ToG&dtfaevalneof  xintheequationx*-2x=50. 
Ans.  3  8648864. 


*  Br  npauing 
3-S97»(M)H.    J 


th«  opelUiciH  wtA  a  Uifi^  tible  of  logwtiiini,  we  End  p 
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£x.  7.  To  fini  Ae  vdQ«  of  x  in  the  aqwtiofr  :^Sk*— 
iSxi^ia.  Am.  »s=fi-lS467. 

Ex.  8.  To  fiodthe  Taln««f  x-uithe  eqaation  7*  — 17x*4-    . 
54^0360.  Am.  x=14*95407. 

Ek.  9.  To  fiod  the  Ttdne  of  x  in  the  equation  x*  ~3x*  — 
Wx^lOOOO.  Am.  x».)O-S609. 

Ex.  10.  T»Aadtfa»Ttfaeofx>BA»e4aatiM«r«-l6x  + 
4Cw* -30««  —  1.  Ah.  «3.1-fS4Tt4. 

£x.   It.  TofindthenlMof  xtBtha  eqIlatio■s•+tx*-f' 
3«*+4x>+6»-^32l.  Am.  x«8'414466. 

Ex.  12.  To  find  the  ralne  of  x  in  the   eqoatioa  x  b» 
123466789.  Aoa.  tf«8*ft\00M8. 

Ex.  13.  QiT«iS«— Tv*+II«*-3if»n.t*fiBd»- 
£z.  14.  Tofindbenlmef  vuiUweqtMtien 

.  Ai»>  JBw.18'360877. 


TaovoB  the  forectung  generd  method,  bj  the  appUcntion 
•f  Doable  Position,  be  the  readiest  wiiy,  in  real  pnctice.  of 
finding  the  raoti  in  nmnben  of  cnbic  et]«BtioG8f  as  well  n  of 
m  the  higher  equations  ttDirenatly,  we  may  here  add  the  par- 
licnlar  method  conunonly  called  Garden's  nnle,  for  resolTiog 
cabic  equations,  in  case  any  person  ahonld  choose  occaaionallj 
to  employ  that  metiiod. 

The  form  that  a  cubic  e^^ie*  mw(  necessarily  bare  to 
be  resdved  by  this  rule,  la  this,  tib.  i*+tu=:b,  that  is, 
wanting  the  second  term,  or  Uie  tem  of  the  ltd  power  **, 
Ther^re,  after  any  cubic  eqoatioB  baa  been  radaced  down 
to  its  final  oauai  form,  x*-^px*  +  fx  —  r,  freed  Jnu  the 
co-efficient  of  its  fiiit  tern,  it  will  then  be  aecessary  to  take 
away  the  2d  term  jrx*  ;  which  is  to  be  done  in  this  manner  : 
Take  ^,  or  J  of  the  co-etfictent  of  the  second  tenn,  and 
annex  it  with  the  conb-ary  sign  to  aoetber  unknown  letter 
z,  tboe  z^^f ;  then  snhslitate  this  for  x,  the  onknown  letter 
in  the  origmal  equation  x'  +  fx*  +  ft  =  r,  and  there  will 
resaltthis  redact  equation  <*  +  iix'^b.  of  the  fern  proper 
for  applying  the  following,  or  Cardeo'a  rale.  Or  take  <»4a, 
and  tfnji,  1^  wUcb  tba  wdace^  eqaatien  *tF-*  *^~  fbtm-«* 
+3ca  •»M. 

Tkea 
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CUBIC,  Ik.  E<yJAT!ONS. 
ThcK  iidistitate  the  Taluea  of  c  and  d  in  this 

form  *  =  ?/<HV(«'M^*)  +  l/S^V(^+«'). 


and  tbc  value  of  the  root  z,  of  th6  reduced  equation  2'+ 
az=6.  will  be  obtained      Lastly,  take  x=z— ^,  whicli  irill.. 
giTe  the  Talue  of  z,  the  required  root  of  the  original  equa- 
tion x'+px'  -i-qx=r,  firat  proposed. 

One  root  of  thii  equatioa  being  thna  obtained,  then  de- 
pressing the  original  equation  one  degree  lower,  aAer  the 
manner  described  p.  260  and  361 ,  the  other  two  rootsaf  that 
eqaatioB  will  be  obtained  by  neani  q/  the  retulting  quadratic 
eqantion. 

JVote.  When  the  co-efficient  a,  or  c,  b  negatire,  and  e*  is 
greater  than  d*,  this  ij  called  the  iiredncibte  case,  because 
dteo  the  solution  cannot  be  generally  obtained  by  tl^  rale. 

Em.  To  find  the  ro«ti  of  the  eqnatioo  x>  ~Gx'  +  lOz  =  8. 

Fint.  to'take  away  the  8d  term,  its  co-efficient  being  —  C, 
its  3d  fwrt  is— t ;  put  therefore  x=Bf+2,  tiien 

+lftc=  +I0i-f20 


theref.  the  Bam  x>   i^     — K^4a:8 
or  t'    *     — 231=4 
Hen  then  a^—9,  t=»4,  e—~\,d=t.  _____ 

Ther«f.Vrf-|-^(d«-l-e»)=yt+^(4-A)=V»+i/W=' 

•Dd  t/rf-^;rf'+cO=V8-^(4-A)°'yg-l/W"' 
V8-yv'S=0'42866 
then  the  turn  of  theae  two  it  the  ralue  of  Z3=Z. 
Henc«»!=z-J-2  =  4,  one  root  efx  in  the  eq.  «•— 6jc«+ 
lOx=sB. 
To  find  the  twn  ether  roots,  perform  the  diriuon,  &c.  as 
in  p.  S61,  thus: 

it-4>»-e«'-H(ta-8(*«-2a+«=0 
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HencB  »»-««=-«,  or  z«— 2*+l=-l,  md  x—i^± 
^— I ;  x=l+v'  — '  o'  =1  — ^  — J,'  the  two  other  Moghl. 
Ex.  t.  To  find  the  rooU  of  x*-9z*+S8z=30. 

Ana.  «=3.  or  =3+^~  I.  or  =S~^~  1. 
Ex.  3-  To  find  the  rooli  of  x'~'lx*+lix=90. 

Am.  a!=6,  or  =1+^—3,  or  ^1— ^— S, 


OF  SIMPLE  INTEREST. 


As  the  inttrMt  of  ugr  sm,  f*r  mj  time,  i*  diractfy  pn- 
poitionsl  to  the  principal  ■nin,  and  to  the  tne  ;  tber^re 
the  interest  of  t  ponnd,  for  1  jear,  boog  nnlttplied  by  uj 
given  principal  ■um,  sad  bj  the  time  of  its  forbeannce,  is 
yean  Mid  parts,  will  give  its  interest  for  that  time.  That  is, 
if  there  be  put 

r  =  the  rate  of  interest  of  1  ponad  p«r  annum, 
p  ^=  aoy  tirincipnl  turn  lent, 
I  =  the  tme  it  is  teat  fbr,  and 

a  es  the  amtHint  or  sum  of  principri  Md  intereit;  thai 
is  frt  =  the  interest  of  the  som  p,  for  the  time  i,  and  conseq. 
;p+Dr(  or  i>X(l+r<]=ia,  the  Hnoont  for  that  tB>e. 

From  this  eipreision,  other  theorenis  can  easily  be  de- 
,  dnced,  for  finding  any  of  th«  quantities  aboTe  inentioiMd : 
which  theorems  collected  together,  will  be  as  below : 
Ist,  u  BE  p+prt,  the  amount, 

Sd,  j>  =-  Yxr^i  the  principat, 

V.'-'-^^.tbeiate, 
pt 

4th,  (M^^,  the  time. 
pr 

For  ExanpU.  Let  it  be  required  to  fad,  in  what  time 
any  principal  svm  will  double  itself,  at  any  rate  of  simple  in- 
terest. 

In  this  case,  we  most  ose  the  first  tbeoren,  (ii=p  4'prti 
in  which  the  amoont  a  moat  be  made  v  Sp,  or  donble  the 
principal,  tlut  is,  p'+prt^tf,  wprt^p,  or  rt^  I  i  and 

IWDce  ( SB  ~~. 
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COMPOUND  INTEREST.  S6T 

Hera,  r  Mog  the  intereat  of  W.  for  1  Tear,  it  follow*,  that 
the  doubling  at  nimple  iDterest,  is  equal  to  the  qaotieot  of 
an;  luoi  dirtded  by  itt  interest  Ibr  1  yen'.  So,  if  the  rnla  of 
interest  be  b  per  cent,  then  lOO-^a^ZU,  is  the  lime  of 
doobliog  at  that  mte. 

Or  the  4tb  theorem  gives  at  once 

f= — -=:-^ — 1= = — ,  the  lame  as  before, 

pr  pr  r         r 


COMPOUND  INTEREST. 


BsaiBii  the   qnaalitiea    ooneemed    in    Simple    InteraA 
-  nanely, 

p  »e  tbe  principal  inn, 

r  =  the  rate  or  iaterest  of  II.  for  1  year, 

a  =  the  whole  amount  of  the  principal  and  iotereat, 

t  =  the  time, 
there  ii  another  qaantity  employed  in  Compound  Interest, 
viz.  the  ratio  of  Hii  rate  of  interest,  which  ii  tbe  amoont  of 
1/.  &r  1  tima  of  pajmant,  and  which  here  let  be  denoted  by 
R.  Tiz. 

Rsl^-r,  the  amoiint  of  ll.  for  I  time. 
Then  the  particnlar  aonounts  for  the  sereral  times  may  be 
thai  compoted,  riz.    As  ll.  is  to  its  amoont  for  any  lime,  ao 
ii  any  propoaed  principal  sum,  to  its  amonnt  for  the  same  time ; 
that  H,  as 

ll.  iR  :  -.p       :  j)R,    tbe  Ist  year's  amount. 

It.  :  R  :  :  pR    :  pR*,  the  CH  year's  amoont, 

1/.  ;  R  :  :  pR*  :  pR*,  tbe  3d  yeaE.'fl  amooat, 

and  ao  on, 
Therefore,  in  general, j7R'=a  it  tbe  amount  for  the  ( year, 
or  t  time  of  payment.     Whence  the  following  geiteral  tbeo- 
rema  are  deduced  ; 

lit,  a>=j)Ri  the  amountf 


ii,  f =n->  the  principal, 

3d,  R=A/—,  the  ratio, 

log.  of  a— log.  of  »  ,.     ,. 

4th,  (=■-£—; ^2 — i,  the  time. 

1^.  of  R  T^ 
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From  which,  my  one  of  the  qaantities  may  he  fonnd.  when 
the  rest  are  given. 

As  to  the  whole  interest,  it  is  found  hy  barelj  avhtiscting 
the  principal  p  from  the  anouot  a- 

Example.  Suppose  it  be  required  to  find,  in  how  many 
jean  any  principal  anm  will  double  itself,  at  any  proposad 
rate  of  compoand  interest. 

In  this  case  the  4th  theorem  most  be  employed,  mafciiig 
a=Sp  ;  and  then  it  is, 

,  _log  a-log  p     log.  ip-]og.  p     iog  g 
log.  R  log.  R  log  R' 

So,  if  the  rate  of  interest  be  6  per  cent  per  annnm ;  tbea 
R  =  !■}- -05  =  t-0&;  and  hence      ' 

log.  i        -381030  ^„ 

l=-J^*— _^--_-— -_=14-2067  nearly  ; 
log.  ro6     -021189  '  ' 

Aat  is,  any  sum  doubles  iladf  in  14^  yean  nearly,  at  the  rate 
of  b  per  cent,  per  annum  compound  interest. 

Hence,  and  from  the  like  questioo  in  Simple  Interest, 
aboTe  pTen,  are  deduced  the  times  in  which  any  sum  douhlea 
iteelf,  at  several  rates  of  ioterest,  both  simple  and  compound ; 


At  ■ 
2 

^  At  gimp.  Int. 

At  Camp,  tut 

in  fiO 

is  S6-OOT8 

** 

40 

28*0701 

3 

per  cent,  per  anDom 
interest,    U.  or  any 

other  sum,  will 
douMe  itself  in  the 

following  years. 

£3-4498 
20-1488  - 
n-6730 
15-7473  -J 
14-2067  « 
1 1-8967  ? 

144 

10-2448 

«* 

9-006fi 

IH 

8-0438 

10 

L     10 

7-27S5 
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The  follomne  Table  will  Tery  ipuch  &cititate  olcolatioM 
of  compoUDd  interest  on  atiy  amn,  for  any  number  of  years, 
at  rariaiu  rafts  of  interest. 


The  amoants  of  II.  in  any  number  of  yeara. 


jYi^ 

3 

H 

4 

H 

6 

6 

1 

Tww 

t.otso 

1.040U 

Loiso 

Tmoo 

ix«oa. 

3 

l.060» 

IJJ713 

(OSIB 

1,0W0 

.1083 

1.1838 

3 

I.09S7 

1.108T 

1.1MB 

I.l41j 

1.1376 

I.I9I0 

4 

1I2SS 

1.147S 

1.I6W 

1,19SS 

1.3I5S 

1.8&H 

1.1  SB9 

1.1*77 

1.8167 

l.e463 

1.4763 

IJ3M 

« 

I.IMI 

t.S«3 

l.«M 

1.3083 

1.34(11 

1.4ISS 

7 

1.M99 

isra 

IJISS 

1.3008 

1.4071 

1.JS036 

s 

l.W« 

t.3lU 

i.sesB 

1.43ai 

1.477S 

1.SV39 

9 

1.3048 

1.3m 

1.4SS3 

i.isai 

I.5SI3 

l.68a( 

10 

1.3439 

i.4ioa 

UUOS 

IJiW 

i.ssas 

1.7908 

tl 

i^Ma 

1.4800 

MISS 

l.6iS» 

1.S9R3 

la 

I.43JS 

ISIIl 

i.eoio 

l.Mi9 

i!rBS9 

IS 

l.4(M 

1J640 

i.te>i 

1.77aB 

I.  sue 

8.I.'<S9 

14 

1.51M 

i.fltr 

1.7317 

1.3518 

1,97S9 

£8609 

15 

Lf5*0 

1.8733 

l.BOO» 

1.9333 

8.0789 

1.?<I>'>6 

It 

lj6047 

I.7S40 

8.0U4 

S.1889 

8.5404 

17 

tMat 

l.7»*7 

l!ft479 

K1I34 

2aKo 

^6983 

H 

IJ034 

LM7S 

a/S5R 

%9015 

9:4oee 

3.8543 

19 

I.TS3S 

1.9039 

a.io« 

sjora 

a&^e 

«) 

1JU6I 

1.9*98 

2.1911 

£4117 

8.tS33 

3.8071 

fThe  OK  of  tbii  Table,  which  oonlaina  all  the  powers,  r*, 
to  the  SOtb  power,  or  the  amoaots  of  1/.  ii  chiel^  to  nslcu- 
hte  Uie  interest,  or  the  amoant  of  asy  principal  sum,  for  any 
time,  not  more  than  SO  years. 

For  example,  let  it  be  required  to  find,  to  how  mnch  5231. 
irill  nroount  in  1ft  yean,  at  the  rate  of  fi  percent,  per  aoaum 
compound  interest. 

Id  the  table,  on  the  line '15,  and  in  the  coloron  5  per  cent. 
is  the  amount  of  IJ.  Tiz>  -     '    -         2.0789 

this  multiplied  by  the  principal         -  6S3 


gires  the  amount 
or 
aud  therefore  the  interest  is 


IOb7.«647 
1087/   5».  3Jrf. 
&S4/.  Sh  sy. 


JVoit  1.  When  the  rale  of  interest  is  to  he  determined  to 

any  other  time  than  a  year  ;  as  snppD«e  to  J  a  year,  or  |  a 

year,  tic  ;    the  rules  are  Mill  th*  sume  ;  but  then  <  will 

eipress 
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expreas  that  time,  aikl  r  nast  be  ttkea  flw  mwont  for  thit 
tiDie  aln. 

Able  S.  Whea  the  eompoaDd  intereat,  or  aaiouDt,  of  anj 
■um,  ia  reqaired  for  the  parts  of  a  year ;  it  naj  be  detennin- 
ed  in  the  followiDg  nuDner  : 

lit.  For  anj'time  which  MMme  aUqoot  part  of  a  year  : — 
Fiad  Iho  atnoiint  of  II.  for  I  jear,  aa  before  ;  then  that  root 
•of  it  TT^ich  is  deooted  by  the  ahqaot  part,  wiJI  be  the  bbomdC 
of  If.  Tbi«  amouDl  being  multiplied  by  the  prJocipal  •um, 
will  produce  the  amonat  of  the  given  turn  aa  required. 

2d.  When  the  time  ic  not  an  aliquot  part  of  a  year  :—Re- 
dnce  the  time  into  duys,  and  take  the  S66th  root  of  the  uaooot 
of  li.  for  t  year  which  will  giro  the  amount  of  the  lame  tor 
1  day.  Then  raite  Ihia  amooBt  to  that  power  wkue  indet  ia 
eqoal  to  tbe  nnmber  of  days,  and  it  Will  be  the  aiMUat  for 
that  time.  Which  amoont  betoz  multiplied  by  tbe  ^iocipal 
■um,  will  produce  tbe  amoast  of  thataum  aa  belbre,— Ana  in 
iheae  caklatio  n,  tbe  operation  by  logarithm!  win  be  vny 
uBofnl. 


OF  ANNUITIES. 

ANHuirr  ia  a  term  Uted  lor  any  periodic^  inGOme, 
arising  from  money  lent,  «r  from  hooMa,  landa,  nlariet, 
peniions,  &c.  payable  frpn  time  to  time,  bot  moetly  by  an- 
oual  paymcDtB. 

Ann'iitiea  are  divided  into  thoae  that  tat  m  Poweaaion, 
and  those  in  Revercion  :  the  former  meaung  lach  ai  have 
conunenced  ;  and  the  latter  luch  «■  will  not  b<^n  tUI  aoma 
particnUr  event  has  happesed,  or  tilt  after  lOnM  certain 
time  hu  elapsed. 

When  an  nnnuity  is  forbom  for  some  yean,  or  the  pn- 
mento  not  made  for  that  time,  the  annoi^  is  said  to  be  m 
Arrears. 

Ad  anoui^  may  also  be  for  a  certain  nnmber  of  years ; 
or  it  ro^y  be  tvilhaat  any  limit,  and  then  ii  ia  called  a  Perpe- 
tuirt. 

The  Amount  of  an  annuity,  forbom  for  any  nnmber  of 
years,  is  Ibe  aum  ariiing  from  the  addition  of  alt  the  annui- 
ties for  that  number  of  years,  togetlier  with  the  interest  doe 
upon  each  after  it  becomes  doe. 

The 
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The  PKMDt  Worth  or  Valae  of  hd  annait;,  it  the  price  or 
■am  which  ought  to  be  giren  for  it,  aapposiog  it  to  be  bought 
•ff  or  paid  all  at  onc«. 

Let  c=tfae  annni^,  pension,  or  yearif  rent ; 
i»:=the  number  of  jeart  forbom,  or  lent  for  ; 
it=tha  amount  of  U.  for  1  year  ; 
m=the  amount  of  the  annuity  ; 
«=iti  ralue,  or  it!  preoeot  worth. - 

Now,  I  being  the  present  rahie  of  the  sum  K,  bj  propor- 
'ftea  the  present  valvie  of  any  ottier  sum  a,  Li  thus  found  : 

af  n  :  1  : :  a  :  ~  the  present  value  of  a  due  1  year  hence. 

fa  like  msMr  -j  is  the  present  raise  of  a  doe   S  yean, 

hesce :  fcr  »  :  X  J :  -  :  —.    So  tUso  ^-r,  —r,  — ,  be,  will  be 

an'  ».'   »'    a* 

Qie  present  Talues  of  a,  doe  at  the  end  of  3,  4,  fi.bc. 
years  respectirely-    Coineqiiently  (he  siun  of  all  these,  or 

nned  to  » terms,  will  be  the  present  rahie  of  all  the  »  yean' 
annuitiea.  And  the  yalne  of  the  perpetuity,  b  the  sum  «f 
die  series  to  infini^. 

Bnt  this  aeriea,  it  is  evident,  it  «  geometrical  pn^r^ssioD, 

baring  -  both  for  its  ftnt  teim  and  common  ratio,  and  the 

aomber  of  its  tenns  •  ;  therefore  the  sum  o  of  all  the  terms, 
«r  the  present  value  of  all  the  annnal  payin,cnts,  will  be 
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1— 

a 
When  tte  annitly  is  ft  ptrpetai^ ;  n  being  infinito,  n"  is 

■1m  infiaH*.  and  tbereftre  Qie  ^untity  -^  becomes  =  0, 

a         1 
thenfete  — rX-Ealso=0;con«qaeatlytheexpresaioothen 

becomes 
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becomeR  barely  v= ;  that  ib,  tay  anooity  dirtdod  by  the 

ioteraat  of  I/,  for  1  year,  gives  the  value  of  the  jierpetnity. 
So,  if  [he  rate  of  intereRt  be  b  per  ceot. 

Then  100a  -i-S=iva  »  the  value  of  th«  perpetai^  at  6 
per  cent:  Also  lOOa  -i-  4  =  £5a  ii  tbe  value  of  the  perpe- 
tuity  at  4  per  cent :  And  100a  -r  3  =  33}a  i*  the  value  of  the 
perpetuity  at  3  per  cent :  and  so  on. 

Again,  becauie  the  amonnt  of  It.  id  «  yean,  is  a",  iti 
increase  in  that  time  trill  be  a"— I ;  but  its  intere*t  for  one 
sisgle  year,  or  the  anonilr  anwering  to  that  increase,  ia 
B-  I  ;  therefore  W   a— 1  la  to  a" — 1,*o  ii  a  to  m  j  that  it, 

m= j-X  a.    Hence,  the  leveral  caaei  relating  to  An- 

nnitiea  in  Arrear,  will  be  resolved  by  tbe  foHowins  eqoa- 

tioni ; 


I  «  R-1 


log. 

log.  m— log. 


log.  ft  l<^.  a 

log.  m — log-  V  ' 

Log..-  ^  '     i 


■(i-i)xr 


In  this  last  theorem,  r  denotes  the  present  valne  of  an 
annaity  in  reversion,  after  p  years,  or  not  commendng  tin 
after  the  first  p  years,  being  foand  by  taking  the  difference 

between  tbe  two  valaes — ^  x-and — ^x—,  for*  yean 

»— 1     a        R— 1     nr  ' 

and  p  yean. 

Bat  the  amonnt  and  present  value  of  any  annni^  for  toy 
number  of  years,  up  to  81,  will  be  most  readily  fgnnd  by  the 
two  following  tables. 
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luitj  of  U.  M  Ctmpound  InlrieiU 


iHi 

.(3pe«.21pcpe 

4pFrF.  MJpr  c 

Sp-r... 

6  p.;: 

1.0UO(.      1,00C« 

LOOW 

T.ooSb 

« 

a.03U0      8.03*0 

S.040W     SJMAO 

ftOSOO 

9.0600 

s 

a^JM      9.1O03 

aisaj 

&i&3e 

* 

4.1836      4.«li» 

4.3405      t.3rK 

4JUi| 

4jr4« 

5 

S.309I      S.MtS 

5.4163      S.4T(r7 

s.js.^h 

S.637 

8.MS4      6.5SW 

exsxi     6.716B 
r.89M      8.01  IM 

6.801'. 

LiTM 

T 

7.6645      r.7794 

).U2I 

S993« 

8.«9«.1      9.0Sir 

9.il43^     S.33UU 

9.SI9> 

9.8975 

g 

lairti   laMis 

10.5KS    I0.8U3I 

II046S 

11.4913 

to 

ti.46ai  ii.r3i4 

IS.OM1I   It.^M'i 

l*S7f9 

13. 1808 

1*WI    I3.lti0 

IJ.*8i«|   11.H1-. 

I4.au6» 

149716 

ts 

14,1990    14.(iaM 

if.OSJI    li.4640 

15.9171 

16.8609 

13 

Ii6l7»   l6.lt3D 

If^aSW   I7.159« 

17JI30 

IS.gBSl 

u 

tT.t»ta  lT.»m 

ltl.Mi9    11.9331 

19.9984 

IS 

ltsM9    19.W17 

«Xa83N  sn.7Hi 

SI,  5786 

«3!9760 

It 

aixisM  «).g7io 

33.0373 

ei.G7S5 

ir 

ai.TW»  34TI.S0 

a,i897J    84.r4>7 

35.8404 

S8.9ii!9 

11 

M^tt   84.4997 

8i.64J«  SfiJ551 

W.1H4 

30.9057 

IS 

8B.I169   U-35T9 

97.6712    89.0»a« 

30.5390 

33.71(10 

w 

3&S7II4  9>.arg7 

«.77gt    3IJ7U 

33.0660 

36.7856 

SI 

aM76i'   30.Mgst  ai.g69a  317l3ll  35.7193 

39.99ir 

Table  U.     Th>  present  Value  or  u 


Y^ 

.^rc 

Oij^ 

4p,rc.^p..,: 

5(«r«.,6perc. 

09709 

a966a 

0.9615 

a9i69 
l.ST^T 
17490 

0.9594 

aU34 

S 

I.BI»S 

1.8997 

1.8861 

1.8594 

1.8334 

9 

3JS«e 

18016 

a.  7731 

17339 

S.67J0 

4 

3.7171 

S.S73I 

36999 

9.5480 

9.4011 

4J797 

4.5151 

44518 

4J900 

4.3991 

4.3134 

t 

5.4IM 

3.3386 

5.3431 

5.1579 

4.9173 

7 

6.8803 

6.1145 

6.UUS0 

5.89J7 

5.7S<U 

S.58«4 

8 

7.0197 

6.8740 

6.7337 

6.5919 

64698 

tacM 

9 

7.r»8l 

7.6077 

7.4353 

73688 

r.iora 

e.»i7 

10 

8.5303 

8  9166 

8.1109 

7.9137 

7.7217 

7.9601 

9.35-.X 

9.0116 

8.7605 

8.5^* 

8.3054 

7.8869 

la 

9.9340 

9.0633 

9  3831 

9.  Ill* 

8.8633 

8.S«3* 

13 

10.GS5U 

lft30B7 

9.9857 

9.0199 

9.9936 

8.8597 

14 

1U96I 

lasaos 

ia5631 

ia»«i 

9.8936 

9^50 

11.9379 

11.5174 

11,11*4 

10.7190 

iaa797 

9.7IS9 

in 

13.1611 

13.0941 

11.6589 

11.3310 

10.8378 

iai059 

ir 

1  a.  1661 

13.6513 

18.HJ7 

11,7079 

M.9741 

10.4773 

16 

13.753- 

13.1897 

L&e5»3 

1^1600 

11,6896 

10.8370 

19 

14^931 

13.7091 

19.1390 

13  5933 

11.1581 

90 

14.8775 

14.^134 

13.3909 

13.0079 

11.4699 

ai 

13.41501 

14.6980 

14.0399 

13.4047 

I9!«isi   11.7041 
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Tojind  lAe  Amoma  of  any  antuiity  forbom  a  certain  numlir  of 

Take  out  die  amount  of  H.  from  the  first  table,  for  the 
propMed  rate  aod  lime ;  then  multiplj  it  hj  tbe  giren  annai- 
tj  ;  aad  tbe  prodoct  witl  be  tbe  amount,  for  tbe  same  number 
of  yeara,  end  rate  of  interett. — And  tbe  convene  to  find  the 
rate  or  time. 

Exam.  To  find  bow  much  an  annaitj  of  601.  will  amonnt  t* 
in  80  years,  at  3J  per  cent,  compoond  interest. 

On  the  line  of  20  years,  and  in  the  column  of  3}  per  cent, 
sbuida  2S  2797,  which  is  the  amount  *f  an  annuity  of  II.  for 
the30>ean.  Then  88.2797  x  fiOgiTes  t413-9&U  =  1413:. 
I9i.  id.  for  the  answer  required. 

Tojind  tAe  prattnl  Value  of  any  amMxtyfor  any  nmmber  tif 
>rM(r«. — Proceed  here  by  tbe  <d  table,  in  tbe  «ame  manner  as 
above  for  the  1st  tnble,  and  the  present  worth  required  will 
be  found. 

Exam,  1.  To  find  tbe  present  value  of  an  annuity  of  601. 
which  is  to  continae  SO  yean,  at  3^  per  cent. — By  tbe  table, 
the  present  value  of  1/.  for  the  given  rate  and  time,  it 
14-SI24;  therefore  14-2I24  X  50>=710  6Si.or710f.  Via.  Ki. 
tbe  present  valce  required. 

Exam.  %.  To  find  the  present  value  of  an  annuity  of  SOl. 
to  commence  10  years  hence,  and  then  to  continue  lor  II 
years  longer,  or  to  terminate  81  years  hence,  at  4  per  cent, 
interest. — In  such  cases  ai  this,  we  have  to  find  tbe  diflerence 
belwden  the  present  values  of  two  equal  annuities,  for  the 
two  given  times  ;  which  therefore  wilt  be  done  by  subtract- 
ing  the  tabular  value  of  the  one  period  from  that  of  the  other, 
and  then  multiplying  by  the  given  annuity.  Thus, 
tabular  value  for  21  years  )4-02l)2 
ditto  for     -     -     10  years    g*ll09 

the  diflerence  6.9183 
multiplied  by  20 

gives     -     -     I  IS  366/. 

or    -     -     -     118/.  7t.  3^.  the  answer. 


mn  or  THE  ALGEBRA. 
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GEOMETRY. 


DEFINITIONS. 


'  1.  A  POINT  IB  that  which  haa  positioit, 
bat  DO  u^nitude,  nor  dimeanona  ;  neither 
leogth,  breadth,  nor  thickoais. 

f .  A  Line  it  length,  withoat  breadth  or  thlck- 
aasi. 

3,  A  Sarface  or  Snperficiea,  u  an  eilention 
•r  a  ^ore,  of  two  dimeiuioM,    leogth  and 

*  breadth  ;  bnt  without  thickneaa. 

4.  A  Body  or  Solid,  ia  a  figar*  of  three  A- 
menaioni.  oamelf ,  leogth,  breadth,  and  depth, 
or  thickoesa. 

6.  Linei  are  either  Ri^t,  or  Cnrred,  or 
HiTcd  of  these  two. 

6.  A  Right  Line,  of  Straight  Line,  lies  all  in 
the  same  direction,  between  its  eitremitiea ;  and 
ii  the  dhorteat  diatence  between  two  nointi. 

When  a  line  is  mentioned  tiaaply,  it  means  a 
Right  Kne. 

7.  A  Curre  continually  changes  ita  directioa 
between  its  estreme  points. 

8.  Linea  are  either  Parallel,  Oblique,  Per- 
pendicnlar,  or  Tangential. 

9.  Parallel  Lines  are  always  at  the  same  per- 
pendicolardiatance;  and  they  nerer  meet  thon^ 
ererso  iar  produced. 

10.  Obliqae  linea  chaa^  their  dlatance,  and 
would  meet,  if  produced  on  the  side  of  the 
least  distance. 

11.  One  line  ia  Perpendicalar  to  another, 
when  it  iaclinea  not  more  on  the  one  sid*  than 
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276  GEOMETRY. 

the  other,  nr  when  the  angles  on  both  iidee 
•f  it  are  equal. 

12.  A  line  or  circle  is  Tangential,  or  a 
Tangent  to  a  circle,  or  other  curre,  when  it 
touches  it,  withoaf  cutting,  when  both  are  pro- 
duced. 

IS.  An  Angle  is  (he  inclination  or  openiog 
of  two  lines,  having  different  directions,  and 
meeting  in  a  point 

14  An^ea  arc  Right  or  Oblique,  Acute  or 
Obtuse. 

15.  A  Ri^t  Angle  is  that  which  is  made  by 
one  line  perpendicular  to  another.  Or  when 
Ihft  angles  on  each  side  are  equal  to  one  an- 
other, they  are  right  angles. 

16,  An  Oblique  Angle  is  that  #hich  is  matfe 
bj  two  oblique  lines ;  and  is  either  less  or 
greater  than  a  right  angle. 

IT.   An  Acute  Angle  is  less  than  a  right 

le.  An  Obtuse  Angle  is  greater  thae  a  right 
angle. 

18.  Superficies  ire  either  Plane  or  Curra^. 

SO.  A  Plane  Superficies,  or  a  Plane,  is  that  with  which 
a  right  line  may,  every  way  coincide.  Or,  if  the  line  touch 
the  plane  in  two  points,  it  wilt  toach  it  in  evei^  point.  Bat, 
if  not,  it  is  carred. 

2t.  Plane  fig«res  are  bounded  either  by  right  lines  or 
cnrres. 

SZ.  Plane  figures  that  are  bouoded  by  right  lines  have 
Dames  according  to  the  number  of  their  sides,  or  of  their 
angles ;  for  the/  have  as  many  sides  as  angles ;  the  least 
nambor  being  three. 

23.  A  figure  of  three  sides  and  angles  is  caOed  a  Trianite. 
Andit  receiTes  particniar  denominations  irom  the  relatiODS  of 
its  sides  and  an^es. 

24.  An  Equilateral  Triangle  is  that  whoM 
three  sides'  are  all  eqoal . 

S5.  An  Isoioelet  Triangle  is  that  which  has 
two  sides  equal. 

26.  A 


\1_ 


A 

A 
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DEFINITIONS. 

86.  A  ScalflM  Triang^  is  tfait  whose  ttire* 
^«s  wp  all  oDeqnal. 

VI.  A  Rigbt-aogled  Triangle  it  that  which 
ha>  OM  rif bt-angl*. 

SB.  Other  triangjn  are  Obliqae- angled,  and 
are  either  Obtase  sr  Acute 

29.  An  Obtuie-angled  Triangle  has  one  ob- 
tuse angle. 

SO.  Aa  Acute-angled  Triangle  has  all  its 
three  angles  acnte. 

31.  A  figure  of  Foar  sides  and  angles  is 
called  a  Quadrangle,  or  a  (^aadrilateral. 

32.  A  PBraUelogram  is  a  qnadjilateral  which 
has  both  its  pain  of  opposite  sides  parallel. 
And  it  takes  the  following  particular  names, 

»i».  Rectangle,  Square,  RhMnbus,  Rhomboid.  [ ^ j 

S3.  A  Rectangle  is  a  parallelogram  baring  a  I       ' 

right  angU.  ' ' 

34.  A  square  is  an  equilateral  rectangle  ;  i — ~i 

having  its  length  and  breadth  equal.  I 

36.  A  Rhomboid  is  an  obliqae-ai^eD  paral-  > r 

letognuB.  /       / 

36.  A  Rhombus  is  an  eqnilaleral  rhomboid  ; 
having  all  its  tides  equal,  bat  its  angles  ob-           /     7 
lique.  C. / 

ST.  A  Trapezium  is  a  quadrilateral  which 
hath  not  its  opposite  sides  parallel. 

38.  A  Trapezoid  has  onlj  one  pair  of  oppo- 
site sides  parallel. 

89.  A  DiagoBoI  is  a  line  joining  any  two  op- 
posite ai^^  of  a  qoadritateral. 

40.  Plane  %iires  that  bare  more  than  four  sides,  are,  in 
general,  called  Poljrgons  :  and  thej  reeeire  other  particular 
namas,  according  to  the  nnmber  of  their  sides  or  angles. 
Thus, 

41.  A  Pentagon  is  a  polygon  of  fire  sides ;  a  Hexagon,  of 
six  sides ;  a  Heptagon,  seren  ;  an  Octagon,  eight ;  a  Nona- 
gen,  lune  ;  a  Decagon^  ten ;  an  Undecagon,  eleven  \  and  v, 
DodocagoB,  twelve  sides.  ' 

4S.  A 


Z3 
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45.  A  Regular  Polygon  bai  nil  its  aides  and  alt  Its  angles 
equal. — If  thejr  are  aot  both  equal,  the  polvf^n  is  Irregular. 

43.  Ad  Equilateral  Trixngle  ia  al«o  a  Rexnlar  Figure  of 
three  lidei,  and  the  Square  is  one  of  four,  the  fonner  being 
also  called  a  TrigoD,  and  the  latter  a  Tetragen. 

44.  Aoy  figure  is  equilateral,  when  all  its  sides  are  equal ; 
and  it  is  equiangular  when  all  its  angles  are  equal.  WbeB 
both  these  are  equal,  it  is  a  regular  figure. 

46.  A  Circle  is  a  plnin  figure  bounded  I 
a  carve  line,  called  the  Circumference,  k  ' ' 
is  every   where   equidistant  from  i 
point  within,  called  its  Centre. 

The  circumference  itself  is  oflen  called  t 
circle,  and  also  the  Peripberj. 

46.  The  Radios  of  a  circle  is  a  tine  drawn 
from  the  centre  to  the  circumference. 


47.  The  Diameter  of  a  circle  is 
drawn  through  the  centre,  and  terminating 
the  circumference  on  Itotli  sides. 

48.  An  Arc  of' a  circle  is  any  part  of  the 
drcumference. 


figure.  ^_^ 

lounded  ^"J  f  y. 

ioce,  which  [  1 

1  a  certain  V  J 

B  line  r  j 

ting  at  V        y 


49.  A  Chord  is  a  right  line  joining  tbe  ts- 
tremities  of  an  arc. 


50.  A  Segment  is  any  part  of  a  circle  boasd- 
ed  hy  an  arc  and  its  chord. 


61.  A  semicircle  is  half  the  circle,  or  aseg- 
ment  cut  off  by  a  diameter. 

The  half  circumference  is  sometimes  called 
the  Semicircle. 

52.  A  Sector  is  any  part  of  a  circle  which 
is  bounded  by  an  arc,  and  two  radii  drawn  to 
its  eztremities. 

63.  A  Qnndrant,  or  Qoarter  of  a  circle,  is  a 
lector  having  a  quarter  of  the  circumference 
for  its  arc,  and  its  two  rsdii  are  perpendicular 
to  each  other.  A  qnarter  of  the  drcninfereace 
is  sometimes  called  •  Qjoadnuit. 


e 
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DEnNITIONS. 

M.  The  Height  or  Altitude  of  a  figore  ii 
B  perpeadicalar  let  fnll  I'rom  bd  angle,  or  its 
Tertei,  to  the  oppoiile  wde,  called  the  base. 

65.  In  a  right-angled  triangle,  the  aide  op- 
potite  the  right  angle  ii  called  the  Hjrpothe- 
nuse  ;  and  the  other  two  sides  are  called  the 
Legs,  and  lometimei  the  liase  uod  Perpendi- 
cular. 

,  £6.  When  an  angle  is  denoted  by  three 
letters,  of  which  one  sUndg  at  the  angular 
point,  and  the  other  two  on  the  two  »tde«, 
that  which  Rtandi  at  the  ungulsr  point  ia  reud 
in  the  niddle.  Thus  the  angle  contained 
by  the  lines  BA  and  JiD  ii  called  the  an^e 
B^D  or  DAB. 

57.  The  circumference  af  every  circle  is 
supposed  to  be  divided  into  860  eqoni  parts, 
called  Degrees :  and  each  degree  into  60 
MtDutes,  each  minutes  into  60  Seconds,  and 
■0  on.  ilence  a  semicircle  contuins  160  de- 
grees, and  a  quadrant  90  degrees. 

68.  The  measure  of  an  angle,  is  an  arc  of 
■nj  circl«  contained  between  the  two  lines 
which  form  that  angle,  the  ai^lar  point 
beinp;  the  centre  ;  and  it  ia  estimated  by  the 
number  of  degrees  contained  in  that  arc. 

68.  Line*,  or  chords,  are  said  to  be  £qni< 
distant  from  the  centre  of  a  circle,  when 
perpendiculars  drawn  to  them  from  the  cen< 
Ire  are  equal. 

tK>.  And  the  right  line  on  which  the  Great- 
er Perpenilicular  falls,  is  said  to  be  farther 
from  the  centre. 

61 .  An  Angle  in  a  segment  is  that  which 
is  contained  by  two  lines,  drawn  from  any 
point  in  the  arc  of  the  segment,  to  the  two 
extremities  of  that  arc. 

69.  Ad  Ani;le  On  a  segment,  or  an  arc,  is 
contained  by  two  lines,  drRwo  from  any  point 
or  supplemental  part  of  t be  circumference,  t 
ties  of  the  urc.  and  containing  the  arc  between 

63.  An  angle  at  the  circumference.  Is  that 
whose  angular  point  is  any  where  in  the  cir- 
Gomference.  And  un  angle  at  the  centre,  is 
that  whose  angular  point  is  at  (he  centre. 

64.  A 
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64.  A  right-lined  figure  is  Inscribed  ia  a 
circle,  of  the  circle  Ctrcumicribefl  it,  when 
sll  the  angubr  poiota  of  the  iigure  ue  in  tlic 
circumfereQce  of  the  circle. 

€6.  A  rigbt-lioed  figure  Circunucriboa  ■ 
circle,  or  the  circle  i>  Inscribed  in  it,  when 
all  the  «des  of  the  figure  touch  the  circam' 
Terence  of  the  circle. 

66.  One  right-lined  figure  is  Inscribed  in 
another,  or  the  latter  Circumscrihei  the  for* 
mer,  when  all  the  angular  points  of  the  for- 
mer are  placed  in  the  sides  of  the  tatter. 

67.  A  Secant  ii  a  line  thnt  cats  a  circle, 
lying  partljr  within,  and  partly  without  it. 


68.  Two  triangles,  or  other  right-lined  fignres,  are  nid  la 
be  mutusUy  equilateral,  when  all  the  sides  of  the  one  wn 
equal  to  the  corresponding  sides  of  the  other,  each  to  each : 
anil  they  are  siiid  to  be  mutually  eqoiangtilar,  whan  Ihe  an- 
gles of  the  one  are  respectively  equal  to  those  af  the  other. 

69.  Ideaticat  figures,  are  such  as  are  both  natmally  equi- 
lateral and  equiangular  ;  or  that  hare  all  the  sides  and  all  th« 
angles  of  the  one,  respectively  equal  to  all  tile  sides  and  all 
the  angles  of  the  other,  each  to  each  ;  so  that  if  the  one  fi- 
gure were  applied  to,  or  laid  upon  the  oUier,  all  the  sides  of 
the  one  would  exnctly  fall  upon  and  cover  al)  the  sides  of  the 
other  i  the  two  becoming  aa  it  were  but  one  and  the  same 

10.  Similar  figures,  are  those  that  bare  all  the  angles  of 
the  one  equal  to  all  the  angles  ef  the  other,  each  to  each,  and 
the  sides  about  the  equal  angles  proportional. 

71.  The  Perimeterof  a  figure,  is  the  som  of  al)  its  aidei 
taken  together. 

72.  A  Proposition,  is  something  which  is  either  proposed 
to  he  done,  or  to  be  demonstrated,  and  is  either  a  problem  or 
a  theorem. 

73.  A  Problem,  is  something  proposed  to  be  done. 

74.  A  Theorem,  is  somethiog  proposed  to  be  demonstrated. 

75.  A  Lemma,  is  something  which  is  premised,  or  demon- 
strated, in  order  to  render  what  follows  more  easy. 

76.  A  Corollory,  is  a  consequent  truth,  gained  immediately 
from  some  preceding  truth  or  demonstration. 

77.  A  Scholium,  is  a  remark  or  observation  made  upon 
something  going  before  it.  AXIOMS. 
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AXIOMS. 

1.  Taiiras  which  are  equal  to  the  lame  thing  an  equal  to 
each  other. 

2.  When  eqnals  are  added  to  eqaali,  the  wholei  are  eqnal. 

3.  Whea  eqnab  are  tafceo  firom  equals,  the  rebdaderi  aTe 
equal. 

4.  When  eqnab  are  added  to  unequali,  the  wholes  are  on* 
equal. 

6.  When  equals  are  taken  from  uoeqnals ;  th«  rematoden 
are  nueqaal. 

6.  Tbin^  whicli  are  double  of  the  same  thing,  or  equal 
tti'iDgs,  are  equal  to  each  other. 

7.  Thiogi  which  are  halres  of  the  aame  thing,  are  equal. 

5.  Every  whole  >»  equal  to  all  its  parts  taken  ti^ther. 

9.  Tbinge  which  coincide,  or  fill  the  same  space,  are  iden- 
tical, or  mutually  equal  in  all  their  parti. 

10.  All  right  angles  are  equal  to  one  another. 

11.  Angles  that  have  equal  ntca^um,  or  arcs  to  the  same 
radios,  are  equal. 


If  two  Trian^es  have  Two  Sides  and  the  Included  An^e 
ui  the  one,  equal  to  Two  Sides  and  the  Inclsded  Angle  in 
the  other,  the  Triaogtes  will  be  Identical,  or  equal  in  all 
respects. 

In  the  two  triangles  abc,  dee,  if 
the  side  ac  be  equal  to  the  side  ow, 
and  the  eide  bc  equal  to  the  sid^  £F, 
and  the  angle  c  equal  to  the  angle  w  ; 

then  will  the  two  triangles  be  idan-  —  . — .      _ — 

tical,  or  equal  in  all  respects.  A         B  D        E 

For  coDceive  the  trian^e  abc  to  be  api^d  to,  or  placed 
on,  the  triangle  ae.r,  in  stich  a  manner  that  the  point  c  may 
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coiacide  with  the  point  f,  and  the  side  ac  with  tbf  tide  Br> 
Trhich  ii  equal  to  it. 

Then,  Bince  the  angle  f  ii  equal  to  the  angle  c  (by  hyp.), 
the  aitie  tc  will  fkU  on  the  tide  ir.  Abo,  beeauae  ac  u 
eqnat  to  df,  and  bc  equal  to  cr  (by  fajp.)i  the  point  a  will 
coiedde  irith  the  point  d,  and  the  point  b  with  the  point  e  ; 
coBBfiqaently  the  aide  i*  wiD  coincide  with  the  aide  de. 
Therefore  the  two  triangles  are  identical,  and  have  all  their 
other  corresponding  ptrts  eq^al  (ai.  9),  navcly  the  aide  «> 
equal  to  the  side  m,  the  angle  a  to  the  aag^e  n,  aad  the 
angle  a  to  the  angle  e.    4,  e.  n. 

THfXHtEMIL 

Whih  Two  Triangles  hare  Two  Angles  and  the  indoded 
Side  in  the  one,  eqnal  to  Two  Anglea  and  the  included  Side 
io  the  other,  the  TriangLeB  are  Identical,  or  have  their  o&er 
lidei  sod  angle  eijual. 

Let  the  two  triangles  «ec,  pee, 
faaTe  the  angle  *  eqaal  to  the  angle 
B,  the  angle  b  equal  to  the  eagle  e, 
aod  the  aide  ab  equal  to  the  side  he  ; 

then  these  two   triangles  will  be         ^ ^  ,^— - 

identical.  A         11  D 

For,  conceire  the  triangle  abc  to  be  placed  on  the  triarglo 
Bcr,  in  anch  niaaner  that  the  aide  ab  may  faU  exactly  on  the 
equal  Bide  de.  Then,  since  the  »igle  a  ia  equal  to  the-Bogje 
o^by  hyp.),  the  side  ac  moat  tall  on  the  aide  or  ;  and,  in 
like  manner,  becanse  the  angle  b  is  equal  to  the  ai^e  b,  the 
side  BC  muat  foil  on  the  side  ef.  Tbna  the  three  sides  of  the 
triangle  abo  will  be  exacUy  placed  on  the  three  sides  of  the 
triai^e  def  :  conaequeitUy  the  two  triangles  ere  identical 
(ax.  9),  having  the  other  two  aides  ac,  bc,  equal  to  th^  two 
Br,  EF,  and  ttie  remaiRing  an^e  c  equal  to  the  remaining 
ar^te  r.    Q.  e.  m. 

THEOREM  m. 

Iff  ao  IsoKeles  triai^6,  the  An^eS  at  the  Base  are  equal. 
Or,  if  a  Trian^e  have  Two  Sides  equal,  their  Opposite 
A'ng^a  wilt  also  be  eqnal. 

If  the  triangle  abc  have  the  eide  ac  equal  to 
the  eide  bc  :  then  will  the  angle  b  be  equal  to 
the  aa^e  a. 

'    For,  conceire  the  angle  e  to  be  biaected,  or 
divided  into  two  equal  parts  by  the  line  cd,  mak- 
injr  tiie  aoide  acd  equal  to  the  ai^  bcd. 
*  **  ^.  Then, 
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TbcB,  th«  two  trianftei  acs^  ks,  burs  ti>«  lidei  1*4 
the  contained  mgle  of  the  one.  equal  lo  two  lideB  and  tb« 
coataioed  an^e  of  tbe  other,  tiz.  the  lida  «c  equal  to  »c,' 
the  an^lb  ACr  equal  to  bcd,  and  ih»  side  cd  conmBD ; 
therefore  theee  (wo  triac^les  are  identical,  or  equal  in  all 
reapecta  (th.  I)  ;  and  conBequeDtl;  the  ai^e  a  equal  to  the 
angle  a,    «.  b.  s. 

Carat.  1.  HcDCfl  the  lioe  which  btaecta  the  verticle  angk 
«f  an  iaoiceles  triangle,  biiacta  the  base,  tmd  ia  iAmo  perpendi' 
eolar  to  it. 

Ceroi.  2.  Hence  toa  it  appean,  th»t  every  equilateral  tri- 
w^le,  is  also  equiat^lar,  or  basril  ita  anglu  equal. 

THEC»£U  IV. 
Wau  •  triangle  bai  Two  of  its  Angles  equal,  the  Sidea- 
Opposite  to  them  are  also  eqaal . 
irjhe  triangle  abc,  have  the  angle  t.  equal 
to  the  angle  a,  it  will  dto  have  the  side  ic 
eqnal  to  the  side  bc. 

For,  coDceire  the  side  *b  to  be  bisected  in 
the  point  d,  making  ad  equal  to  db  ;  and  join 
DC,  diTiding  the  whole  triangle  into  the  two  tri- 
angles  Acn,  bcd.  Also  conceive  the  triangle 
ACD  to  be  turned  oTer  npao  the  triaogle  sen, 
ao  that  AD  nay  bll  on  bb. 

Then,  because  the  line  An  ia  eqoal  to  the  line  db  ^b;  hyp.), 
the  point  A  coincides  with  the  point  b,  and  the  point  n  with 
the  point  D.  Also,  because  the  angle  *  ts  equal  tp  the  angle 
B  by  (hyp.)  the  line  ac  will  M  on  the  line  bc.  and  the  ex- 
tremi^  c  of  the  aide  ac  will  coincide  with  the  eitremity  c 
ftf -the  side  bc,  becaose  nc  is  common  to  both ;  consequently 
the  aide  ac  ia  equal  to  Be.    %.  a.  b.* 

Coral.  Hence  every  eqniai^lar  triangfe  ia  also  equila- 
t«al. 


Wrbit  Two  Triangles  have  alt  the  Three  Sides  in  the  one, 
equal  to  all  the  Three  Sides  in  ttie  other,  the  Trian^es  are 
Identical,  or  have  also  their  Three  Angles  equal,  each  to  each. 

Let  the  two  trianglea  abc,  abd, 
have  their  tbrae  sides  respectively 
>qnal,  viz.  the  side  ab  eqnaltoAB, 
ac  to  An,  and  ac  to  bp  ;  then  shall 
the  twotriai^les  be  identical,  or  hare 
their  angles  equal,  viz.  those  anglea 

*  Tins ihinMiiiillwi  cf  TbMnm  it.  doai mt  ^ 
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Hut  are  opposite  to  the  equal  ai  jet ; 
namelj,  (he  angle  bac  to  the  an^e 
B4D,  Uie  angle  abc  to  the  angle  abd. 
Bod  the  angle  c  to  the  angle  d. 

For,  conceive  the  two  triangleB  to 
be  joined  together  by  their  longest 
eqnal  sides,  and  draw  the  line  en. 

Then,  in  the  triangle  acd,  becaase  dte  side  kc  is  equal 
to  AD  (by  hjp.),  the  angle  acb  is  eqoal  to  the  angle  ado 
(th.  3).  In. like  manner,  in  the  triangle  bcd,  the  ai^s 
BCB  is  eqnal  to  the  angle  Sbc,  because  the  side  ac  ii  equal 
to  BD.'  Hence  theo,  the  angle  acd  being  eqnal  to  the  angle 
Ap*,  and  the  angle  bcd  to  the  eng^e  bdc,  bj  eqnal  additions 
the  sam  of  the  two  angles  Acn,  sen,  is  eqnal  to  the  sum  ot 
the  two  ADC,  BDC,  (ax.  S),  that  it,  the  whole  angle  acb  equd 
to  Ihe  whole  angle  adb. 

Since  then,  the  two  aides  ac.  cb,  are  equal  to  the  two 
Bides  as,  db,  each  to  each,  (by  hyp.),  and  their  contained 
angles  acb,  abd,  also  eqnal,  the  two  triaoglM  abc,  abd,  are 
identical  (th.  1),  and  have  the  other  angles  equal,  viz.  the  >&• 
^e  BAC  to  the  angle  bab,  and  the  angle  abc  to  the  angle  abb. 
«.  K.  ». 

THCCOtEH  VI. 

Vfnn  one  Line  meets  another,  the  Angles  which  it  makes 
on  the  Same  Side  of  the  ether,  are  togeuer  eqnal  to  Two 
Riri)t  Angles. 

Let  the  line  ab  meet  the  line  cd  :  then  will 
the  two  angles  abc,  abd,  taken  together,  he 
eqnal  to  two  right  angles.. 

For,  first,  when  the  two  angles  abc,  abd, 
are  eqaal  to  each  other,  they  are  both  of     —       .Jr  '^  ^ 
them  right  angles  (def.  15.)  U        JJ      iU 

But  when  the  angles  are  aneqoal,  suppose  b£  drawn  per- 
pendicular to  CD.  Then,  since  the  two  angles  ebc,  ebd,  are 
rig^t  anglea  (def.  15),  and  the  an^e  ebd  is  equal  to  the  two 
ii^ea  EBA,  ABD,  together  (ax.  8),  the  three  an^es,  ebc,  eba, 
and  abD,  are  eqnal  to  two  right  Angles. 

Bnt  the  two  an^es  eec,  eba,  are  together  eqnal  to  the  an- 
g^e  ABC  (az.  8).  Conseqoenlly  the  two  aisles  abc,  abd,  are 
also  eqaal  to  two  right  angles,    it.  k.  d. 

Carol.  1.  Hence  also,  conversely,  if  the  two  angles  abc, 
abdi  OB  hath  sides  of  the  line  ab,  make  op  together  two 
right  angles,  then  cb  and  bd  fi}nn  one    continaeil   right 
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Carol.  S.  Henc«,  iD  the  ni^«*  which  can  b«  miid«,  at  any 
p<Hnt  »,  by  ny  annber  of  lines,  on  th«  same  side  of  the 
n|^  lioe  CD,  arc,  when  taken  all  together,  equal  to  two  right 
ai^ea. 

CWal.  3.  Aai,  ai  all  the  angles  that  can  be  made  on  the 
other  aide  of  the  fine  cd  are  also  equal  to  two  right  angles  ;  > 
thtrefbre  all  the  ai^ea  that  can  be  made  qiiite  rouad  a  point 
s,  by  any  niuabw.of  linea,  are  equal  to  four  ri^t  angles. 

Corat.  4.  Hence  alw  the  whole  circumfer-  _ 

floce  of  a  circle,  being  the  Mm  of  the  mea- 
sures of  all  the  angles  that  can  be  made  about 
the  centre  r  (def.  67),  is  (he  measure  of  four 
right  angles.  Conseqaently,  a  semicircle,  or 
180  degrees,  is  the  measnre  of  two  right  an- 
gles ;  and  a  quadrant,  or  90  degrees,  the  measure  of  one  right 
angle. 

THEOREM  Vn. 

Wbeh  two  Lmes  Intersect  each  other,  the  Opposite  Angles 

Let  the  two  lines  as,  cd,  intersect  in 
the  point  E  ;  then  will  the  angle  akc  be 
equal  to  the  angle  drd,  and  the  angle  akd 
equal  to  the  angle  ceb.  •^""" Xr, '  "B 

For  since  the  line  at  meets  the  tine  ab, 
the  two  angles  abc,  bec,  taken  together, 
tre  equal  to  twfi  right  angles  (th.  6).  ~ 

In  tike  manner,  the  hue  be,  meeting  the  line  cd,  makes  the 
two  angles  sec,  bed,  equal  to  two  right  aj^ea. 

Therefore  the  sura  of  the  two  aa^es  aec,  bec,  is  equd  to 
the  sum  of  the  two  BBC,  bed  (ax.  1). 

And  if  the  angle  bec,  which  is  common,  be  taken  away  from 
iMth  these,  the  remaining  angle  aec  will  be  equal  to  the  re> 
mainingn^e  bed  (bz.  3). 

And  in  like  manner  it  may  be  shown,  that  the  angle  aed  is 
equal  to  the  opposite  an^e  bec, 

THEOREM  VOL 

Whek  One  Side  of  a  trismgle  is  produced,  the  Outward 
Ang^e  is  Greater  than  either  of  the  two  Inward  Opposite 
Anglea, 

Let 
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_  Let  uc  Im  1  triut^,  haiiiig  tbm 
tide  u  produGed  to  j>  -,  then  will  tfa« 
oaNrard  bii^  cbd  be  gr«ater  tban 
either  of  the  ioivari  ojtpotite  ai^tea  a 
«r  c. 

For,  conceife  the-iide  bc  to  b«  fai* 
■ected  in  the  point  e,  and  drew  tbe  line 
As  produciog  it  tiH  bf  be  equal  to  am  : 
and  join  ur. 

Tbeo,  tii>ce  the  (wo  triaoglea  aec,  nij^  hare  th«  aid* 
AE  =3  the  side  Er^  aOd  the,  aide  cesk  the  aide  B£(b7«appM.) 
and  the  included  or  oppoaite  angles  at  e  alao  equal  (th.  7), 
therefore  those  two  Irianglea  are  etiual  in  all  reapecta 
(th.  t),  and  hare  the  sn|;le  c  3=  the  correipoodiDg  angle 
Esv.  fiat  the  angle  can  ia  greater  than  the  angle  kbf  ;  cod- 
■equently  the  'said  oatward  angle  cbd  a  also  grater  than  tbe 
u^e  Ci 

In  like  maaaer,  if  ca  he  produced  to  s,  and  ab  be  bueded, 
it  jOkj  be  showo  that  the  ontward  angle  aBO,  or  its  equal  cb», 
is  greater  than  tbe  other  angle  a. 


TUGORfMlX. 

Tbk  Greater  Side,  of  every  Triaagle,  ti  oppoaite  to  tbe 
Greater  Angle  ;  and  the  Greater  Angle  oppoaite  to  the  Great- 
er Bide. 

Let  ABC  be  a  triaagle,  having  the  aide 
AS  greater  than  the  side  ac  ;  then  will  the 
angle  acb,  opponte  the  greater  aide  a>,  h- 
greater  than  the  angle  a,  opposite  the  lea 
aide  AC. 

Foe,  OD  the  greater  aide  «■,  take  the 
part  AD  equal  to  the  lets  side  ac,  and  join  cd.  Then,  since 
SCD  is  a  triangle,  the  outward  angla  am  ii  greater  than 
the  inward  opposite  an^e  ■  (th.  8).  But  the  angle  acd 
is  eqaal  to  the  said  outward  angle  A9C,  becanse  ad  ia  equal 
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a  (th.  3).  Couequentlf  tbe  angle  acd  also  is  greater 
than  tbe  aii|^  B.  And  since  the  angle  aod  ia  only  a  put  of 
ACB,  much  more  must  the  whole  an^  acb  be  gr«a&r  than 
the  angle  a.    4.  t..  o. 

Again,  cenvenely,  if  the  ao^e  c  be  greater  than  the  angle 
B.  then  will  (he  eidcAB,  opposite  the  former,  be  greater  than 
the  side  ac,  oppeeite  the  latter. 

For,  if  AB  be  not  greater  than  ac,  it  Boat  be  either 
equal  to  it,  or  leas  thm  it    Bat  it  cannot  be  equal,  for 
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tbeD  tbe  ao^  c  wonld  bs  etpial  tft  fbe  ugh  s  (th.  3),  . 
wLtch  it  >i  not,  by  tbe  mppMition.  Nather  can  it  be  lew, 
Jbr  then  the  angle  c  would  be  leu  than  the  angle  a,  bj  the 
fonner  part  of  tbii ;  which  ii  alio  contrary  to  the  aapposition. 
The  aide  «b,  tbeD,  being  neither  eqnal  to  ac,  nor  lera  than 
it,  must  neceHahly  be  greater.    «.  x.  t>. 

TUE(»EHX. 

The  Sum  of  any  Two  Sidei  of  a  Triangle  ii  Greater  than 
the  Third  Side. 

Let  ABC  be  a  triangle ;  then  will  the . 
■am  of  any  two  of  iti  aides  be  greater 
tknn  the  third  side,  as  for  iaitaocas,  ao 
-1-oB  greater  than  ab. 

For,  prodoce  ac  tilt  co  be  e<)ual  to  ca, 
W  AD  e^uat  to  the  Gum  of  the  two  ac+ 
Gi.;  'widjoiB  Bp  :•— Then,  because  en  ii 
eqaal  to  cb  (by  cnnitr.)<  the  angle  o  4a  eqaal  to  the  angle  can 
(th.  3).  But  the  angle  abo  ii  greater  tfaao  the  angle  can, 
consegnently  it  iqnat  a)aa  be  greater  than  tbe  angle  n.  And, 
since  the  greater  side  of  any  Ihangle  is  opposite  to  the  greater 
angle  (th.  8),  tbe  side  as  (of  the  triangle  abo)  la  greater  than 
the  aide  as.  Bnt  ad  is  eqnal  to  ac  and  en,  or  ac  and  cb, 
taken  together  (by  constr.)  ;  therefore  ic+cs  ia  also  greater 
than  AB.     «.  E.  D. 

Oorol.  The  shortest  distance  between  two  peioti,  ia  a  single 
isg^t  tin*  dranra  from  the  one  point  to  the  other. 

THEOREM  XI. 

Tub  Difference  of  any  Two  Sides  of  a  Triangle,  is  Less  than 
the  Third  Side. 

Let  Aac  be  a  triangle ;  then  will  the 
difference  of  any  two  aides,  aaAB~AC, 
be  less  than  tbe  third  side  bo. 

For,  prodace  the  less  side  ic  to  Dt 
tin  AD  be  equal  to  the  greater  side  ab, 

M  that  CD  otay  be  tbe  diSiereoce  of  tbe  

two  sides  ABr-to  ;  and  join  BO.    Then,         A  B 

because  as  u  eqnal  to  ab  (by  constr.),  the  opposite  angles  d 
and  ABD  are  equal  (th.  3).  But  the  angle  csd  is  less  than  tbe 
tmgle  ABD,  and  consequently  also  less  than  the  equal  angle  o. 
And  since  tbe  grater  side  of  any  triangle  is  opposAe  to  the 
greater 
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mater  angle  (tb.  9),  tite  ai^a  cb  (of  th«  triangle  bcd)  U  Iw 
thaa  tbe  tide  bc.    4.  s.  o. 

THEOREM  Xa. 

When  a  Line  latenectB  two  Parallel  Line*,  it  mak^  ths 
Altenate  Aggies  Eqoal  to  «acb  other. 

Let  the  Kne  ar  cut  the  two  panllel 
liaes  u,  cd  ^  than  trill  die  angle  Air  be 
equal  to  the  alternate  angle  bkd. 

For  if  they  are  not  equal,  one  of  them 
must  be  greater  than  the  other ;  let  it 
be  GFD  for  ioitance  which  is  Uie  greater 
if  pouible;  andcoaceive  the  line  pb  to 
be  drawn ;  catting  off  tbe  part  or  angle  efb  eqnal  lo  the  an- 
gle ACF  ;  and  meeting  the  line  ab  in  the  point  b. 

Then,  since  the  outward  angle  abf,  of  the  trian^e  scr,  is 
greater  than  the  innscd  opposite  angle  efb  (tfa.  8) ;  ond  since 
these  two  angles  aho  are  equal  (by  the  constr.)  it  follows, 
that  those  angles  are  Ixttb  eqaal  and  unequal  nt  the  same  tinie : 
which  is  impossible.  Therefore  the  angje  efd  is  not  unequal 
to  the  alternate  angle  aef,  that  ia,Uiey  are  equal  to  eaeh 
other.    <t.  E.  D. 

Corol.  Rigbl  lines  which  are  perpeiuUctilar  to  one,  of  tno 
parallel  Unes,  are  also  perpendicular  to  the  other; 

THEOBSH  xm. 

WucH  a  line,  cutting  Two  otiier  Lioea,  makes  the  Al> 

temate  Angles  Eqoal  to  each  other,  those  two  Lines  are  Pa- 
rallel. 

Let  the  line  xr,  cutting  the  two  lines 
AB,  CD,  make  tbe  alternate  angles  asf, 
DFE,  equsd  to  each  other ;  tbeu  will  ab 
be  parallel  to  cd. 

for  if  they  be  not  parallel,  let  aenie 
other  line,  as  fo,  be  parallel  to  *b.  .^       — ,- 

Then,  bacanse  of  these  parallels,  the  '  <$ 

angle  aef  is  eqnal  to  the  alternate  angle  efo  (th.  IS).  Bat 
the  angle  abf  is  equal  to  the  angle  efd  {by  hyp.).  There- 
fore the  angle  efd  is  equal  to  tbe  angle  efo  (ax.  1\; -that 
is,  a  part  is  eqaal  to  the  whole,  which  is  impossible.  There- 
fore  no  line  but  cd  can  be  parallel  to  ab.     d.  e.  d.^ 

Corol,  Those  lines  whicb  are  perpendicular  to  tbe  aaiDC 
fine,  ar£  parallel  to  each  Other. 

■nnaMEM 
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Whcm  a  Lin«  cota  two  Parallel  Liau,  the  Outward  Angle 
is  Equal  (o  tfae  Inward  Oppoiite  ooei  od  the  Bame  Side  ;  and  t 
the  two  Inward  Angles,  on  the  Same  Side,  equal  to  two  Right 
At^es. 
'  Let  the  line  ar  cat  the  two  paraRel  X 

lines  AS,  cd  ;  then  will  the  ootwai^  angle 
KOB  be  equal  to  the  ioWard  opposite 
ngle  am,  on  the  uma  nde  of  the  Hne 
CF  ;  and  the  two  inward  angles  Ban,  okd, 
taken  together,  will  be  equal  to  two  right 
angtes. 

For,  since  the  two  lines  ib,  cd,  are  parallel,  the  angle  loa 
il  oqoal  to  the  alternate  angle  cbd;  (th.  12).  But  the  angle 
AOR  is  eqnal  to  the  opposite  angle  egb  (th.  7).  Therefore 
the  angle  KOB  is  also  equal  to  the  angle  ciin  (ax.  1),     4,  k.  d. 

Again,  because  the  twp  adjacent  angles  rob,  boh.  are  to- 
gether eqnal  to  two  right  angles  (th.  6) ;  of  which  the  an^e 
BOB  has  bieen  shown  to  be  equal  to  the  angle  uHp  ;  therefore 
the  two  angles  bgh,  chd,  taken  bother,  are  alio  equal  to 
two  right  ai^ea. 

Corol.  I,  And,  conrenely.  if  one  tine  meeting  two  other 
lines,  make  th«  angles  oa  the  same  side  of  it  equal,  those  two 
lines  are  parallels. 

Otro/.  2.  If  a  line,  catting  two  other  lines,  make  the  son 
of  the  two  inward  angles,  on  the  same  side,  less  than  two 
right  angles,  those  two  lines  will  not  be  parallel,  hut  wHl  meet 
«ach  other  when  produced. 


THEOREM  XT. 

TaoiE  Lines  which   are  Parallel  to  the  Same  Line,  af« 
Parallel  to  each  other. 

Let  the  Lines  ap,  cd,  be  each  of  „ 

them  parallel  to  the  line  if  ;  then  ^— — ~-B 
shall  the  lines  as,  cd,  be  parallel  to  r  — — L— Ti 
each  other.  ^        Hi 

For,  let  the  line  oi  be  perpendicalar        B — ■ — 4 — ' — "B" 
locr.    Then  will  this  line  be  also  per- 
pendicular  to  both  the  liues  am, -co,  (corol.  th.  18),  and  c«bt 
■equenti;  the  two  lines  ab,  cd,  are  paratleU  (corol,  tb.  13). 

4.  E,  D. 

Vol.  I.  SjB  TUfKfSKH 
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THEOREM  XVI. 

When  one  Side  of  a  tritngle  ia  prodaceil,  the  Outward 
Angle  is  eqnol  to  both  the  Inirard  OppoBite  Aogles  taken  to- 
gether. ' 

Let  the  lida,  ab,  of  the  triai^e 
ABC,  be  produced  to  n  ;  then  v^itl  the 
oatward  angle  cid  be  equal  to  the 
anm  of  the  two  inward  opposite  an- 
gleaiaadc.  ^ 

For,  conceive  be  to  be  draws  pa- 
rallel to  the  side  ac  of  the  triangle.  Then  bc,  meeting  the 
tiro  paralleta  ic,  be,  makes  the  alternate  anglei  c  and  cbe 
equal  (tb.  12).  And  ad,  cuttiDg  the  same  two  parallels  tc, 
BE,  makes  the  inward  and  outward  angles  on  the  same  side,  a 
and  EBD,  equal  to  each  other  (th.  14),  Therefore,  by  equal 
additions,  Uie  sum  of  the  two  angles  a  and  c,  is  eqval  to  the 
■urn  of  tbe  two  cbe  and  ebp,  that  is,  to  the  whole  angle  can 
(by  ax.  t),    %.  K.  D. 

THEORSM  XTIL 


In  anjr  Triangle,  the  mm  of  a)l  the  Three  Angles  is  equal  to 
Two  Right  Angles. 


Let  ABC  he  anj  plane  triangle ;  thei 
the  SDm  of  the  three  angles  a  +  b  -4- ' 
is  equal  to  two  right  angles. 

For,  let  the  side  ab  be  produced  to  o 
Then  the  oatward  angle  cbd  is  equal         Ji     "  " — B~™^ 
to  the  Bum  of  the  two  inward  opposite 

angtea  i+c  (th.  16).  To  each  of  these  eqaais  add  the  in- 
wwd  angle  b,  then  will  the  sam  of  the  three  inward  angles 
A-(-B-f  0  be  equal  to  the  sam  of  tbe  two  adjacent  angles  abc 
+CBD  (ax.  S).  But  the  sum  of  these  two  last  adjacent  an- 
gles is  equal  to  two  right  an^es  (th.  6).  Therefore  also  tbe 
sum  of  the  three  angles  of  the  triangle  a+b-(-c  is  equal  to 
two  right  angles  (az.  1).     «.  e.  d. 

Cortl.  1.  If  two  angles  in  one  triangle,  be  eqoal  to  two 
angles  in  another  triangle,  the  third  angles  will  also  be  equal 
(ax.  a),  a*d  the  two  triangles  equiangular. 

Corot.  2.  If  one  angle  in  one  triangle  be  equal  to  one  an- 
gle in  another,  the  sums  of  the  remaining  angles  will  also  be 
equal  (u.  i). 

Cbro/. 
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Cwtrf.  3.  If  one  a^e  of  a  triao^e  be  ri^t,  the  ■nm  of 
Ae  other  two  will  abo  be  equal  to  a  right  angle,  aBd  «ach  of 
tbem  liflgly  will  be  acute,  or  less  than  a  r^t  anflle. 

Carol.  4,  Tbe  two  leeU  angles  of  every  liiaogle  are  acnta, 
or  each  leas  than  a  r^it  angle. 

TH£E»EU  XVIIL 

Fr  anjr  Quadrangle,  the  sam  of  all  the  Four  Inward  in|^,  ie 
equal  to  Four  BJght  Angles. 

bet  ueo  be  a  qaadradrangle  ;  then  the 
■am  of  the  fbor  ioward  anf^es,  ir-f-a+c  -f- 
jf  is  eqoal  to  four  right  angles. 

Let  the  diagonal  ac  be  drawn,  diTiding 
&e  ijoadraogle  into  two  triangles,  lac,  abc. 
Then,  becaase  the  snm  of  Uie  three  an- 
^B  of  each  of  these  triangles  is  equal  to 
two  light  angles  (th.  17)  ;  it  fellows,  that  the  sum  of  all  the 
angles  of  both  triangles,  which  make  up  the  four  angles  of  the 
qaadningle,  must  be  equal  to  four  right  angles  (as-  S).    4.  e.  d. 

Carol.  1 .  Hence,  if  three  of  the  angles  be  ri^t  ones,  the 
Ivartb  will  also  be  a  right  angle. 

Corel.  9.  Jind,  if  the  sum  of  two  of  the  Ibar  angles  be 
equal  to  two  r^ht  angles,  the  sum  of  the  remalBing  two  will 
also  be  fqnal  to  two  right  aisles. 

THEMISUXIX. 

Ik  any  figure  whatever^  the  Sum  of  all  the  Inward  Angles, 
taken  together,  is  equal  to  Twice  as  many  Iligbt  An^es, 
wanting  four,  as  the  Figure  has  Sides. 

Let  ABCDK  be  any  figure  ;  then  the 
sum  of  all  its  inward  an^es,  a  -f-  a  -I-  c+ 
D-f-E,  is  equal  to  twice  as  many  right  an- 
gles, wanting  faur,  as  the  figure  has  sides. 

For,  from  any  point  r,  within  it,  draw 
lines  FA,  PB,  re,  be.  to  aU  the  angles, 
dividing  the  polygon  into  as  many  tri- 
angles as  it  has  sides.  Kow  the  sum  of  the  three  angles  of 
each  of  these  triangles,  u  equal  to  two  rig^t  angles  (th-  17)  ; 
therefore  the  sum  of  the  ai^lea  of  aU  the  triages  is  equal 
to  twice  as  many  right  angles  as  the  figure  has  sides.  But 
the  sam  of  aU  tike  angleB  about  the  point  r,  which  ar«  so 
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tour  tit  (be  SBclea  of  the  trianglo,  bat  d«  ^ait  ttf  tits  lb* 
tfara  nnglea  of  the  polyfoot  it  «(|val  ta  fimr  ligfat  w^ai 

icoro).  3,  tti.6),aDdiM]if  bededvctedoatof  tbefonHriBM. 
lence  it  foUom  that  the  ana  of  all  Uie  inwird  tti^es  af  tfae 
^ygon  alone  a-)-b+c+d+e,  ifl  eqtud  to  twice  u  biu;  ri^ 
■nglei  ag  the  figure  hai  sides,  wantiiig  the  said  fonr  right  u- 
glw.*     4.  B.  V. 

THEOREM  XX 

WiiEtt  etery  9i^  of  any  f^igore  ii  prodwiei  out,  the  Siun 
of  all  the  Ootmrd  Aoglei  tberebj  made,  is  eqaal  to  Four 
Ri^t  Angtei. 

Let  A,  B,  c,  jcc.  be  the  ontward 
anglei  of  any  polygan,  made  bj  pro- 
ducing all  the  sidei  j  then  will  the  ■nm 
A+e+C'fB-t'E,  of  all  those  outward 
aod^B,  be  equal  to  four  right  aoglei. 

For  ererj  one  of  tbeie  outward  an- 
gles, together  with  its  R^aceot  iawaad 
hogle,  make  up  two  right  angles,  as  & 
•\-a.  equal  to  two  right  angles,  being 
the  two  angles  made  b;  one  line  meeting  another  (tfa.  6). 
Aad  there  being  as  uany  ««tward,  or  inward  anglea,  •■  IhA 
figure  has  sides  :  therefore  the  sum  of  all  tbe  inward -and  o^' 
ward  angles,  is  equal  to  twice  at  many  right  angles  as  the 
figure  fan  sides.  But  the  sum  of  all  the  inward  uxles,  wiA 
foor  ri^t  angles,  is  equal  to  twice  as  many  right  an^es  a>  tfae 
figure  has  sides  (tb.  19).  Therefore  tfae  sum  of  dl  tfae  h- 
ward  and  aU  the  outward  angles,  is  equal  to  the  sum  of  all  the 
inward  angles  and  fi)nr  r^^t  ^glei  (bv  ai.  1).  From  each 
of  these  take  awaj  alt  the  inward  angles,  and  there  remain 
bll  tfai  outward  angles  equal  to  four  right  angles  (by  at.  3). 

-raSObEM  KXl. 

A  PBftFCffDicni.*R  is  the  Shortest  Line  that  can  be  drawn 
from  a  Giren  Point  to  an  Indefinite  Line.  And,  of  any  Otter 
Lines  drawn  from  the  same  Point,  those  (hat  are  Heafeat  the 
PerpendicnUr,  are  less  than  those  Hore  Remote. 

If  AS,  AC,  AD,  be.  be  lines  drawn  fivm  . 

the  given  point  a,  to  tfae  indefinite  line  oe, 
«f  wbichAB  is  perpendicnlar.    Thensbatl ' 
the  perpettdicntar  ab  be  less  than  ac,  and 
AC,  less  than  ab,  be. 

For  the  ai^le  b  being  a  rig^t  One,  the 


■  Ttak  dNMMmiMt  dw  not  ipptf  U  aU  re«UUDal  Rgam.    £d. 


D,q,-Z.-dbvGOOglC 


Mt|^««  ifl  ante  (bj  ew.  3,  tk.  IT),  mai  tberHbrs  ten  than 
thumfiMK.  lat-thfllAaiMt^  of  a  tmn^n  subtended  by 
the  1«M  tid«  (th.  9).    Ttnnibre  tbe  tide  ai  h  len  than  th« 


Agnioi  the  ani^c  acb  being  acute,  as  before,  Ibe  adjacent 
angle  acd  will  be  obtuse  fbj  th.  6) ;  coaiequently  the  imgle 
>  u  acute  (coBol.  3,  th.  17),  and  therefiire  is  less  than  the  an* 
B^e  c.  And  since  the  less  tide  ii  opposite  to  the  lew  angle, 
therefore  Ae  side  *c  b  less  than  the  side  ad.    4.  k-  d. 

Corol.  A  perpendiCQlar  is  the  least  dtstsnt  of  a  giren  point 
from  a  line. 

THEOREM  XXn. 

The  Opposite  Sides  and  Angles  «f  saj  ParaHek^ram  ere 
equal  to  axch  other ;  and  the  Diagonu  diridea  it  into  two 
Eqwt  Triangles. 

Let  ASCK  be  a  parallelogram,  of  «)iich 
the  diagonal  is  bd  i  then  will  its  opposite 
■ides  and  angles  be  equal  to  each  ether, 
and  the  dimooal  an  will  divide  it  into  two 
equal. puts,  or  ttiangles. 

For,  since  the  sides  ab  and  nc  are  pa> 
tiHel,  as  aho  the  sides  ad  and  bc  (defin. 
32),  and  the  line  bd  meets  tbem ;  therefore  the  alternate 
angles  are  eqaal  (th.  12),  nainelf  ttie  angle  abb  to  the  angle 
CDB,  and  the  angle  ins  to  the  angle  cbd.  Hence  the  two  tri- 
angles, having  two  angles  in  the  one  equal  to  two  angles  in  tbp 
other,  hate  also  their  third  angles  equd  (cor.  1,  th.  17), 
namely,  the  angte  a  eqnal  to  the  angle  c,  which  are  two  of 
the  ^polite  angles  of  the  parallelogram. 

Also,  if  te  the  eqnal  angles  abd,  oss,  be  added  the  equal 
ug^s  cen,  AIM,  the  wholes  will  be  equal  (ax.  2),  namelj,  the 
whole  an^e  abc  to  (he  whole  asc,  whicb  are  the  other  tw9 
opposite  Bo^ea  of  the  parallelogram.  4.  e.  d. 

Again,  since  the  two  triangles  are  mutually  equiangular, 
and  fa^ve  a  side  in  each  equal,  viz.  the  common  side  bd;  there- 
fore the  two  Irimgles  are  identical  (th.  S),  or  eqtud  in  all 
respects,  namely,  the  tide  ab  eqoal  to  the  opposite  side  no, 
and  AO  equal  to  the  opposite  side  bc,  and  the  whole  triangle 
ABi>  equal  to  the  whole  triangle  bcd.  ft.  a-  n. 

Cbrol. 
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Cgraj.  I.  Hence,  if  one  Bogje  of  a  ptraUelognwbeai^^ 
Ugle,  all  tbe  other  three  will  alio  be  right  aoglet,  sjod  tb* 
paraHelogram  a  rectangle. 

Carol,  2.  Hence  also,  the  aam  oF  any  two  adjacent  ao^ei 
«f  a  paranelogram  ii  eqaal  to  tw«  right  anglea. 

THEOREM  XXm. 

Evcnr  Q,uai]rilateral,  whose  Opposite  Sides  are  equal,  ia  a 
Parallelogram,  or  hai  its  Opposite  Sides  Parallel. 
Let  ABCD  be  a  quadraDgle,  having  tbe          _  ^ 

Apposite  sides  eqtial,  qbd)«It,  the  side  ab             ju  "■ 

equal  to  BO,  and  ad  equal  to  bc  ;  then  /^v  / 
shall  these  eqgal  sides  be  also  parallel,  /____;^ 
and  the  figure  a  parallelograin.  ^ '\ 

For,  let  the  diagonal  bd  he  dram. 
Then,  the  triangles,  *bd,  cbd,  being  mutually  eqnilatenl  (by 
byp.),  the;  are  al^o  mutuallj  equiangular  (th.  6),  or  have 
their  correspooding  angles  equal ;  coneequentlj'  the  opposite 
tides  are  parallel  (th.  13)  ;  viz.  the  side  ab  parallel  to  dc, 
and  AS  parallel  to  ac,  and  the  figure  is  a  parallelt^ram. 

«.  e.  ». 

THEOREM  XXIV. 

Tflost  Lines  which  join  the  Corresponding  ExtMmea  of 
two  Equal  and  Paralld  Lines,  are  themselves  Equal  and  Pa- 
rallel. 

Let  AB,  DC,  be  two  equal  and  parallel  lines  ;  then  will  the 
lines  Ai>,  BC.  which  join  their  extremes,  bc  also  equal  and 
parallel.     [See  the  fig.  above.} 

For,  draw  the  diagonal  an.  Thea,  because  ab  aad  dc  are 
parallel  (by  hyp.),  the  angle  abd  is  eqnal  to  the  alternate  aq- 
fie  BBC  (th.  13).  Hence  then,  the  two  triangles  having  two 
sides  and  the  contained  angles  equal,  viz.  the  side  ab  equal  to 
the  aide  nc,  and  the  side  bd  common,  and  the  contained  aag^ 
ABD  equal  to  the  contained  angle  bdc.  they  hnva  tbe  renuunii^ 
•ides  and  an^ea  also  respectively  eqnal  (th.  1)  ;  cooseqnently 
AS  is  eqnal  to  bc,  and  ako  parallel  to  it  (th.  12).     4-  k.  d. 

THEOREM  XXV. 

PAKALLEtooKAMS,  88  alio  TrlaBgles,  standing  on  tbe  Same 
Base,  and  between  the  Same  Parallels,  are  equal  to  each 
other. 

Ut 
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Let  abCb,  ABir,  be  two  panllelo- 
graoif,  and  *ic,  *Br,  two  triaoglea, 
standing  on  the  same  baaa  ib,  aod  be- 
tween the  same  paralteU  ai,  db  ;  then 
will  the  parallelosram  ibcd,  be  e<)aal 
to  the  parallelogram  abef,  and  the  tri- 
ang^  ABC  equal  to  the  triangle  abv. 

For,  lince  the  line  be  cuti  the  two  parallels  «r,  bb,  and  the 
two  u),  Bc,  it  makei  the  angle  k  etjual  to  the  angle  Ato,  and 
the  angle  d  equal  to  the  ai^le  boe  (tfa.  14)  ;  the  two  trianglea 
ADP,  Bce,  are  therefore  equiangalar  (cor.  l,th.  17);  andhar- 
ingthe  two  corresponding  sides,  ad,  bc,  equal  (th.  S3),  being 
opposite  aides  of  a  paraltelograrD,  these  two  trian^et  are 
identice],  or  equal  in  all  respects  (th.  2).  If  each  of  these 
equal  triangles  then  be  taken  from  the  whole  space  ibbd, 
there  wiH  remain  the  farallelogram  ABcr  in  the  one  caae, 
eqnel  to  the  pBndlelogram  lacn  in  the  other  (by  as.  3). 

Abo  the  trianglea  abo,  abf,  on  the  same  base  ab,  and  be- 
tween the  same  paraHels.  are  equal,  being  the  halves  of  As 
said  equal  parollelogranis  (th.  22).     «.  c.  d, 

Carol.  ].  Parallelograms,  or  tnaugles,  baring  the  same  boss 
mi  altitude,  ore  equal.  For  the  altitude  is  the  same  as  the 
perpeodicular  or  distance  between  the  two  parallels,  which 
u  ererj  where  equal,  by  the  definition  of  parallels. 

Cnrot.  2.  parallelograms,  or  trilogies,  having  equal  basei 
and  altitudes,  are  equal.  For,  if  the  one  figure  be  applied 
with  its  base  on  the  other,  the  bases  will  coincide  or  be  tbe 
same,  because  tfaey  are  equal :  and  so  the  two  figures,  baring 
the  same  base  and  ahitode,  are  equal. 

THBQREH  XXVI. 

If  a  Parallelogram  and  a  Triangle  stand  on  the  Same 
Base,  and  between  the  Same  Parallels,  the  Parallelogram  will 
he  poubte  the  Triangle,  or  the' Triangle  Half  tbe  Parallelo- 
gram. 

Let  ABCD  be  a  parallelogran,  and  abb, 
a  triangle,  on  the  same  base  ab,  and  between 
the  same  panllels  ab,  de  ;  then  will  the  pa- 
rallelogram ABCD  be  dauble  tbe  triangle  abi, 
or  the  triangle  half  the  parallelogram. 

For,  draw  the  diagonal  ac  of  the  paral- 
lelognun,  dividing  it  into  two  equal  parts 
(th.  22).     Then  because  the  triangles  abc. 
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'  ABE,  OD  the  iBBie  baM,  ni  bstwMB  the  uune  pmllcli,  ar« 
equal  (th.  25) ;  and  because  the  <ma  triaagle  uc  u  balf  ttw 
panllelogram  abcb  (th.  28).  th«  other  eqoal  triangle  *mm.  u 
also  equal  to  half  the  tame  parallelograM  abc».     «.  e.  t». 

Curol.  1 .  A  trinngle  is  equal  to  htSt  »  pantllek^iain  of  Ite 
same  bofs  and  altitude,  becatue  the  altitade  ia  the  perpendi- 
cnlar  dtitflncc  between  the  pwrallela  which  is  evMy  n^era 
equal,  by  the  definition  of  pareUeb. 

Carol.  2.  If  the  base  of  a  parallekgran  be  half  that  of  ■ 
triani^e,  ot  the  ntrne  altitude,  or  tb«  beie  of  the  triani^  b« 
double  that  of  the  paraUelt^am.  the  two  figures  will  b*  eqnal 
to  each  other, 

THEOItXM  XXVU. 

RECTmeLES  that  we  eontaiaed  hj  Equal  Liaet,  ar«  Equal 
to  each  ether. 

Let  BB,  FB,  be  two  rectan^,  hanng        D C  H_  O 

the  sides  ab,  bc,  equal  to  the  sides  cr,  r 
each  to  each  ;  then  will  the  rect«    ' 
be  equal  to  the  rectangle  wm. 

For,  draw  the  two  diagonak  ac, 
dividiug  the  two  parallelofraBS  «aeh  into 
two  equal  porta.  Then  the  two  triang^ea  AK,  iro,  are  equal 
to  each  other  (th.  1).  because  they  have  the  two  sides  ab,  bc, 
jutd  the  conUtned  angle,  b,  equal  to  the  twe  Bidea  tr,  re,  and 
tiie  contained  augle  r  (by  hyp).  But  tbete  equal  triages  are 
the  faalres'of  the  respective  reetanglei.  Jiad  because  the 
hal?eB,  or  the  triangles,  are  eqnal,  the  wholes,  or  the  rect- 
angles, DB,  ar,  are  also  equal  (by  ai.  6).     4i.  B.  D. 

Corol.  The  squares  on  equal  line*  are  also  eqnal ;  fi>r 
every  square  is  a  speciea  of  rectangle. 

THEOREM  XXVllI. 

TiTB  Complements  of  the  Parallelograms,  which  are 
about  the  diagonal  of  any  Parallelogram,  are  equaHo  each 
other. 

Let  AC  be  a  parol lelogram,  bd  a  dia-  J>    G 

gonal,  ciF  parallel  to  is  or  dc,  ood  oih 
parallel  to  ad  or  ae,  making  ai,  ic  com- 
plemeots  to  the  parallelograms  eo,  hf,  ^ 

which  are  about  the  dii^anal  on  :  then  /^  n 

will  the  complement  ai  be  equal  to  the 
rompleraent  ic. 


hanng        D C  H    O 

>c,  BO.     Aairx 


For, 
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For,  sipcetbe  £ig;oMl  bb  MWctBOe  thres  twnUeli^ruH 
ic,  Eu,  KT,  (th.  i2) ;  tbercAre,  the  nhole  triangle  dab  being 
eqaal  to  the  wbol*  triangle  dcb.  s&d  the  part*  bei,  ma,  re- 
■pectirelj  equid  to  the  parti  doi,  ifs.  the  rcMamii^  |Mt1a  ai, 
ic,  mast  also  be  equal  (by  u.  3).     <.  i.  o. 


A  TaAraxoiD,  or  Trapezimn  hariM;  ttv«  Sidea  Parallel,  it 
Mjoal  to  Hnlf  a  ParallelOKnoa,  whoae  Base  ie  the  Sum  of  those 
two  Sidei,  and  iti  Ahitnd*  the  Perpendiciriar  DiataDce  be- 
tween them. 

Let  ucD  be  the  trapev»d,  baTiog  ita  d     r  u 

tWoiideaAB.DC.  pnralM;  and  in  ab  pro-  ■ — V. ."- 
duced  takof  E  equal  to  dc,  ao  that  ak  ma; 
be   the  turn  of  the  two  parallel  aidei ; 


K 


produce  nc  also,  and  let  ef.  gc,  bu,  lie  j^    6  S    £ 

all  three   parallel  to  ad.     Then  is  jf  a 
parxUelogram  of  the  same  altitude  iritU  the  trapezoid  aaco, 
baring  its  base  a£  equal  to  the  aum  of  the  pandlel  sides  of 
the  trapesoid ;  and  it  is  to  be  proved  that  tlie  trapezoid  abcd 
is  equJ  to  half  the  parallebw-am  ie. 

Mow,  aince  bruises,  or  pardlelognwua,  of  equal  basea  and 
ahitode,  are  equal  (cand.  S,  th.  t&),  the  parallelogram  oe  it 
equal  to  the  parelleiopam  mm,  and  ibe  Iviugle  «aa  e<|aid  to 
the  triage  cas ;  coMeqaentl;  the  line  ao  bnects,  or  eqatdljr 
Aridea,  the  pmllelogram  at,  and  abcb  is  the  half  of  it 

■      '    d.  E.  n. 
THEOSEU  XXX, 

Tat  Snn  vf  dl  the  Rectangles  contaiDed  iudar  one  Whole 
Line,  and  the^aereral  Parts  of  another  Line,  any  waj  diTided, 
is  Eqtntt  to  the  Rectangle  contained  under  the  Two  Whole 
Linei. 

Let  AS  be  the  one  line,  and  ab  tite 
Other,  divided  into  the  purts  AC,  EF.  ra;         _       r-   n  o 
theo  will- the  rectangle  contained  by  ad  -"        ,      ,    , 

and  ab,  ba  equal  to  the  aum  of  the  rect-  I         j      \    \ 

aOf^  of  AB  and  AK,  aod'AB  andir,  and         |  I     I    I 

AD  and  rs  :  thus  expressed,  ad  .  ab  3=  L.i  ..J.-j^..! 

Alf  .  AE-(-AD  .  Zr+MO  .  FB.  A.         iS     JT  JJ 

For,  make  the  rectangle  ac  of  the  two  *ho1e  lines  ao,  ab  ; 
and  draw  ko,  fb,  perpendicular  to  ab.  or  paralld  to  ad,  t« 
irincb  tbey  are  equal  (tb  ZZ).  Then  the  whole  rectangle 
AC  is  made  up  of  all  the  otber  rectaai^ea  ao,  b«,  re.     Bat 

Vol.  I  3fi  ttLoae 
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Qwu  rectani^  are  cMdttiMd  by  u>  and 
AK.  la  and  Ef,  PB  and  fb  ;  which  arc  equal    P       O  B   C 
to  tha  rccteaglw  <rf  id  and  **,  in  and  ir,     f  1    '  ['   I 

Ao  and  PB,  becane  ad  it  equed  to  each  of    I         I     |    t 
tba  two,  BQ.  m.     Therefore  the  rectai^le    \  I      \    \ 

AD  .  AB  is  equal  to  the  sun  of  all  the  other  A      Z    T  3 
rectangtei  ad  .  ab,  ad  .  sr,  ad  .  fb.  «.  e,  d. 

Cbrol.  If  a  right  line  be  divided  into  any  two  parts ;  the 
iqoare  on  the  whole  line,  ia  eijiul  to  both  the  rectuiglea  of 
the  whole  tine  attd  each  of  the  fnrti. 

THEHtEH  TTTI 

Tbe  Square  of  the  Sam  of  two  Linei  i>  greater  tfaaa  tte 
Sum  of  their  Squares,  by  Twice  the  Rectai^le  of  (be  said 
Lines.  Or,  the  Square  of  a  whole  Line,  is  eqval  tothe 
Squares  of  its  two  Parts,  together  with  Twice  the  Re(tang^e 
of  those  Parts. 

Let  the  line  ab  be  the  sum  of  any  two 
lines  AC,  ch  ;  then  will  the  square  of  ab  be  ^       ?.? 

equal  to  the  squares  of  Ac,  cb,  together  with 
twice  the  rectangle  of  ac  .  cb.     That  is, 

AB»  =AC*  +CB«  +2ac  .  CB. 

Far,  let  abdr  h«  ihe  aqoare  on  Ae  aom  Jt q"-  > 

•r  whole  line  ab,  and  acfo  the  iquare  on 

the  part  ac.     Pn>duce  cf  and  of  to  the  other  aide  at  b  and  i. 

From  the  lines  cir,  oi,  which  are  equal,  beiqg  each  equal 
to  the  Udes  of  the  square  ab  or  bd  (th.  S2),  take  the  parta 
cr,  OF,  which  are  also  equal,  being  the  sides  of  the  square 
AT,  and  Ukere  remains  fh  equal  to  fi,  which  are  aba  eqqal  to 
DH,  Di,  being  the  oppoait«  tides  of  a  pai«lleIograin.  Hence 
the  hgure  hi  is  equilateral :  and  it  bat  all  its  aqries  right  eiiea 
(coral  t,  th.  Si)  ;  it  is  therefore  a  square  on  ute  line  fi,  or 
ue  square  of  iti  equal  cb.  Also  the  figurei  bp,  pb,  are  equal 
to  two  rectanglca  nnder  ic  and  ca,  because  or  ia  equal  to  ac, 
and  PH  or  pi  eiHul  to  cb.  Bat  the  whole  square  ad  is  made 
up  of  the  four  Dgnrea,  viz.  the  two  squues  af,  fb,  and  the 
two  equal  rectangles  ar,  rs, ,  That  is,  the  square  of  ab  ia 
eqnal  to  the  squares  of  ac,  cb,  together  with  twice  the  rect- 
angle of  AC,  CB.     4.  B.  D. 

Coni.  Hence,  if  a  line  be  divided  into  two  equal  ports ;  the 
square  of  the  whole  line,  will  be  equal  to  roar  timei  the 
square  of  half  the  liu. 


r 
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THEOREM  XTTll 

The  Square  of  (he  Difference  of  two  Lines,  is  \em  tbn 
(be  Sum  of  their  Squarea,  by  Twice  the  Rectangle  of  the 
•aid  Littes- 

Let  AC,  Bc,  be  any  two  lioei,  and  ab 
Aeir  differeoce  :  then  will  the  iquare  of  ab 
be  leas  thao  the  sqnarei  oTac,  bc,  by  twice 
the  rectangle  of  ac  and  bc.  Or,  ab*  •r^ic* 
-(-BC*— 2ag  .  BC.  I 

For  let  ABDE  be  the  Hqnare  on  the  dif- 
ierence  ab,  and  acfo  the  square  on  the 
line  AC.     ^odnce  ui  to  a  ;  alflo  prodace. 
t»  and  ac,  and  draw  xi,  making  ai  the  sqnare  of  the  other 
lineBc. 

Now  it  ia  viaible  that  the  iqnare  ad  is  leaa  than  the  two 
•qnarea  af,  bi,  by  the  two  rectanglei  et,  di.  But  of  it  equal 
to  the  one  line  ac,  and  oe  or  fh  ia  eqaal  to  the  othqr  UM 
BC }  consequenUy  the  rectangle  bf,  contained  ander  bo  and 
or,  ii  equal  to  the  rectangle  of  ac  and  bc. 

Again,  rv  being  equal  to  ci  or  bc  or  oa,  by  adding  the  cMn- 
nton  part  ac,  the  wliole  «i  will  be  equal  to  the  whole  fc,  or 
equal  to  ac  ;  and  consequently  ihe  figure  di  ia  equal  to  the 
rectangle  contained  by  ac  and  bc. 

Hence  the  two  figure*  bf,  di,  are  two  rectandei  of  the 
two  lines  ac,  bc  ;  Mid  consequently  Ae  iqaare  of  ab  ia  leit 
titan  the  sqoarea  of  ac,  bc,  by  twice  the  rectangle  ic .  bc. 
'  «.  b.  d. 

THBOEIEM  XXXin. 

Thc  Rectai^e  nnder  the  Sam  and  Difference  of  two 
Lines,  is  equal  to  the  Difference  of  the  Squares  of  Uioae 
lines. 

L^  AB,  AC,  be  any  two  nneqnal  lines ; 
then  will  At  difference  of  the  squares  of 
AB,  AC,  be  equal  to  a  rectangle  under  their 
'  auB  and  difference.     That  is, 

AB*— AC*«=AB+AC  .  AB— AC. 

For,  let  ABDx  be  the  iquare  of  ab,  and 
Acrs  the  square  of  ac.  Prodace  db  till  bb 
be  equal  to  ac  ;  draw  hi  parallel  to  ab  or 
BO,  and  produce  fg  both  ways  to  i  and  k.  . 

Then  (he  difference  of  the  two  sqoares  ad,  af,  is  evi- 
dently 


*-P 
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dendj  the  two  rectaogles  ef,  kb.  Bat  the  rectanglei  ir, 
Bi,  are  equal,  being  contttined  under  equal  linei  ;  br  ek  and 
BR  are  eacb  eqntJ  to  ac,  and  oe  is  equal  to  cb,  being  eack 
equal  to  the  difierence  between  ib  and  1C|  or  tiieir  eqnalt 
AK  and  ko.  Therefore  the  two  Er.  kb,  are  equal  to  the  two 
KB,  BI,  or  t0  the  wbole  as  ;  and  cooeequentl>  kh  is  equallo 
the  difference  of  tbe  squarei  *d,  af.  But  ih  is  a  rectande 
contained  by  du,  or  the  sum  of  av  and  (c,  and  by  kd,  or  tte 
d^erence  of  ab  and  ac.  Therefore  the  difference  of  Oie 
■quaret  of  ab,  ac,  is  eqnal  to  the  rectug^e  under  their  aam 
sad  difference.    4.  k.  d.' 

THEMtHM  Z3XIV. 

Iir  onj  Right-M^ed  Triat^le,  the  square  of  the  Hypotfae- 
miM,  k  eqoal  to  the  Sum  of  the  Squares  of  the  other  two 
Sides. 

Let  ABO  he  a  right-an^ed  triangle, 
hariog  the  right  angle  c  ;  then  will  the 
•q«3r«  of  the  bvpothenake  ab,  be  equal 
to  the  sam  of  the  sqaares  of  the  ether 
two  sides  AC,  CB.  Or  ab"  ^  ac"  + 
■c". 

For,  on  ab  describe  the  sqnare  Ie, 
and  OB  ic,  en,  the  squares  ad,  bh  ; 
then  draw  ex  pallet  to  ad  or  be  j  and 
join  Ai,  BV,  c0,  cE. 

Now,  becaase  the  line  ac  meeta  the  two  co,  ca,  so  h 
make  two  ri^t  mgles,  these  two  form  one  strai^t  line  ca  (cor«l.  , 
I,  th.  6).  And  becaase  the  angle  rAc  is  equal  to  the  angle 
SAX,  bciiq  eaeh  a  right  angle,  or  the  an^e  of  a  square  ;  to 
each  of  Utese  equals  add  (he  common  an^e  bac,  so  will  the 
whole  angle  or  snra  tab,  be  equal  to  the  whole  aii|^  or 
stun  CAD.  But  the  line  fa  is  equal  to  the  lioe  ac,  and  the  , 
line  AS  to  the  line  ad,  being  sides  of  the  same  square  ;  so  that 
the  two  lidea  fa,  ab,  and  their  inclnded  angle  fab,  are  equal 
to  the  two  sides  ca,  id,  and  the  contained  an^e  cad  each  to 
each  i  therefore  the  whole  triangle  avb  is  equal  to  the  whole 
triangle  acd  (tb.  I). 

But  the  square  ao  is  double  the  triangle  afb,  on  the  same 
base  FA,  and  between  the  same  parallels  fa,  cb  (tb.  86)  ;  ia 
like  manner,  the  parallelogram  ax  is  double  the  triangle  Acn, 
on  the  same  hue  ad,  and  between  the  sune  parallels  ad,  ex. 
And  sioce  the  doubles  of  equal  things  are  eqnal,  ( by  ax.  6) ; 
therefore  the  square  ao  is  equal  to  the  parallelogram  ax. 
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Id  like'BKUUer,  the  other  tqiure  bh  is  prored  equal  te  the 
other  parallelogrBm  bk.  Coneeqiienlly  the  ^wo  Rquitrei  na 
ani  BH  togedier,  er«  equal  to  the  ttro  parBlIelogramt  ak  and'BK 
together,  or  to  the  whole  •qnere  ae.  Thai  is,  the  gum  of  the 
two  squares  on  the  two  less  tides,  is  equal  to  the  square  on 
the  greatest  side.    «.  x.  s.  '  - 

Carol.  I.  Hence,  the  Square  of  eitherof  the  twolen  sides, 
is  equal  to  the  difference  of  the  squares  of  the  hjpothenuse 
and  the  other  side  (ax.  3) ;  or,  equal  to  the  rectangle  CDotaia- 
ed  by  the  sum  aod  difference  of  the  said  hypotfaenuse  and 
other  aide  (th.  3S). 

Coral.  2.  Hence  also,  if  two  right-aogied  triangles  hare 
two  sides  of  the  one  equal  to  two  correaj^ondlng  aides  of  the 
other  i  their  third  sides  will  also  he  equal,  and  the  triangles 
identical. 

THSCffiEH.  XXXV. 

Is  BnyTriaimle.  the  Difference  of  the  Sqaarei  of  the  two 
Kdea,  is  Equal  to  the  Difference  of  the  Sqnares  of  the  Seg- 
ments of  the  Base,  or  of  the  two  Lines,  or  Distances,  includ- 
ed between  the  EitremeS  of  tiie  Base  and  the  Perpendicular. 

Let  ABe  be  any  triangle,  having 
CD  perpendtcolar  to  ab  ;  then  will 
the  differeiire  of  the  squares  of  ac, 
Bc,  be  equal  to  the  difference  of  the 
squares  of  id,  bd  ;  that  is,  ic"  —  _ 

BC«=AD«-BD»  A      BB   A      DB 

For,  since  ac'  is  equal  to  ad»4-cd*   i     ,.    ..    „,, 

and  Bc"  is  equal  to  bd»+cd«.  J      (**?  *'  ^4)  ; 
Theref.  the  difference  between  ac'  and  aC, 
is  equal  to  the  difference  belireen  tn'+co' 
and  bd'4«o*, 
or  eqoal  to  the  difference  between  as'  and  bd*, 
bj  talcing  away  the  common  square  cd*  %,  b.  d, 

Corol.  The  rectangle  of  the  sum  aod  difference  of  the  two 
sides  of  an;  triangle,  is  equal  to  the  rectangle  of  the  sun  and 
difference  of  the  distances  between  the  perpendicular  and  the 
two  extremea  of  the  base,  or  equal  to  tl).e  rectangle  of  the 
base  and  the  difference  or  sum  of  the  segments,  according  as 
the  perpendicnlnr  falls  within  or  without  the  triangle. 

That 
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And  AC  +  »c.  AC  —  Bc  »  AB .  AD  +  u  in  the  lit  Sgan, 


THEXKEHXZXVL 

In  aoj  Obtose-angled  Triangle,  the  Sqaarc  sf  th«  Side 
Bubtending  the  Obtuae  Angle,  is  Greater  than  the  Sum  of  the 
Squares  of  the  other  two  Sidea,  by  Twice  tb«  Rectangle'  of 
the  Base  and  the  Dbtance  of  the  Pu^odicnlar  from  tb« 
Obtuse  Angle. 

Let  ABC  be  a  triangle,  obtuse  m^*i  at  a,  aoA  rn  peipendi- 
cnlar  to  as  ;  then  will  the  square  of  ac  b«  greater  than  the 
squares  of  ab,  bc,  by  twice  the  rectangle  of  ab,  ao.  ThU  is, 
ac'=ab*-^bc'+2ab  .  SD.    See  the  1st  fig.  abofe,  or  below. 

For.  since  the  square  of  die  whole  Hoe  ad  is  equal  to  tlie 
squares  of  die  parts  ab,  bd,  mdi  twice  the  rectengle  of  tbe 
Htne  parts  ab,  bd  (tb.  31) ;  if  to  each  of  these  eqnate  tbere 
be  added  the  square  of  cd.  iben  the  sqaares  of  ad,  u>,  wiU 
be  equal  to  the  squares  of  ab,  bd,  cd,  with  twice  the  rectaa- 
gle  of  AB,  BD  (by  ax.  8). 

Bflt  the  aqaares  of  ab,  cd,  are  equal  to  the  square  of  ac  ; 
and  the  squares  of  bd,  cd,  equal  to  tbe  square  of  ac  (tb.  34)  ; 
dierefore  tbe  square  of  ac  is  equal  to  the  squares  of  ab,  bc, 
together  with  twice  the  rectangle  of  ab,  bd.    «.  x.  d. 


THEOREM  XXXVn. 

Ik  aay  Triangle,  the  Square  of  the  Side  Bubtmdii^  an 
Acute  Angle,  is  Less  than  the  Squares  of  tbe  Base  and  the 
other  Side,  by  Twice  tbe  Rectangle  of  tbe  Base  and  the  Dis- 
tance of  tbe  Perpendicular  from  the  Acute  Angle. 

l.et  ABC  be  a  triangle,  having 
the  angle  a  acute,  and  cd  perpen- 
dicular to  AB  ;  then  will  the  square 
of  BC,  be  leas  than  the  squares  of 
AB,  AC,  by  twice  the  rectan^e  of 

AB.  AD.      That  is,  BC*=AB'-f  AC* 

— 2ab  .  AD. 
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For,  in  fig.  1,  ac*  ii  =a  ac*+AM'+iiM .  bd  (tb.  36). 
To  each  of  then  eqnali  odd  the  iqnare  of  ib, 
AeaiB  ta»+AC*=ac*+ixB*+fiAB  .  bd  (ai,  2), 
ar<aBe>+SAa  .  ad  (ih.  30). 

«.  K.  D. 
Asain.  in  6g.  2,  ac'  i«  =  uf+me*  (th.  34). 
And  ab*=ap*+db*+2ad  .  db  (th.  81). 
Th«ref.Ai*+Ac*=BB»+iw»+2*D*4-2AD.  BB(ar.  2), 
aT=Bc>+2ii>>+2Ar  .  bb  (th.  34), 
or  =Bc»-i-a*B  .  AD  (tk.  30).  a.  «.  D. 

THEOREM  XXXVUL 

III  107  Tri«|^,  the  Doable  of  the  Square  of  a  Line  inwn 
from  the  Vertex  to  the  Middle  of  tbe  BWe,  together  with 
Doable  the  Square  «f  the  Half  Base,  ii  equal  to  tbe  Sum  of 
the  Sqaarei  of  the  other  Two  Sidei. 

Let  ADC  be  a  triai^le,  and  co  the  lioe 
drawn  from  tbe  rertex  to  tbe  middle  of  Q 

tbe  baCK  AB,  dividing  it  into  (wo  equal 
part!  AD,  DB  ;  tnea  wiD  the-§i)ni  of  tbe 
•qnarea  of  ac,  cb,  be  equal  to  twice  the 
iomof  tbe  iquarea  dfcD,  bd;  orAc*+  . 

««=2cD«+8o»».  A     T)  E  B 

For,  let  CB  be  perpendicular  to  the  base  as.  Then,  since 
(bj  th.  36)  AC*  exceeds  the  BaiB  of  the  two  sqnarei  ad*  and 
CD*  (or  BO*  and  cd*)  by  tbe  double  rectangle  Sad  .  de  (or 
Sbs  .  db)  ;  and  since  (bj  th.  37)  bc*  it  leaf  than  the  same 
sum  b;  the  said  doable  rectangle ;  it  is  manifeit  that  both  ac* 
aod  sc'  together  must  be  equal  to  that  mm  twice  taken  ;  tbe 
uceBB  OB  the  one  part  makii^  up  the  defect  on  the  other. 

«.  K.  D. 

THECStEH  xxxiT 

Ib  an  IioBcelea  Triangte,  the  Square  of  a  Line  drawn  firoia 
the  Vertex  to  asj  Point  in  tbe  Base,  together  with  tbe  Rect- 
an^e  of  the  S^neuta  of  the  Base,  is  equal  tg  the  Square  of 
•ae  of  the  Equal  Sides  'of  the  Triangle. 

Let  ABC  be  the  isoacelea  trian|^e,  and 
09  a  line  drawn  from  tbe  vertex  to  any 
point  D  in  tbe  base :  then  will  tbe  square 
of  AC,  be  equal  to  the  square  of  cd,  to- 

Cr  with  the  rectangle  of  u>  ud  db. 
U,  ac*sse9>+AD  .  Ml. 


A 

For, 
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Fqf,  let  CB  bieect  th«  verticnl  ai^Ie  ;  tfaen  will  it  ^o 
bisect  the  base  ab  peipetidicululj  (Daking  AB^ts  (cor.  1, 
th.  3). 

Bat,  ID  the  triangLe  acd.  obtwe  angled  at  d,  the  iquare 
uji  is  =  cD»+iD'  4-gAD  ■  DE  (th.  36), 

or  =  cD»+iD  .  AD+gpe  (th.  30),  ^ 

or  =  CD*  +*p  .  *c+DK, 
or  =  CD*  +AD  .  be-Hde* 

or  =  CD*  +AD  .  db.  

4.  c.  D.  ^D  £    B 

THEOREM  XL. 

In  anj  ParalletogrBia,  the  two  OiagoHk  Bitect  Mcb  vtbw^ 
and  the  Sum  of  their  Stjuanc  ii  equal  to  the  S^  of  tiie 
Squares  of  all  the  Four  Sides  of  the  Pms" 

Let  ABuD  be  a  parallel ogram,  wbdt* 
diagoaalf  iatersect  each  other  ia  e  ;  ttiea 
irill  A£  be  equal  to  ec,  and  bk  to  ed  ; 
and  the  sum  of  the  squares  o.f  ac,  bd, 
will  be  equal  to  the  sum  ol  tbe  iqoarea 
of  AB,  Bc,  CD,  DA.    That  is, 

AB=EC,  and  BE=B]), 
and  M*+so»=AB*+BC*+cB»+nA». 

For,  the  trian^es  asb.  dso,  are  equiangatar,  becanse  tbty 
have  the  opposite  angles  at  e  equal  (th.  7),  and  the  two  lioea 
AC,  BB,  meetiDg  the  paraBleb  ab,  pe,  make  tbe  angle  bah  equal 
to  tk6  angle  dce,  and  the  angle  ASt'equat  to  the  aagie  cos, 
aod  the  side  is  equal  to  tbe  side  do  (di.  8S)  ;  thereftre  tbeae 
two  triangles  are  identical,  and  haT«  thotr  corresptwding  ndea 
equal  (th.  X).  viz.  ag^bc.  and  m—ed- 

Agaiu,  sioce  ac  is  bisected  in  e,  the  sum  of  the  squares 
iD*+Bc«=2*E*+2DK»  (lb.  38). 

In  like  manuer,  AB*+BC»=i!AE*-H8BK*  or  2n**. 

Tberef.  ABa+Bc*+cD»4-DA' -:4ae»+4de»  (ax.  «). 

But,  because  tbe  square  of  a  whole  liii«  is  equal  to  4  times 
the  square  of  Italf  the  line  (cor.  th.  61;,  that  ii,  ac*a4ak*, 
and  bd*=4db*. 

Ther¥f.«»-{-W!»+cD*+DA*=Ac»+io«  (ai.  I). 

«.  E.  I>, 

THBOREM 
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TBEOSIMXLL 

1p  a  Line,  dram  through  or  rrom  tbe  Centre  cf  a  Cirde, 
Bisect  a  Chord,  it  will  be  P«rpeii4icaUr  tvH ;  or  if  it  bs  Pcr- 
pendicaUr  to  the  Chord,  it  will  Bia«et  botii  tbe  Chord  and 
the  arc  of  the  Chord. 

Let  AB  be  aoj  chord  ia  a  circle,  and  co 
a  line  drawn  nom  the  centre  c  to  the 
chord.  Then,  if  the  chord  be  Imected  in 
the  point  D,  CD  ff  ill  be  pefpenfiGiilar  to  am. 

Pot,  draw  the  t#o  radii  o*,  ci.  Then, 
the  two  triaoglei-ACD,  acD,  faavingci  eqnal  s 

ta  CB  (def.  W),  and  to  common,  aba  ad 
eqnal  to  bd  (bj  hjp.) ;  Uiej  hare  all  (he  three  aidei  of  the 
ODV,  equal  to  all  the  three  tides  of  the  ether,  and  80  have 
their  aogles  also  equal  (th.  6).  Hence  then,  the  angle  adc 
heiog  equal  to  the  ai^e  bdc,  these  angles  are  right  angles, 
and  the  line  co  ii  perpeudicnlar  to  ab  (def.  II). 

Again,  if  cp  he  perpendicniar  to  ab,  .then  will  the  diord  ab 
be  bisected  at  the  point  o,  or  have  ad  equal  to  db  ;  and  the 
arc  ABB  bisected  in  the  point  k,  or  bare  ab  equal  kb. 

For,  having  drawn  ca,  gb,  as  before.  Then,  in  the  trian- 
^e  ABC.  becBQse  the  side  ca  ia  equal  to  the  aide  cb,  dieir  op- 
posite angles  a  and  a  are  also  equal  (th.  3).  Hence  dien,  in 
the  Iwo  trian^ea  acd,  bcd,  the  ai^le  a  is  equal  to  the  angle  a, 
and  the  anglee  at  d  are  equal  (de^  1 1)  ;  therefore  their  third 
an^es  are  dao  equal  (corol.  l,di.  17).  And  having  the  side 
CD  oouMDon,  thej  have  aho  the  aide  ad  equal  to  the  aide  oa 

(th.t). 

.  Also,  since  the  angle  acb  ia  equal  to  the  Migle  set,  the  arc 
Ai,  which  mearures  the  former  (def.  if),  h  equal  to  the  arc 
Bt,  which  measures  the  ktter,  since  equal  anglea  matt  have 


Conl.  Hence  a  line  tMsecting  ^f  chord  at  rig^  angles, 
passes  ttron^  the  centre  of  the  circle. 

THEOREM  Xm. 

If  More  than  Two  Equal  Lines  can  he  drawn  from  aiiy 
Point  within  a  Circle  to  tbe  Circmnfereitce,  that  Point  will  he 

the  centre. 
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Let  ABC  b«  a  circle,  and  ^  xpoint 
within  it :  then  if  asj  three  lines,  da, 
DB,  DC,  drawn  from  the  point  a  to  the 
circamference,  be  equal  to  e^gb  other, 
the  poiDt  i>  will  be  the  centre. 

For,  draw  the  chords  ab,  bc,  which 
let  be  biiected  to  the  point  e,  f,  and 
jmn  DK,  DF. 

Then,  the  two  triangles,  oa,  dbb,  hare  the  side  da  e^nd 
to  the  side  DB  by  suppoaition,  and  the  aide  ae  eqaal  to  the  side 
CB  by  hjrpothesia,  also  the  lide  db  codusob  :  therefore  these 
two  triangles  are  identical,  and  hare  the  an^es  at  e  equal  ta 
each  other  (th,  &)  ;  conseqneDtij  db  is  perpeadicular  to  the 
middle  uf  the  chord  as  (def.  1 1).  and  tbereibre  paues  through 
the  centre  of  the  circle  (corol.  tb.41). 

In  like  manner,  it  maj  he  shown  that  or  passes  throng  the 
centre.  Consequentl}'  the  point  a  is  the  centre  of  the  cirde, 
and  the  three  equal  lines,  da,  db,  dc,  are  radii.  q,.  t.  d. 


naoREMjuu. 

If  two  Circles  touch  one  another  IntemllT,  the  Centres 
of  the  Circles,  and  the  Point  of  Contact  will'be  all  in  die 
Same  Right  Line. 

Let  the  two  circles  abc,  adi,  touch  A. 

one  another  internally  in  the  point  a  ; 
then  will  the  point  a  and  the  centres  of 
those  circles  be  all  iu  the  same  right 
line. 

For,  let  F  be  the  centre  of  the  circle 
ABC,  throi^  which  draw  the  diameter 
Arc.  Tben,  if  the  centre  of  the  other 
circle  can  be  ont  of  this  liite  ac,  let  it  be  supposed  in  some 
other  point  as  a  ;  through  which  draw  the  line  wa  catting  the 
two  circles  m  b  and  d. 

Now  in  the  trian^e  apo,  the  sum  of  the  two  sides  fo, 
OA.  is  greater  than  the  third  side  af  (th.  10),  or  greater  thaa 
its  equal  radius  n.  From  each  of  theae  ts^  away  the 
comowD  part  re,  and  the  remainder  oa  irill  be  greater 
than  the  remainder  ob.  Bat  the  point  o  being  snppoaed 
t^e  centre  of  the  inner  circle,  its  two  radii,  oa,  od,  ar* 
eqaal  to  each  other  ;  consequently  on  will  also  be  greater 
than  OB.    Bat  adz  being  the  inner  circle,  od  is  necessarily 

less 
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less  thaa  oa.  So  that  «i>  U  both  greater  and  lest  thaa  as  ; 
wbicb  H  abiord.  Consequently  the  centre  a  caonot  be  ont 
"  "     "  4. 1.  D. 


of  the  liae  ktc. 


TWEOREU  XUV. 

Ip  two  Circle!  Toncb  one  aoodier  ElKtenially,  the  Centres 
of  tbe  Circles  and  the  Paint  of  Contact  will  be  all  in  the  Same 
Right  Line. 

Let  the  two  circles  abc,  ade,  touch  one 
another  eTternallj  at  tbe  point  a  ;  then  will 
tbe  poiat  of  contact  1  and  the  centres  of  the 
two  circles  be  all  in  the  same  right  line. 

For.  let  y  be  the  centre  of  tbe  circle  abc, 
through  which  draw  the  diameter  irc,  and 
(troduceitto  the  other  circle  at  E.  Then,  if 
tbecentre  of  the  other  circle  ade  can  be  out 
of  the  line  pe,  let  it,  if  passible,  be  supposed 
in  some  other  point  as  a  ;  and  draw  tbe  lines 
AO,  FB,  DO,  cnttii^  the  two  circles  in  a  and  n. 

Then,  in  the  tiiai^e  avo,  the  sura  of  tbe  two  sides  af, 
Ao,  is  greater  than  the  third  side  fo  (th.  10).  Bat,  f  and  o 
being  tbe  centres  of  tbe  two  circles,  the  two  radii  oa,  od, 
are  equal,  as  are  abo  the  two  radii  af)  fb.  Hence  the  siun 
of  OA,  AFi  is  equal  to  the  sum  of  os,  sr  ;  and  therefore  this 
latter  sum  also,  on,  ar,  is  greater  than  of,  which  is  absard. 
Cpiueqaently  the  centre  g  canoot  be  oot  of  the  line  ar. 


THEOREM  XLV. 

.  AitT  Chords  ID  a  Circle,  which  are  Equally  Distant  from  the 
Centre,  are  E>|iial  to  each  other  ;  or  if  they  be  Equal  to  each 
otiier,  they  will  b«  Equally  Distant  from  the  Centre. 

Let  AB,  cp,  be  any  two  chords  at  equal 
distances  from  tbe  centre  a ;  then  will 
these  two  chords  ab,  cd,  be  equal  to  each 
other. 

For,  draw  the  two  radii  qa,  cc,  and 
the  two  perpendicnlara  cjt,  or,  which  are 
the  equal  distances  from  the  centre  o. 
Then,  the  two  right-angled  triangles, 
OAB,  ocF,  having  the.  side  oa  equal  the  side  oc,  and  tbe  side 
•IB  equal  the  tide  of,  end  thn  angle  at  z  equal  to  the  angle 
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.  at  F,  therefore  the  two  triaji|1(n,  g4E, 
ocr,  are  idealtcal  (cor.  3,  th.  34),  utd 
hare  the  lioe  ae  equal  the  line  cr. 
But  u  u  the  double  of  ae,  aai  cd  ii 
the  doable  of  cr  (th.  41}  ;  therefore 
AS  ii  eqaal  to  cd  (bj  ax.  6).        «.  x.  d. 

Again,  if  the  chord  ab  be  equal  to 
the  chord  cs  :  then  will  their  d'  ' 
cr,  aim  be  eqnal  to  each  other. 

For,  iince  ab  it  equal  cd  by  lappoution,  the  batf  ak  ia 
eqoal  the  half  cr.  Alio  the  ndti  oa,  «c,  being  equal,  as 
well  ai  the  right  anelei  b  au)  r,  therefore  the  thiH  aidet  u« 
equal  (cor.  i,  th.  9^,  or  the  dntance  at  eqnal  the 


from  the  centre,  ok, 


THGOREH  ZLVI. 


A  Line  Perpeodicalar  to  tha  Ektremi^  «f  a  Radim,  ia  « 
Tangent  to  the  Circle. 

Let  ttie  line  *i»  be  perpendicular  to  the     ^     D   d 

radiui  cd  of  a  circto ;  then  shall  ab  touch     " * 

tba  circle  in  the  point  d  only. 

For,  front  anj  other  point  £  in  the  Iim 
AB  draw  en  to  Om  centre,  cotti^  the  cir- 
cle in  r. 

Then,  becaiie  Oie  angje  d,  of  the  trin^  cm,  n  a  right 
ani^,  the  ai^e  at  eis acute  (tb.  17,  cor.  3),  and  coBceqnent- 
Ijlesi  than  the  u^e  d.  But  the  greater  side  ii  alwaja  o^m- 
■ite  to  the  greater  angle  (th.  9)  ;  therefore  the  side  ce  ia  great- 
ertban  the  aide  cd,  or  greater  than  its  equal  cr.  Hence  the 
point  K  is  without  the  circle ;  and  the  same  for  ereiy  other - 
point  io  the  line  ab.  Consequently  the  whole  Hae  ia  withoat 
the  circle,  and  meets  it  in  the  point »  only. 
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Wbbh  a  Line  U  a  Tangent  to  a  Circle,  b  RHdius  drann  to  Ihe 
Point  of  Contact  it  Perpeodicutar  to  tbe  Tangent. 

Let  the  Una  ab  iMich  the  eircrnDfercDce  of  a  circle  at  Ihe 
point  D ;  then  will  tbe  radhis  en  be  peipendicular  to  the  tan- 
gent AB.     [See  the  laat  figure.] 

For,  tbe  line  ab  being  wholly  without  the  circumfereDce 
except  at  the  point  o,  every  other,  line,  aa  ce  drawn  frum 
the  centre  c  to  the  line  ib,  muA  pass  oat  of  the  circle  to  ar- 
rire  at  thii  line.  The  Kne  cd  ii  therefore  the  shortest  that 
can  be  drawn  from  the  point  c  to  the  line  ab,  aod  conieqiient- 
\j  (tb.  21)  it  i*  perpendicalar  to  that  line. 

GtMti.  Hence,  convenely,  a  line  drawn  perpeadicnlar  to  a 
tasguit,  at  tbe  point  «f  cvntact,  pauea  through  tbe  centre  of 
tbe  circle. 


IWECmEM  XLVni. 

Tse  Ai^e  formed  bj  a  Tangent  aod  Chord  is  Measured  by 
Half  the  Arc  of  that  Chord. 

Ijet  AB  be  a  tangent  to  a  circle,  and  c» 
a  chord  drawo  from  the  point  of  contact 
c  ;  then  is  the  angle  bcd  measured  by  half 
this  arc  cro,  and  the  an^e  icn  measured 
by  half  the  are  cod. 

For,  draw  tbe  radios  ec  to  tbe  point  of 
contact,  and  the  radina  ef  perpendicular 
to  the  chord  at  tr.     - 

Then,  tbe  radios  ef,  being  perpendicular  to  the  chord  cd, 
bisects  the  arc  cfs  (th.  4t).  Therefore  cf  is  half  the  arc 
crn. 

Id  the  triangle  cer,  the  angle  ■  being  a  right  one,  tbe  sum 
of  the  two  remainiDg  angles  b  and  c  is  equal  to  a  ri^t  ai^e 
(corol.  9,  th.  17),  which  is  equal  to  the  angle  bce,  because 
the  radius  ce  is  perpeodiculnr  to  th«  langeat.  From  each  of  , 
these  equals  take  away  the  common  part  or  angle  c,  end  there 
remains  tbe  angle  e  equal  to  the  angle  bcd.  But  the  angle  e 
is  measured  by  the  arc  cr  (def.  67),  which  is  the  half  of  ckd  j 
therefore  the  equal  angle  bcd  must  also  have  tbe  same  mea- 
sure,  namely,  half  the  arc  cfo  of  the  chord  en. 

Agaiui 
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Again,  tbe  line  exr, being  perpendicnlu 

to  the  chord  cd,  biKcU  the  arc  cod,  (th. 

41).     Tlierefbre  co  ii  half  the  arc  cod. 

Now,  rince  tbe  line  ce,  meetiDg  ro,  makea 

tbe  torn  of  tbe  two  angles  *t  %  eqaal  to 

two  right  angles  (tb.  6),  and  the  line  cd 

makes  with  is  the  som  of  the  two  angles 

at  c  equal  to  two  right  angles  ;  if  from 

tbeae  two  eqnal  snms  there  be  taken  away  tbe  parts  or  angles 

CEB  and  BCH  which  have  been  proved  equal,  there  remains 

tbe  ai^^e  ceo  eqaal  to  tbe  angle  Aca.     Bat  the  fonser  of 

these,  cKa,  being  an  angje  at  the  centre,  is  mcasared  by  the 

arc  CO  (def.  67)  ;  censeqaenttj  tbe  equal  angle  acd  most  also 

have  the  same  measure  ca,  which  is  half  the  arc  cod  of  tbe 

cbord  CD.    «.  E.  D. 

Corot.  1.  The  lom  of  two  right  angles  ts  measured  br 
half  the  eircomlerence.  For  tbe  two  aiq^es  acn,  acd,  which 
make  up  two  ri^t  angles,  are  measured  b;  tbe  arcs,  cr,  ce, 
which  make  up  half  the  circomferencet  ra  being  a  diaaeter. 

CopoZ.  2.  Hence  also  one  right  angle  must  have  for  hi 
measure  a  quarter  of  the  circumfereoce,  or  90  degrees. 


THE(»tEHXUX. 


Ah  Angle  at  t)ie  Circumference  of  a  Circle,  ia  meaiured  bj 
Half  tbe  Arc  thti  subtends  it. 


Let  BAC  be  an  angje  at  the  circumfereuce  >  7>  a  v 
it  has  for  its  measure,  half  the  arc  sc  which  '"^■^i^  * 
subtends  it. 

For,  suppose  the  tangent  de  passii^ 
throagh  tbe  point  of  contact  a.  Then,  the 
(tngle  DAc  being  measured  by  half  the  arc 
A8C,  and  the  angle,  dab  by  half  the  arc  as 
(tb.  48) ;  it  follows,  by  equal  subtraction,  Uut  the  dtffiereDce, 
or  aof^e  bac,  must  be  meaaured  by  half  the  arc  bg,  which  it ' 
stands  upon.    4,  t.  d. 
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-  All  Anglee  is  the  Same  Segment  of  a  Circle,  or  Standii^  on 
the  Same  Arc,  are  eqnal  to  each  other. 
Let  c  and  c  be  two  anglei  ia  the  BEOiie 
•egmeot  ackb,  or,  which  u  the  rame  thins, 
standing  on  the  lupplemeDtalarcAJKB  ;  then 
will  the  Bjigfe  o  be  equal  to  the  utg^e  r. 

For  each  af  tb^e  n^let  ia  nteaavred  by 
ha]r  the  arc  lu ;  and  thua,  bavii^  eqnid 
iiteaanrea,  they  are  eqwl  to  each  other 

(«•  '<)■ 


Ab  Angle  at  the  Ceatre  of  a  Circle  is  doable  the  An^  at  the 
Circtunfereiic*,  when  both  itaod  on  the  Same  Arc. 

Let  c  be  an  an^  at  the  centre  c,  and  o  „ 

an  angle  at  the  drcumference,  both  stand- 
ing on  the  aame  arc  or  same  chord  ab  :  then 
will  the  ai^le  c  be  double  of  the  angle  i>, 
or  the  angle  o  eqoal  to  half  the  angle  c. 

For,  the  angle  at  the  centre  c  Is  measur- 
ed by  the  whole  arc  akb  (d«f.  57),  and  the 
angle  at  the  circumforeoce  d  ia  measared  by  half  the  same 
arc  AKB  (th.  49)  ;  therefore  the  angle  d  is  otdy  half  the  ao^e 
o,  or  the  ani^  c  doable  the  aa^e  u. 


Am  Angle  in  a  Semicircle,  ia  a  Right  Angle. 
If  4SC   or  ADC  be  a  semicircle  ;  then 
any  ai^le  s  in  that  aemicircle,  is  a  right 


For,  the  an^e  s,  at  the  circumference, 
is  measured  by  half  the  arc  abc  (th.  49), 
that  is.  1^  a  qnadnmt  of  the  circnntference. 
But  a  quadrant  is  the  measure  of  a  ri^t  ^ 

angle  (corol.  4,  th.  6  ;  or  eorol.  3,  th.  48).    Therefore  f 
.  aogle  V  is  a  ri^t  angle. 


i;.Goo<;[c 


THeOfiEM  Un. 

Tax.  Angls  formed  b;  ■  Tangent  to  m  Cucie;  wd  ■  Uhind 
dnwD  from  the  Point  of  Contact,  is  E^nil  to  the  Angle  in  th« 
Alternate  Segment. 

If  ji£  be  a  tangtiot,  and  ac  a  ^bori,  tlnd 
o  maj  an^e  in  tbe  attferDate  s^jment  aik  ; 
tiien  nill  the  angje  d  b%  e^n^  to  the  an^ 
BAC  made  by  tbe  tangent  and  cbnri,  of  the 


For  the  angle  d,  at  d>e  circanfcraKe, 
ia  mea«ared  by  half  the  arc  abc  (th.  49)  ;  . 
apd  the  angl^  s&c,  made  by  the  tangent  and  chord,  is  alto 
measured  by  the  Bume  half  arc  AJtC  (th.  48)  ;  therefore  these 
two  angles  are  equal  (ax.  1 1). 


.  Tun  Sum  of  any  Two  Of^osite  An^ea  of  a  Qnadrangte  Is- 
eciibed  in  a  Circle,  is  Equal  to  Two  Bight  Anglaa. 
Let  MtcK  be  any  quadrilateral  inacribed  *v 

in  a  circle  ;  then  sball  the  auai  of  the  two 
Opposite  ao^s  a  and  c,  or  a  aod  »,  be 
equal  to  two  right  angina. 

For  the  B»gle  a  u  meuared  by  half  the 
arc  DCB,  which  it  standi  on.  sui  the  angle 
c  by  half  the  arc  dab  (th.  43)  ;  thereftre 
the  aam  of  the  two  anglea  a  and  c  is  measured  by  half  the 
fjim  of  these  two   arcs,  that  ia,  by  half  the  circumference. 

.  But  hnlf  the  circumference  is  the  measure  of  two  right  an- 
ises (corol.  4,  th,  €) ;  therefore  the  aun  of  the  two  opposite 
angles  a  and  c  is  equal  to  two  right  ai^es.  In  like  manner 
it  is  shown,  that  the  sum  of  the  other  two  opposite  angles,  n 
and  a,  ■•  equal  to  two  right  angles.  H-  X>  &• 

THEOREM  LV. 

If  any  Side  of  a  Quadrangle,  Inscribed  in  a  Circle,  1>e 
Produced  out,  the  Outward  Angle  will  he  Equal  to  the  Inwarfl 
Opposite  Angle. 

If  the  side  ab,  of  the  qnadrittderal  abcu, 
inscribed  in  a  circle,  be  produced  to  & ;  the 
outward  angle  dak  will  be  eqoal  to  the  in- 
ward oppoute  an^e  c.  m"  jj(v 

For, 
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TBE0R£N8,  5)S 

Fn,  the  ininaf  the  two  adjacent  aodei  das  sod  dai  ii 
cqv^  to  two  right  aogtcB^th,  6);  uidlie  lumofthe  tw« 
oppMite  aogleB  c  and  dab  is  also  e^nal  to  two  right  anglea 
(tb.  64)  ;  tfaereAre  the  ibnaer  t^aa,  of  the  two  atigleB  oa> 
and  DAB,  if  equal  to  the  latter  laia,  of  the  two  c  and  dab 
(ax.  l).  From  each  of  these  eqaal*  taking  away  the  common 
aog^e  SAB,  there  remaina  the  angle  dah  equal  the  angle  c. 
(!■  K.  D. 

THBWEMLYI. 

Aoy  Two  Parallel  Chorda  Intercept  eqml  Area. 

Lex  the  two  chorda  ab,  g»,  be  pandlel : 
then  will  the  area  ag,  bd,  be  equ)  j  or  ao 

^». 

Cor,  draw  the  Use  bc.  Then,  becau* 
the  lineB  ab,  cd,  are  parallel,  the  alternate 
anglei  a  aod  c  are  equal  (th.  12).  But  the 
angle  at  the  circomference  e,  i>  nMarared  bj  half  the  are  ac 
(tb.  49) ;  and  the  other  equal  angle  at  the  circumference  c  ia 
meaanred  b;  half  the  arc  bd  :  therefore  the  hatres  of  the 
am  AG,  BD,  and  coMeqoentl;  the  area  themaelrei,  are  alto 
equal.    «.  a.  d. 

THEOEtBM  LVn. 

When  a  Tangent  and  Chori  are  Parallel  to  aacfa  other,  ^y 
Intercept  Equal  Area. 

Let  the  tangent  abc  be  parallel  to  the 
chord  or  ;  then  are  the  arcs  bd,  bf,  eqatd } 
that  is.  BD=BF. 

F'or,  draw  the  chord  bd.  Then,  be- 
canse  the  lines  ab,  df,  are  parallel,  the  al- 
ternate angles  n  and  b  are  equal  (th.  12). 
Bnt  the  angle  s,  formed  b;  a  tangent  and  chord,  h  measured 
bj  half  the  arc  ed  (th.  48) ;  and  the  other  angle  at  the  ciiv 
coD^erencfl  o  is  measured  by  half  the  arc  bp  (th.  49)  ;  theTA- 
fore  the  orci  bd,  bf,  are  equal.     4.  e.  d. 


^ 
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THEOREM  4.Vni. 

The  Angle  formeil.  Within  a  Circle,  by  the  Interuction  of 
tiro  Chorda,  i>  If eaaured  by  Half  the  Sum  of  the  Two 
Intercepted  Area. 

Let  the  tiro  cbordi  ab,  cd,  ioterBect  at 
the  point  I :  dien  the  angle  iec,  or  du,  ii 
mea§ared  by  half  the  nm  of  two  area  aq. 

For,  draw  the  chord  af  parallel  to  cd. 
Then,  became  the  lines  Ar,  cd,  are  parallel, 
and  *B  cats  them,  the  angles  on  the  same 
aide  a  and  deb  are  eqaal  (th.  14).     But  the  angle  at  the  cir- 
samTerence  a  if  measured  by  half  the  arc  er,  or  of  the  s«m 
of  rnand  db  (th.  49)  ;  therefore  the  angle  e  if  also  meaaurcd 
by  half  the  anm  of  wo  and  v». 

Again,  because  tbe  chords  at,  cd,  are  parallel,  the  arcs  ac, 
ro,  are^qual  (th.  66)  ;  therefore  the  torn  of  the  two  arcs  ag, 
DB,  ii  equal  to  the  lam  of  the  two  fd,  db  ;  and  conseqaeatly 
the  angle  >,  which  is  measured  by  h^the  latter  bod,  u  also 
measured  by  half  the  former,    «.  c,  d. 

THBWEHUX. 

Tbe  Aof^e  formed,  Wilboot  a  Circle,  by  two  Secants,  ii 
Jfeasored  by  Half  the  Difference  of  the  Intercepted 
Arcs. 

Let  the  angle  m  be  formed  by  two  se-  « 

cants  eab  and  xcd  ;  this  angle  is  aieasar- 
cd  by  half  the  difference  of  the  two  arcs 
AC,  DB,  intercepted  by  the  two  secants. 

Draw  the  chord  af  parallel  to  cd. 
Then,  beoame  the  line  ap,  co,  are  pa- 
rallel, and  AB  cuts  them,  the  anglei  on  the 
same  side  a  and  bed  are  equal  fth.  14). 
But  the  angle  s,  at  the  circumference,  is  measured  by  half 
the  arc  bf  (tb.  49).  or  of  the  difference  of  or  and  db  :  there- 
fore the  equal  angle  e  is  also  measured  by  half  the  difference 

«t  DF,  DB. 

Agun,  because  the  chords  af,  cd,  are  parallel,  the  arcs 
AC,  FD,  are  equal  (th.  56) ;  therefore  the  difference  of  the 
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two  Vd  AC,  BB,  ia  eqnd  to  the  difference  ef  Um  tiro  bf,  m. 
CmaequeDtl;  the  an^e  e,  which  is  neaBared  bj  half  the  lat- 
ter difference,  ia  ti»o  measared  bj  half  the  tbrmer. 


The  Angle  fbraed  bj  Two  Tangents,  is  meamred  by  Half 
the  Difiereoce  of  the  two  Intercepted  Arc*. 

Let  BB,  ED,  be  two  tangents  to  a  circle 
at  the  points  a,  c  ;  then  the  aof^e  e  ii  mea- 
sured by  hair  the  difference  of  the  two  arcs, 
vn,  GO  A. 

For,  draw  the  chord  af  parallel  to  no. 
Then,  becaose  the  lines  af,  an,  are  pa- 
rallel, aod  KB  meets  thent,  the  aog^ea  on  the 
tame  side  a  and  e  are  equal  (th.  14).  But  the  an|Je  a,  form- 
«d  by  the  chord  u'  and  the  tangent  ab,  is  measorad  by  half 
tiie  arc  at  (th.  48) ;  therefore  the  eqosl  angle  e  is  aho  mea- 
sured by  half  the  same  arc  af,  or  half  the  difference  of  the 
arcs  CFA  and  cr,  or  cqa  (th.  67). 

Corot.  in  like  manner  it  is  proved,  that 
the  angle  n  formed  hy  a  tangent  ec»,  and 
a  secant  iab,  is  measured  by  half  the  dif- 
ference of  the  two  intercepted  arcs  ca  and 


THE0RE3M  LXI. 

When  two  Linei,  meeting  a  Circle  each  in  two  Points,  Cut 
one  another,  either  Within  it  or  Without  it ;  the  Rectai^e 
of  the  Parts  of  the  one,  is  Eqnal  to  the  Rectangle  of  the 
Parts  of  the  other  ;  the  Parts  of  each  being  measured  from 
the  point  of  meeting  to  the  two  intenections  with  ibe  tAr- 
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ttt  tliK  two  liiMa,  AM,  CD,  meet  each 
Ath«r  in  K ;  then  the  recUogle  of  iB,  zv, 
trill  be  equal  to  the  rectangle  of  ck,  ed. 

Or,  «t  .  EB=CI  .  CD. 

For,  (hnnigh  the  point  ■  dntf  tbe  d!a> 
meter  re ;  aho,  from  the  centre  h  draw 
the  rMiu  t>4,  and  inw  hi  perpendicular 

to  CD. 

Then,  iince  deb  is  a  triangle,  and  the 
perp.  HI  bisect!  the  chord  en  (th.  41),  the 
Une  CE  is  eqoal  to  the  diffiereacc  of  the  Mg- 
tnenta  di,  ei,  the  lam  of  tfaem  being  ne. 
Also,  because  H  il  the  centre  of  the  circle 
and  the  radii  dh,  rn,  an,  are  all  eqnal,  the  line  eo  Is  eqnal  Ut 
the  ium<tftbe  aides  D&.ftE;  and  eF  ieeqaaltotbeirdifetvDce. 

But  the  rectan^a  of  the  sum  and  difference  of  (he  two 
■ides  of  a  triangle,  is  equal  to  the  rectangle  of  the  sum  and 
difference  of  the  segments  of  the  base  (th.  35)  ;  therefore 
the  rectangle  of  rs,  to,  is  eqoal  to  the  rectangle  of  ce,  ko. 
In  like  manner  U  is  prored,  that  the  same  rectangle  of  fb, 
Efl,  is  eqoBl  to  the  rectangle  of  ar,  eb.  Canseqneotl;  the 
rectangle  of  ab,  eb,  is  also  eqnal  to  the  rectangle  of  ce,  bd 
(ax.  I).     4.  E.  D. 

Corot.   1.  When  one  of  the  lines  in  the  ^ 

seeond  case,  ai  na,  b;  reTolvlttg  about  the 
point  E,  comes  into  the  position  of  the  tan- 
gent EC  or  ED,  the  two  points  c  and  d  mn- 
ning  into  one  ;  then  the  rectangle  ofca,  eD, 
becomes  the  square  of  ca,  because  ce  and 
bE  are  then  equal.  Conseqaently  the  rect- 
Bogte  of  Ibe  parts  of  the  secant,  «b  .  Efe, -is 
equal  to  the  square  of  the  tangefet  ce'  . 

Coral.  2.  Heoca  both  the  tangents  ec,  tr,  drawn  from  tb< 
same  point  e,  are  equal ;  since  the  eqaare  of  each  is  equal  to 
the  same  rectangle  or  qoantity  ab  .  eb. 


THEOREM  LXII. 


In  Equiangular  Triangles,  the  Rectangles  of  the  Correspond- 
ing or  Like  Sides,  taken  alternately,  are  equal. 
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TIlE(ttEMS. 

Let  ABC,  inr,  be  two  eqdangalu' 
trimglett  haTiog  the  u>^e  a  ^=  the 
angle  »,  tbe  u^e  b  =  the  angle  c, 
Blid  ttttf  angle  c  ~  the  in^  f  ;  alio 
^e  Uke  side*  ab,  dr,  and  ic,  sr,  being 
tbMe  oppotite  the  eqaal  angtet :  then 
will  the  rectangle  of  4b,  or,  be  ei{uid  to 
the  rectangle  of  ac,  de. 

I>  BA  produced  take  ±o  eqnal  to  df  ;  and  throagh  the  three 
points  a,  c,  o,  coDceire  a  circle  bcoh  to  be  deicribed,  meet- 
Ug  CA  produced  at  H,  and  joid  qh. 

Then  the  angle  c  is  equal  to  tbe  aogle  c  on  the  suae  arc 
BS,  and  the  so^e  e  eqoiU  to  the  aogle  a  on  the  same  arc  c<j 
(tb.  60)  ;  also  the  opposite  ao^es  at  a  are  equal  (th.  7) : 
toerefore  the  triangle  aqh  is  equiangular  to  tbe  tri^n^ 
ACBif  and  eonseqeentlj'  to  the  trianglo  dfe  also.  Bat  the 
two  like  sides  ao,  of,  are  also  equal  by  supposition  ;  conae- 
quentlj  the  two  triangles  aob,  dfb,  are  id^ntictJ  (th.  S.), 
Oaring  tbe  two  sides  ag,  ab,  equal  to  Che  two  ur,  i>e>  each  to 
each. 

Bat  the  rectangle  oa  .  jb  is  eqoai  to  tbe  rectangle  ba  .  ac 
(th.  61)  :  consequently  tbe  rectangle  nr .  AS  is  equal  the  rect* 
angle  DE .  «c.    «.  e.  n. 

THEOREM  LXUI. 

The  Rectangle  of  the  two  Sides  of  an;  Triangle,  is  E^aal  to 
tbe  Rectangle  of  the  Perpendicular  on  the  third  Si^  and 
the  Diameter  of  the  Circumscribing  Circle. 

Let  en  be  tbe  Perpeotlicalar,  and  cb 
the  diameter  of  the  circle  about  the  tri- 
ai^e  ABC ;  then  the  rectanj^e  ca  .  gb  is 
:a  the  rectangle  cd  .  c£. 

For,  join  BE  :  then  in  the  two  triangjes 
ACo,  ECS,  (be  angles  a  and  e  are  equal, 
stffiidiDg  on  the  iiuDe  arc  nc  (th.  60) :  also  the  right  angle  n 
U  equal  to  the  angle  t,  which  is  also  a  right  ai^le,  being  in 
•  semicircle  (tb.  £S)  :  therefore  these  two  trian^es  have  also 
their  third  an^sM  equal,  and  are  equiangatar.  Hence,  ac,  ce. 
and  CD,  CB,  being  like  sides,  subtending  tb*  equal  angles,  tbe 
redangle  ac  .  ob,  of  tbe  fint  and  last  of  them,  is  equal  to  tbfl 
rectangle  cb  .  en,  of  tbe  other  two  (tb.  62), 

TWORW 
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The  Sqaare  of  a  line  bisecting  uiy  Angle  of  a  Triangle,  to* 
gether  with  the  Rectangle  of  the  Two  Segments  of  the  (^ 
poaite  Side,  is  Equal  to  the  Rectangle  of  the  two  other  Sidea 
iDclading  the  Buected  Angle. 

Lbt  od  hiMct  the  on^e  c  of  the  triangle 
iBc  ;  then  the  square  cu'  +  the  rectangle 
AD  .  DB  ia  ^  the  rectangle  ic  .  ca. 

for,  let  CD  he  prodacej  to  meet  the  cir- 
cumscribing circle  atE,  and  join  ae.  ^ 

Then  the  two  triangles  jice,  bc&,  are 
equiangular  :  for  the  angles  at  C  are  equal  ' 
by  suppofition,  and  the  anglea  b  and  e  are  equal,  standing 
on  the  same  arc  «c  (th.  &0)  ;  consequently  tbe  third  anglea 
M  A  and  D  are  equal  (coral.  1,  th.  17)  :  also  ic,  en.  and 
CE,  CB,  are  iJlte  or  corresponding  sides,  being  opposite  to 
equal  angles :  therefore  the  rectangle  ac  .  cb  is  ^  tbe  k-ect- 
ai^e  CD  .  CB  (th.  62).  But  the  latter  rectan^e  co  .  ck  is  = 
CD* -f- the  rectangle  co  .  Db  (th.  iO)  ;  iherelbre  aiso  the  fbr- 
aer  rectangle  Ac  .  cb  is  ^laa  =  cd>  +  en  .  nR,  or  equal  to 
CD*  +  AD .  CB,  since  cD  ,  de  is  =  ad  .  db  (th.  61). 

«.  E.  n. 

THEOREM  LXV. 

The  Rectangle  of  ifae  two  Di^nals  of  any  ^adranj^  In- 
scribed  in  a  Circle,  is  eqoal  to  the  sum  of  the  two  Rectan- 
glee  of  the  Opposite  Sides. 

Let  abcd  be  any  qnadrllateral  insctibed 
in  a  circle,  and  ag,  bd,  its  two  diagonals : 
then  U>e  rectangle  ac  .  bd  is  =  the  rectan- 
gle ab  .  dc  -(-  the  rectangle  ad  .  bc. 

For,  let  cK  be  drawn,  makii^  the  angle 
BOB  equal  to  the  angle  dca.  Then  the  two 
triangles  Acn,  bce,  are  eqaiangolar ;  for  th«  angles  a  and 
B  are  e^ual,  standing  on  the  same  arc  do  ;  and  tbe  angles 
MA,  BCB,  are -equal  by  supposition  ;  consequently  the  third 
angles  adc,  bcc  are  also  eqial :  also,  ag,  bc,  and  ad,  be,  are 
like  or  corresponding  sides,  being  opposite  to  tbe  eqaal  an- 
gles :  therefore  the  rectangls  ac  .  be  is  =:  the  rectangle 
Ato.«c(th.68). 
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THEOREMS.  319 

Apia,  the  two  trianglfla  uc.  dec,  an  aqniMigalu- :  for  the 
attglea'BAC,  BDC,  ar«  eqoal,  stuiding  od  the  some  arc  bc  ;  uid 
the  BDgle  DCB  ia  equal  to  the  BDgl«BCA,bj  addiag  the  coffltnon 
•D^e  ACB  to  the  two  equal  s^les  dcu,  kk  ■  therefore  the 
third  angles  e  and  ASa  are  alio  equal :  bat  ao,  dc,  and  ab.Mi 
we  the  like  lidei :  therefore  th«  rectangte  ac  ,  de  ia  ==  the 
rectangle  ab  .  nc  (th.  68). 

Hence,  by  equal  addition*,  the  nm  of  the  rectan^ea  ac  . 
»B+AC  .  DE  i<  «K  AD  .  Bc-f-AB  .  BC.  Bat  the  fomier  mm  of 
the  reclanglea  ag  .  be+ac  ■  dg  ii  =?  the  rectangle  ac  .  bq 
(th.  30) :  therefore  the  lame  rectaogle  ac  .  »o  ia  equal  to  th« 
latter  lain,  the  rect  ad  .  bc  +  ^^  rcct.  as  .  ac  (ax.  1). 


or  RATIOS  AND  FROPORTIONR. 


DErroiTICWB. 


Dcp.  7ft.  RiTti  ii  the  relation  which  one  magnitnde 
bears  to  another  majinitude'of  the  same  kind  with  respect  to 
qaantitj. 

The  qnantity  or  meaEnre  of  a  ratio  is  expressed  bj  dirldr 
ing  the  leading  quantitjr  or  antecedent  by  the  following  or  con- 
•equent.  Thoa  the  ratio  of  6  to  X  is  |3c3,  the  ratio  of  20  to 
8  is  v=f  3=2|,  the  ratio  ef  S  to  6  ia  j—^,  and  the  ratio  c>f  8 
to  20  ii  A=f 

77.  Proportion  is  an  eqaalitjr  of  ratios.    Thus, 

78.  Tt)ree  qnaotities  are  said  to  be  Propordonal,  when  tba 
ratio  of  the  first  to  the  second,  is  eqnal  to  the  ratio  of  tfao 
•econd  to  the  third.  As  of  the  three  qaantitiet  A.  (2),  b  (4), 
c  (8),  where  |=}=1>  both  the  same  ratio, 

79.  Four  quantities  are  said  to  be  Proportional,  when  the 
ratio  of  the  first  to  the  second,  it  the  same  as  the  ratio  of  the 
third  to  the  fourth.  As  of  the  four,  a  (2),  b  (4),  c  (5),  o  ( 10), 
wbei«  l=*fy=i,  botb  the  same  ratio. 

AW, 
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320  QEOUETRY. 

JVbte.  To  ddsote  that  four  %aaadtiei,  a,  b,  c,  d,  are  pro* 
portionali  thej  are  ntaall;  stated  or  placed  tbUf  a  :  ■  : ;  c  :  b  ; 
and  read  tbiu,  a  u  to  a  as  c  ia  to  b.  But  when  three  qunti* 
tiea.are  proportiOBal,  the  middle  me  is  repeated,  ana  &ej 
fse  writtea  thus,  a  :  a  ; :  a  :  c. 

80.  Of  three  proportional  qnantitiea,  the  middle  one  is  a«id 
to  be  a  Mean  Preportiooal  bMween  the  other  two ;  and  the 
Isstr  a  Third  Propertioaal  to  the  fint  and  second. 

81.  Of  A>(ir  proportional  qnantitiei,  the  het  is  said  ts  be  I 
Foarth  Proportional  to  the  other  three,  taken  in  order. 

St.  Qaantities  are  said  to  be  'Oonlinually  Proportiend,  or 
in  Continued  Preportion,  when  (be  ratio  is  the  same  between 
every  two  adjacent  termri  liz.  when  the  first  ia  to  the  aecond, 
as  the  second  to  the  third,  as  the  third  to  the  fixirth,  aa  the 
^rtb  to  the  6Rh,  and  so  on,  all  in  the  seme  common  mtio. 

As  in  the  quantities  1,  2,  4,  6,  16,  be.  j  where  the  comraoB 
ratio  is  eqnal  to  2. 

83.  Of  any  nnnber  of  ^teotitiea,  a,  b,  c,  d,  the  ratio  of  Ae 
first.  A,  to  tbelait  o,  ia  said  to  be  Componnded  of  the  ntio* 
of  the  first  to  the  second,  of  the  second  to  the  third,  and  so 
on  to  the  last. 

84.  Inrerae  ratio  is,  when  the  antecedent  is  made  the 
GODsequeat,  and  the  consequent  the  antecedent.— Thus,  if 
I  :.2  ::  3:i6;  then  inrersel;,  S ;  I  ::  6  :3. 

85.  Alternate  proportion  ia,  when  antecedent  is  cc^pared 
with  antecedent,  and  conaeqnent  with  cooseqnent.— As,  if 
t  :  2  : :  3  :  6  (  then,  by  alternation,  or  permatation,  it  wiB 
be  1  :  3  : :  2  :  6. 

86.'  Cemponnded  ratio,  is  when  the  sum  of  the  antecedent 
and  CMisequent  is  compared,  either  with  the  conaeqnent,  or 
with  the  antecedent.— Thus,  if  1  .-  2  :  ;  3:  6,  then  by  compo- 
•hion,  l-t-a  ■  i  •■  i  3+6  :  3,  and  1  +2  :  2  :  :  3+6  :  6. 

87.  Dirtded  ratio,  is  when  the  difference  of  tbu  antecedent 
and  conaeqnent  is  compared,  either  with  the  antecedent,  or 
with  the  consequent. — Thns,  if  1  :  2  ;:  3  :  6,  then,  by  diri- 
■ion,  2-1:1  ::6-3i  3,and2-I:2::6-3:6. 

Aote.  The  term  Divided,  or  Division,  here  means  subtract- 
ing, or  parting ;  being  used  in  the  lense  opposed  to  compound* 
ing,  or  adding,  in  defT  SG. 
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TflEOREMUVI, 

II  of  ao;  two  Qpantitica  have  tbe  nnte  Ratio  at 

the  Qpontitiei  themiclTei. 

Let  a  and  b  b«  anj  two  qnantibck,  and  nu,  ow,  aojr  «qui- 
maltip)ei  of  them,  m  being  any  nfimber  wfaateTcr :  then  will 
iHA  and  ma  have  tfae  ume  ntio  as  a  and  b,  or  a  :  a  : :  ni4  ; 


Cort^.  Heace,  like  parti  of  quantities  bare  the  same  ratio 
as  the  wholes ;  becanse  the  wholea  are  equimultiples  of  the 
like  parti,  or  a  and  a  are  like  parts  of  nu  end  ma, 

THEOREM  LXVn. 

If  Fonr  Qnantitiei,  (^  the  Same  Kind,  be  ProportionatB ; 
they  will  be  in  Proportion  by  Altemabon  or  Permutation, 
or  the  Antecedenti  will  hare  the  IJame  Ratio  as  the  Cea- 


Lbt  1  :  b  :  :  mA  :  tna  ;  then  will  a  :  ida  :  :  b  :  mn. 

For  — = — ,  and  —  =— ,  both  the  sane  ratio.    , 
nu      m  ms      tn 

THEORm  Lxvm. 

If  Foar  ^antities  be  Proportimal ;  they  will  be  in  Prt^r- 
tion  by  Inrersion,  or  Inversely. 

Lit  a  ;  V  :  :  niA  :  bib  ;  then  will  b  :  a  i  :  m  :  ria. 

For  — = — ,  both  the  same  ratio, 


THEOREM  LXIX. 

If  Fonr  %iantitiei  be  Proportional ;  they  wiU  be  b  Propor- 
tion by  Composition  and  DivisioD. 

Let  a  :  b  1  :  mA  :  ma  ; 
Then  will  sd:!  :  a  -.  :  mB±niA  :  mA, 
and  b±a  :  b  i  :  inB±nu  :  ms, 
_     matoiA      B±A           .mB±»A    8±a 
For = i  and = . 


Vol..  1.  it 
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Ctrol.  It  appemi  from  hence,  U»t  the  Sam  of  tbe  Grtatett 
and  Leut  of  roar  proportiotgal  qunntiliee,  of  tbe  fame  kini, 

eiceedi   the   Sum  of  the   Two   Means.     For,  since -r 

jl  :  A+s  :  :  flu  :  mA-f-tna,  where  a  ii  the  IcMt,  and  nA-(-tw 
the  greatest^  then  m+1  .  A  +  mB,  tbe  sum  of  the  greate*t 
asd  leaat  exceeds  M-f-l  .  a  +  b,  the  sum  of  the  two  meant. 

THEOBEH  LUL 

I^  of  Fom  Proportional  QiiantitieB,  there  be  taken  any  Eqni- 
moltiplei  nhaterer  of  tbe  two  Antecedenti,  and  any  Eqnt- 
mnltiplei  whaterer  of  the  two  Conaeqoeat* ;  (he  ({naotitiea 
resuning  will  itiU  be  proportional. 

Let  a  :  ■  :  :  nu  :  rib  ;  abo,  let  pA  and  pnu.  be  any  eqni- 
roultiplet  of  the  two  antecedents,  and  fa  and  qm*  an;  eqni- 

mnltiplea  of  the  two  conieqnentt ;  then  will '- — 

pA  :  qn  :  :  jmiA  :  qm». 

For  ?-^  =£—,  both  the  lame  ratio. 

flRB        JB 

THEOREM  LXXl. 

If  there  be  Four  Proportional  ^antitiea,  aid  tbe  two  Come- 
qoenti  be  either  Augmented'or  Diminished  by  Qnantitiet 
UMt  have  Uie  Same  Ratio  as  tbe  respective  Antecedents  j 
tbe  Reiulta  and  the  Antecedents  will  still  be  Proportionala. 

■  Lkt  a  :  b  :  :  dia  ;  nw,  and  tiA  and  ama  any  two  qaantider 
having  the  same  ratie  as  the  two  antecedents  ;  then  will  a  :  a 
±  MA  :  :  nu  :  mB  ±  lunt. 


If  any  Nomber  of  Qaantities  be  Proportional,  then  any  <Hie 
of  the  Aotecedents  will  be  to  its  Comeqaent,  as  the  Sum 
of  all  the  Antecedeats  ia  to  the  Sum  of  dl  tbe  Conse- 
quents, 

Let  a  :  b  :  :  mA  :  ma  :  ;  fi«   :  nb,  be  ;  then  will - 

A  :  B  ::  A-HnA+a*  ;;  s+niB-^nB,  &c. 

_       A+ntA+BA       A      ,, 

For  —I r-^= — 1  the  same  ratio. 

B+ma+na      a 
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If  a  Whole  HagDilude  be  to  a  Whole,  as  a  Part  taken  from 
the  fint,  ia  to  a  Part  taken  from  the  other ;  then  the  Re- 
unHuler  will  be  to  the  Remainder,  as  the  whole  to  the 
whole. 

Let  *  !  B  ; ;  —  a  ;  —  b  : 
A        n 

ttiea  will  *:b  ::  a a  :  b b. 

«-^.         •        »  •, 

For  — —=—,  both  the  Bame  ratio. 

B— B         " 

THEOREM  LXXIV. 

If  aoy  Quantities  be  Proportional ;  tfaeir  Squares,  or  CubM^ 
or  anj  Like  Powen,  or  Roota,  of  them,  will  alio  be  Pro- 
portioDal. 


Let  A  :  ■ 

: '.  mi  :  ma  ;  then  will  i."  : 

For.^., 

~,  both  the  aame  raUo. 

THfXlRrai  LXXV. 

t[  there  be  two  Seti  of  Proportionals ;  then  the  Prodacta  or 
Heclangles  of  the  Corresponding  Tern*  will  alio  be  Pro- 
portionaL 


Let  a  :  b  ;*,  tn&  :  mB, 
Bad  c  ;  D  : :  nc  :  HB  ; 
then  will  AC  :  BD  : ;  mnAC  :  mtiBD. 


THBOStMaXVt. 


If  Four  Qaantitiei  be  Proportional ;  the  Rectangle  or  Product 
of  the  two  Extremes,  will  be  Eqaal  to  the  Rectangle  or 
Product  of  the  two  Means.     And  the  converse. 
Lbt  a  ;  b  :  :  mA  :  ma  ; 
then  is  AX«iB=BXtnA=f»Aa,  as  is  evident. 
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THfXSEH  LXXVII. 


ir  Three  QnutitieB  hj  CoDtianed  ProportiOBalt ;  tbK  Kect- 
tw^e  or  Product  of  the  tno  CztremcB,  will  ba  Equil  ta 
the  Square  of  the  Mean.    And  the  convene- 
LcT  A,  mi,  m>A  be  three  proportioDala, 

then  ii  t.Xm* A^^m' a* ,  as  is  evident. 


,  «  THEWtEM  LXXVHI. 

If  any  Nuibber  of  Qqaatitiea  be  CoBdnned  Proportionab ; 
the  Ratio  of  the  First  to  the  Third,  vill  be  dajrficate  or 
die  Square  of  the  Ratio  of  the  Fint  and  Second ;  and  the 
Ratio  of  the  First  and  Fenrth  nill  be  triplicate  ortiie  cobe 
of  that  of  the  First  and  Second  ■  and  so  on. 
i«T  4,  mt,  M*A,  n*A,  &c.  be  proparfionals  ; 

tfaet  is  — =-:-,  bat =— Ti  —z~=—i  i  to;- 

M      m  flu      in*    m*A     m* 

THEOREM  LXXIX. 

Triai^es,  and  also  ParalielogratDB.  having  eqnal  Altitudesi 
are  to  each  other  as  their  Bases. 

Let  the  two  triangleB  *dc,  hep,  have  ICK^ 
the  same  ultitude,  or  between  the  same 
parallels  ab,  cf  ;  then  is  the  surface  of 
the  tnacgla  adc,  to  the  surface  of  the 
triangle  nfer,  as  the  base  ah  is  to  the  base  j  j  "pQjt  g 
oe.  Or,  AD  :  DE  :  :  the  triangle  adc  : 
the  triangle  dkf. 

For,  let  the  base  ad  be  to  the  base  de,  aa  anv  one  namber 
*i  (S),  to  any  other  namber  n  (3)  ;  aod  divide  the  respec- 
tive bates  into  those  parts,  AB,  BD,  ao,  QH,  Ht,  all  equal  to  one 
another  ;  and  from  the  points  of  division  draw  the  lines  nc, 
FG,  PH,  to  the  vertices  c  and  f.  Then  will  these  tines  divide 
the  triangles  asc.  obp,  into  the  same  Daniber  of  parts  as  their 
bases,  each  equal  to  the  triangle  abc,  because  those  triu^ular 
parts  have  equal  bases  and  altitude  (corol.  S.  th.  S6)  ;  namelyi 
the  triangle  abc,  equal  to  each  of  the  triangles  ddc,  dfo,  ofh, 
RFE.  Sa  that  the  Lriaogla  inc,  is  to  the  triangle  see,  as  the 
nuiubef. 
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timabtt  of  parti  m  (!)  of  the  former,  to  the  noBiber  n  (3)  of 
the  latter,  that  is,  aa  the  baia  ax>  to  the  bate  de  (def.  79.) 

In  like  manner,  the  parallel ogram  adki  ia  to  the  pandlelo- 
gram  dkfk,  u  the  hue  ad  ia  to  the  baae  de  ;  each  of  these 
baring  the  aame  ratio  aa  the  Dumber  of  their  parte,  m  to  n. 

4.  B.  D. 

THE(»tEMLXXX 

Triaoglet,  and  abo  Paraltelegraau,  haviog  Equid  Bates,  are 
to  *acfa  other  aa  their  Altitudet. 

Let  tuc,  B£p,  be  two  triangles 
tiBVing  tha  eqoal  bates  ai,  bk,  and 
irfaose  altitudes  are  the  perpen^n- 
lars  CO,  Fu  ;  then  will  the  triangle 
ABC ;  the  triangle  bec  : :  co  1  fh. 

For,  let  Babe  perpendicular  to  *b, 
and  eqnal  to  co  ;  in  which  lat  there 
be  taken  bl— fb  ;  drawing  ak  and  al. 

Then,  trianglei  of  equal  bates  aad  heights  being  equal 
(corol.  3,  th.  26),  the  triaa^o  abk  is  =  abc,  and  the  triage 
Aai-sBEF.  Bat  considering  now  abk,  abi.,  as  two  triangtea 
00  the  bases  as,  bl,  and  having  the  same  altitade  *b,  these 
will  be  at  their  bates  (th.  79),  namely  the  triangle  abk  :  the 
triangle  abl  : :  sk  :  bl. 

Bat  the  triangle  abk  =  abc,  and  the  triangle  abl  ^  bef, 

alto  BKi=co,  and  BL=rH. 
Theref.  the  triangle' abc  1  triangle  bef  ::  ca  :  FB. 

And  since  paraUclograms  are  the  doables  of  Uiese  trian- 
gles, having  the  tame  bases  and  altitudes,  they  nrll  likewise 
hare  to  each  other  the  same  ratio  at  their  altitudes.     11.  e.  b. 

Carol.  Since,  by  thii  theorem,  triangles  and  parallelograms, 
when  their  bases  are  equal,  are  to  each  other  M  their  alti- 
tudes ;  and  by  the  foregoing  ooe,  when  their  altitudes  are 
eqna),  Utey  are  to  each  other  as  their  baaet ;  therefore  oni- 
rersally,  when  neither  are  eqoal,  they  are  to  each  other  in 
the  compound  ratio,  or  at  the  rectangle  or  proiluct  of  their 
bates  and  altitudes. 
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If  Four  Unei  be  ProportioDal ;  the  RecUog^e  of  tfae  Ex- 
tremes will  be  equal  to  the  Rectangle  of  tbe  Ueana.  Aai, 
coaverBelj,  if  the  Keclangle  of  the  estreaies,  of  foot  Lioee, 
be  equal  to  tbe  Rectangle  of  the  meaoa,  the  four  Lines, 
taken  alternately}  will  be  Proportioaal. 

Let  the  four  libee,  a,  s,  c,  d,  be 
proportioaals,  or  a  :  a  ; :  c  ;  n ; 
then  nill  tbe  rectangle  of  a  and  d 
be  equal  to  the  rectangle  of  a  anil 
c  ;  or  the  rectangle  i  .  n=B  .  c. 

For,  let  (he  fonr  lines  be  placed 
with  tbeir  four  eilremitiet  meeting 
in  a  coumoD  point,  farming  at  that 
point  (out  right  anglei ;  and  draw  line*  parallel  to  tbem  to 
complete  the  rectanglei  f,  4,  r,  where  p  ii  the  rectangle  of 
A  and  D,  4  the  rectangle  of  b  and  c,  and  r  the  rectan^e  of  ■ 
•odo. 

Then  the  rectai^es  p  and  k,  being  between  the  same  p^ 
raltels,  are  to  each  other  as  their  basei  a  and  b  (th.  7S)  ;  and 
the  rectangles  q,  and  r,  being  between  the  same  parallels,  are 
to  each  other  as  their  bases  c  and  d.  Bgt  the  ntio  of  a  to  a, 
is  the  same  as  the  ratio  of  c  to  d,  bj  hypothesis  ;  therefore 
the  ratio  of  f  to  ft,  is  the  same  as  the  ratio  of  « to  n  ;  and 
consequently  the  rectangles  r  and  4  are  equal,    t^.  e.  ■>. 

Again,  ff  the  rectangle  of  a  and  d,  be  equal  to  the  rectsD- 
^e  of  Band  c  ;  these  lines  will  be  proportional,  or  a  :b  :  1  c  :  l>> 

For,  the  rectangtes  being  placed  the  same  u  before :  then, 
because  parallelograms  between  the  same  parallels  are  to  one 
another  as  their  bases,  the  rectangle  p  :  h  .-  :  a  :  a,  and 
«  :  R  :  :  c  :  D.  fiut  as  t  and  it  are  equal,  by  sopposition, 
they  have  the  same  ratio  to  r,  that  is,  tbe  ratio  of  a  to  a  is 
cqnai  to  the  ratio  of  c  to  d,  or  a  :  s  ;  :  c  :  n.     <t.  e.  u- 

Carol.  1.  When  the  two  means,  namely,  the  second  and 
third  temU,  are  equal,  their  rectangle  becomes  a  square  of 
tbe  secood  term,  which  suppUes  the  place  of  both  the  second 
and  third.  And  hence  it  follows,  that  when  three  Hnes  are 
proportiooals,  tbe  rectan^e  of  the  two  eitremas  is  equal  to 

the 


D,q,-z.-dbvGoogle 


tbe  iqiiare  of  the  mean ;  tu>d,  coDvenely,  if  the  rectan^e  of 
the  estremei  be  etjeal'  to  the  Bqoare  of  the  meaii,  the  three 
lines  are  proportioQaU. 

Carol,  t.  Since  it  appean,  by  the  Miei  of  proportioD  la 
Arithmetic  and  Algebra,  that  when  fbar  quantitiei  ^e  pmpor- 
tionst,  the  product  of  the  extremei  ia  eqnal  to  the  product  of 
the  two  meana  ;  and,  by  tbia  theorem,  the  rectangle  of  the 
extreme*  is  equal  to  the  rectangle  of  the  two  meant ;  it  fol- 
lowi,  that  the  area  or  space  of  a  rectangle  ia  represented  or 
expressed  by  the  product  of  its  length  and  breadth  mnltipliei 
together.  And,  in  general,  a  rectangle  in  geometry  is  similar 
to  tbe  product  of  the  measures  of  its  two  dimensions  of  length 
and  breadth,  or  base  and  height.  Also,  a  sqnsre  is  similar  to, 
or  represented  by,  the  measure  of  its  side  multiplied  by  itself. 
So  that,  what  is  shoirn  of  such  products,  is  to  be  understood 
of  the  squares  and  rectan^es. 

Carol.  3.  Since  the  same  reasoning,  as  in  this  theorem, 
holds  for  any  parallelt^rama  whatever,  as  well  as  for  the  rect- 
angles, the  same  property  belongs  to  all  kinds  of  parallelo- 
grams, having  equal  angles,  and  also  to  triangles,  which  are 
the  halves  of  parallelograms  ;  namely,  that  if  the  sides  about 
the  eqaal  angles  of  parallelograms  or  triangles,  be  reciprocal- 
ly proportional,  the  parallelograms  or  triangles  will  be  equal ; 
ana,  conversely,  if  the  parallelograms  or  triangles  be  equal, 
their  sides  about  the  equal  angles  will  be  reciprooally  pro- 
portional. 

Carol.  4.  Parallelograms,  or  triangles,  having  an  angle  in 
each  equal,  are'  in  proportion  to  each  other  as  the  rectangles 
sf  the  sides  which  are  about  these  equal  angles. 

THEORCM  LXSXIL 

If  a  Line  be  drawn  in  a  Triangle  Parallel  to  one  of  its  sides, 
it  will  cut  the  other  Sides  Proportionally. 

Let  DK  he  parallel  to  the  side  ac  of  the 
triangle  abc  ;  then  will  ad  :  sb  ; ;  ae  :  ec. 

For  draw  be  and  en.  Then  the  tri- 
angles DBE,  DCE,  are  equal  to  each  other, 
because  they  have  the  same  base  de,  and 
are  between  the  same  parallels  de,  bc 
(th.  35).  But  the  two  triangles  ade,  bob, 
on  tbe  bases  ac,  na,  have  tbe  same  alti- 
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ttide ;  and  the  two  triangles  am,  cde,  on 
the  bases  ae,  ec,  have  also  the  same  alti- 
tude i  and  beeaqse  trianglfts  of  the  same 
altitude  are  to  each  other  as  their  bases, 
therefore 

the  triangle  ade  :  bdb  ;  ':  ad  :  db, 

and  triangle  ade  :  cde  :  :  ae  ;  ec. 

But  Bi>E  is  =CDE  ;  and  eqnals  must  have  to  equals  the  same 
ratio  ;  therefore  ad  ;  db  :  :  ae  :  £c.     4.  e.  d. 

Corot.  Hence.also,  tfaewhole  lines  AB,  AC. are  proportional 
correspondiDg  proportional  Mgmenta, (carol,  ifa.  66). 


THBOBEH  UUXm. 

A  Line  which  Bisects  any  Angle  of  a  Triangle,  diridea  Ibe 
opposite  Side  into  Two  S^ments,  which  are  ProportimiBl 
to  the  two  other  Adjacent  Sides. 


ADS 


Let  the  angje  acb,  of  the  triao|^e  abc, 
be  bisected  by  the  line  cd,  making  the 
angle  r  equal  to  tbe  an^e  t :  then  will  the 
segmenlAD  be  to  the  s^^ment  db,  as  the 

side  AC  is  to  the  side  cb.    Or, 

AD  :  DB  :  :  AC  :  CB. 

For,  let  BE  be  parallel  to  cd,  meeting 
AC  produced  at  e.  Then,  because  the  line  bc  cots  the  two 
parallels  cd,  be,  it  makes  the  angle  cbe  equal  to  the  alternate 
angle  1  (th.  12),  and  tiierefore  also  equal  to  the  angle  r,  which 
is  equal  to  1  by  the  sup[tesition.  Again,  because  the  line  ae 
cuts  the  two  parallels  dc,  be,  it  makes  the  angle  e  equal  to  the 
angle  r  on  the  same  side  of  it  (tb.  14).  Hence,  in  tiie  trian- 
gle Bca,  the  angles  b  and  k,  being  each  eqoal  to  the  an^  r, 
are  eqnal  to  each  other,  and  consequently  their  opposite  sides 
CB,  CI,  are  also  equal  (tfa.  3). 

But  now,  in  the  triangle  abe,  the  line  Cd,  being  drawn 
parallel  to  (he  side  be,  cuts  the  two  other  sides  ab,  ai  pro- 
portionally (th.  82),  making  ad  (adb,  as  is  ac  to  c&  or  to  ita 
equal  cB.    «.  e.D. 
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Eqaianguhr  TriaoglM  are  limilar,  or  have  their  Like  Sid«i 
Proportional. 

Let  abc,  dkv,  be  twv  eqaiangnbir  tri-. 
aoglea,  baring  the  angle  a  equal  to  tlie 
aogte  D,  the  angle  b  to  the  qsg^e  e,  sod 
coDieqaeotl/  the  angle  c  to  the  angle  r  ; 
then  will  ab  :  ac  :  :  de  :  or. 

For,  make  M^is,  and  i>K=*jie,  and 
join  OM.  Then  the  tfro  trianglM  abc, 
DOB,  having  the  two^eidea  la,  mc,  eqnal 
to  the  tw*  DO,  an,  asd  the  coatm^ed  an- 
gles A  and  B  also  equal,  are  identical,  or 
equal  in  all  respecta  (th.  l).  namely  the 
angles  b  and  c  are  eqaal  to  the  aoglei  a 
and  a.  But  the  angles  a  aed  c  are  e^al  to  the  angles  t  and 
r  by  the  bypotbesii> ;  therefore  abo  the  an^ee  o  and  a  are 
eqiud  to  the  angles  e  and  r  («x.  1],  andconaeqaeiitly  thelisa 
OB  »- parallel  to  the  side  ep  (cor.  I,  &.  U). 

Hence  then,  in  the  triangle  »ev,  the  line  ub,  beii^  parallel 
to  the  rida  a*,  diTid«i  ttie  two  other  sides  proportionallj, 
nabmg  DO  :  DH  :  ^-Iw  ;  or  (cor.  th.  St.)  Bat  do  and  be  are 
•qaal  to  ab  aaf  ac ;  thereftre  also  ab  :  ac  ■ :  cz  :  cr. 


THEORQH  UEXfV. 
Triaii^w  whkh  bsET*  their  Sidas  PraportiMd,  are  Eqoi- 


In  the  two  triangles  aBc,  dep,  if  ju»  : : 
DE  :  :  AC  :  SF  :  :  bc  :  ar ;  the  two  tri- 
an^es  will  have  their  corresponding  an- 
gles eqaal. 

For,if  the  triangle  abc  be  mat  eqaien-  9  !■ 

gular  with  the  triac^e  IMP,  SBppeSe  Si 
other  triangle,  as  dbc,  to  be  eqviaagnlai 
with  ABC.    But  Ibis  is  inMoasible :  Jut  i 


A 

•  * 

■qoim-  A  I  ■■.-■i.i.\ 


the  twft  Inai^aB  abc,  nao.  were  aqoiw 
gular,  their  sidei  would  be  proportional 
(th.  84).  So  that,  ab  being  to  ut  as  ac  to  DO,  and  ab  to  be 
u  Bc  to  eo.  it  follows  that  do  and  eo  being  G>ar^  pr^ortion* 
als  to  the  same  three  quantities  as  well  as  the  two  dp,  k9,  the 
V«L.  I.  43  femier 
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Anner  uu,  na,  would  be  equal  to  (he  latter,  df,  ew.  Thw 
theo,  tKe  tno  triai^es, def ,  deu.  faavjog  tLeir  three eidea  equsl, 
would  be  identical  (th.  6) ;  which  is  abiurd,  oince  their  ai^lei 
are  ooequal. 

THEOREM  LXXXVl. 

Triangles,  which  have  an  Anj^e  in  the  one  Equal  to  an  Angje 

in  the  other,  and  the  Sides  about  these  angles  Propottignal, 

are  Equiangular. 

Let  asc,  dep,  be  two  triangles,  baring  ft 

the  angle  i  =  the  angle  d,  and  (be  sides  ab, 
AC,  proportional  to  the  chides  db,  nr  :  then 
will  the  triangle  abg  be  eqaiangakr  with 
the  triangle  drf. 

For,  make   dq=ab,  and  dh^sac,  and 
join  OH, 

Then,  the  two  triangles  aec,  dob,  bar- 
ing two  sides  equal,  and  the  contained  an- 
^es  A  and  v  equnl,  are  identical  and  equi- 
angular (th.  1),  baring  the  angles  o  and  b  j-t  v  Jt 
equal  to  the  angles  b  and  c.  But,  iince  the  aides  do,  dh,  are 
proportional  to  the  sides  db,  df,  the  Une  ca  is  parallel  to  sr 
{ib.  62) ;  hence  the  angles  e  and  f  are  equal  to  the  angles  a 
and  H  (di.  14),  and  conseqaentiy  to  their  equals  a  and  c. 

«.  E.  B. 

THEtXtEH  LXXXVIL 

In  a  Rigbt-Angled  Trian^e,  a  FerpendJcnlar  fron  the  Right 
Angle,  is  a  Mean  Proportional  between  the  Segments  of 
the  Hfpothenuse  ;  and  each  of  the  Sides,  abont  Ue  Ri^ 
Angle.  IS  a  Mean  Proportional  between  the  Hjpothenaee 
and  the  adjacent  segment. 

Let  ABC  be  a  right-angled  triangle,  and         f^^  |  ^Ol 
en  a  perpendicular  from  the  right  ai^le  c         L^        I     ^  ■ 
to  the  hypothenose  ab  ;  then  will  A  OS 

CD  be  a  mean  proportionftl  between  an  and  ni ; 
AC  a  mean  proportional  between  ab  and  as; 
■c  a  mean  proportional  between  ab  and  u>. 
Or,  AD  :  CD  :  :  CD  :  pa ;  and  ab  :  bo  :  :  bc  :  M ;  and  AB  : 
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For,  the  two  triaaj^es  abc,  «dc,  haVing  tfae  right  angleB  at 
c  aadp  equal,  and  the  angle  a  conimoD,  hure  their  third  angles 
equal, and  are  equiangular  (coral.  ),th.  17).  In  like  mnnner, 
t^  two  trianglea  *bc,  bdc^  having  the  right  angles  at  c  and  d 
equal,  and  the  angle  b  common,  have  the  third  angles  eqoal, 
and  are  equiangular. 

Hence  then,  all  the  three  trianglcB  abc,  adc,  snc,  being 
equiaogular  will  have  their  like  sides  proportional  (tb.  B4), 

viz.  ID  :  CD  : : 

and  AS  :  *f  : ; 
and  AB  :  Bc  ; : 

Corol.  Beeaase  the  an^  in  a  ■emiclrcle  is  a  right  angle 
(th.  £2)  ;  it  follows,  that  if,  from  an;  point  c  in  the  periphery 
of  the  senucircle,  a  perpendicular  be  drawn  to  the  diameter 
AB  ;  and  the  two  chords  ca,  cb,  be  drawn  to  the  extremities  of 
the  diameter  :  then  are  ac,  bc,  Cd,  the  mean  proportionak  as 
ID  this  theorem,  or  (by  th.  77),  cd*  =  ad  .  db  ;  ac»  = 
AB  .  AD  :  and  bc*  =  ab  .  bd. 


■niEOREM  uasvm. 


Eqtiiuigitlsr  or  Sinular  Triangles,  are  to  each  other  as  the ' 
Squares  of  their  Like  Sides. 

Let  ABC,  Dxr,  be  two  eqni- 
angnlar  triangles,  ab  and  de 
being  two  like  sides ;  then  will 
the  triangle  abc  be  to  the  tn- 
angle  nir,  as  the  Bquare  of  Ab 
ifl  to  the  aqnare  of  db,  or  as  ab* 
to  D«» . 

For,  let  AL  uid  dr  be  Uie  H.  N 

sqnareB  on  ab  and  de  ;  also  draw  their  diagonals  bb,  im,  ud 
the  perpendtcnlars  co,  rK,  of  the  two  triangles. 

Then,  since  equiangnlar  trianf^es  have  their  like  aides 
propertieaBl  (th.  84),  in  the  two  eqgiaDgelar  triangles  abc, 
BEf,  the  side  ac  ;  or  : :  ab  :  de  ;  and  in  the  two  acq,  om, 
the  side  ac  :  df  ;;  co  :  ra  ;  therefore,  by  eqnality  ca  :  rs 
*  ; :  AB  :  DS,  or  CO  :  AB  ; ;  FB  :  de. 

But  becBDse  triangles  on  equal  bases  are  to  each  other  as 
their  altitodes,  the  tiiaqgjes  abc,  abk,  on  the  same  base 
AB,  are  to  each  other,  as  their  altitndes  cc,  ax,  or  ab  : 

and 
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and  die  lriaii(^u  en,  mv,  ob  tba  »a«e  bw*  M,  we  a  tkeir 

altitude!  FH.  DM,  or  i»  i 

that  is,  trian^e  amc  ;  triaii^  abk  ::  ce  :  <•, 
Ukd  UinDfle  sEr  :  triangle  pui  :'.  ra  :  be. 

But  it  haa  been  shoirD  that  co  :  ab  ;;  rH  :  db  ; 

tfaeref.  of  equality  aabc  :  Aabk  :;   Anzr  :  At»ui, 

•r  alternately,  aa  ^abc  :  Aocv  ::   ^amk  r  &dsv. 

Bat  the  aqnarefr  al,  db,  being  the  double  of  the  triangles 
ABM,  DEH,  have  the  aame  rati*  *ritb  tbem  ; 

thereibre  the  a^bb  :  Aoar  '^  aqnare  al  :  eqaare  dk. 


THBMtai  LXXXDL 

All  Sinilar  Figarcs  are  to  each  other,  ■■  die  8qMm  of  the^ 
Lik«  Sides. 


HIK,  .  -ft  i -^f 


Let  abcde,  rosis,  be 
an  J  two  similar  fignrei,  the 
like  aides  being  ab,  fo,  and 
Bc,  aa,  and  so  on  in  the  »ame 
order  :  then  will  the  figure 
ABCDEbelotbeGgurepoBiK, 
as  the  square  of  ab  to  the  -"■     -  j--       u 

'  square  of  Fo,ar  as  ab*  to  fo*  . 

For,  draw  be,  bd,  ok,  ai,  dividi^  the  figures  into  an 
equal  nnmbw  of  thanglea,  by  lines  from  two  equal  angles  a 

The  twe  figures  betng  similar  (by  Btii>poi.),  th»j  are  equi- 
angvlar,  and  have  their  like  sides  prt^rtional  (def.  70). 

TEien,  since  the  uigle  a  is  =  the  angle  r,  and  the  sides 
AB,  AB,  proportional  to  the' sides  r»,  ra,  the  tviai^lea 
ABB,  roK,  are  equiangDlar  fth.  86).  In  like  naimer,  the 
two  thanglea  sen,  obi,  hanng  the  an^  c  =  the  angle  b, 
and  the  sides-  bc,  cd,  proportional  to  the  sides  oh,  hi,  are 
sbo  equiangular.  Also,  if  from  the  equal  ugles  aed,  pbi, 
there  be  taken  the  eqoal  aiqitea  abb,  fbo.  there  will  reniaiB 
Ae  equds  nmo,  an  ;  and  if  from  the  eq«al  angles  ciw,  hie, 
he  taken  away  the  equals  ens,  mo,  there  will  remain  the 
equals  BDE,  -«iK  ;  so  that  the  two  triangtes  bbk,  oib,  haTtng 
two  angles  eqnaH-aie  also  equiangular.  Hence  escb  triangle 
of  the  one  figure,  is  equiangolar  with  each  corresponditig  tri-  ' 
an^le  of  the  other. 

But  equiaogalar'tnaDglei  are  siaailar,  and  are  proportioaal 
to  the  squares  of  their  like  Mm  (tb.  86). 

Therefore 
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Thenfen  Aa  A  An- :  a  fox  : :  is*  :  to*, 
and  A  bcd  :  &  qbi  ::  bo'  :  oh'  ; 
and  £t  uw  t  A  aiK  ::  db*  ;  ik". 

But  u  the  two  poljgone  are  simi)«r,  tbeir  like  sidei  are 
proportioDBl.  and  coosequenllj'  their  s^uarei  alao  proportion- 
al; lo  that  iJl  the  ratios,  ab'  to  rc>,  and  bc*  to  cb*,  and  sb' 
to  IK* ,  are  equal  among  themvelres,  and  coosequentl^  the  cor* 
responding  triaogles  al^o,  ibe  to  fgk,  and  bcd  to  oni,  and  bde 
to  OIK,  have  all  the  same  ratio,  Ttz.  that  of  ax'  to  fo'  :  and 
bQDce  all  die  antecedeots,  or  the  figare  ibcde,  have  to  all  the 
consequents,  or  the  Ggare  fgiiik, lUU  the  lame  ratio,  viz.  that 

of  AB»  to  TG*   (th.  ^t).      4.  B.  D. 

THEOREM  XC. 

StBiilar  Fibres  lupribed  ia  Circle*,  hare  their  Lik«  Sidn, 
and  also  their  Whole  Perimeter*,  in  the  Same  Katio  a*  the 
Diameters  of  the  Cirdei  in  which  the;  are  Utcribed. 

Let    ABCDE,    romx,  ,t  i      . . 

be  two  ■imilar  figures, 
inscribed  in  the  circles 
whose  diameters  are  al 
and  m  ;  then  will  each 
side  AB,  Bc,  lie.  of  the 
oaefigarebe  tothelike 
side  cy,  oh,  &c,  of  the 
other  figure,  or  the  whole  perimeter  AB+Bc+&c,of  theone 
figure,  to  the  whole  perimetpr  rQ-f-aH+  bc,  of  the  other  fi- 
gure, as  the  diameter  u.  to  the  diauMter  fh. 

For,  draw  the  tir«  corresponding  diafonds  ac,  rn,  aS 
also  the  lines  bl,  am.  Then,  since  the  polygons  are  similar, 
tbey  are  •qniangular,  and  their  like  sides  bare  the  same  ratio 
(def  70) ;  therefore  tbe  two  triai^lei  >bc,  raa,  have  the 
apgle  B  =  the  ai^e  o,  and  the  sides  «b,  bc,  proportional 
to  the  two  sides  fg,  or,  consequently  these  two  trisnglea 
an  equiangular  (th.  86J,  svid  have  the  ai^e  acb  =>  pbo. 
Bot  the  angle  acb  a  alb. -standing  on  tbe  same, arc  af; 
and  the  angle  rxa^FMa,  standing  on  the  same  arc  fo  ; 
therefore  the  angle  Ai.B=rHa  (th.  )).  And  since  the  angle 
Aai.=3pa«,  being  both  right  angles,  because  in  a  semicircle  ; 
therefore  the  two  triangles  abl,  f«m.  having  two  angles  equal, 
are  eqoiai^lar ;  and  couseqaenlljr  their  like  aides  are  pro- 
porttODst 
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portioiial  (th.  64) ;  faeoce  ab  :  ro  : :  the  diameter  al  :  Um 
diameter  fk. 

la  like  maiuier,  each  aide  ae,  en,  be,  has  to  each  side  gh, 
HI,  lie.  the  aame  ratie  of  al  to  fn  ;  and  conaequently  the 
sams  of  them  are  still  in  the  aane  ratio ;  viz  ab+bv-I-cd, 
lie.  :  Fo  +  OH  +  si>  f^-  '>'  ^he  diam.  al  :  the  diam.  fn  (tfa. 
72).     ft.  a.  D. 

THBC»UaiXCI. 

Similar  Figares  Inscribed  in  Circlei,  are  to  each  other  at  the 
Squares  of  the  Diamelera  of  those  Circles: 

Let  AacDB,  FOHis:, 
be  two  Bimilur  figures  in- 
scribed in  the  circles 
whose  diameter*  are  al 
and  pm;  then  the  aorfiwe 
of  the  folygoa  abcoe 
will  be  to  the  snr&ce  of 
the  polygon  roHii,  as  al*  to  fh*. 

For.  the  figures  being  limilar,  are  to  each  other  as  the 
squares  of  tbeir  like  sides,  ab'  to  fi>>  (th.  8G).  But.  bj 
the  last  theorem,  the  sides  ab,  ta,  are  as  the  diameters  al, 
'  rx  ;  and  therefore  the  squares  of  the  side*  ab*  to  ra> ,  as  the 
squares  of  the  diiuneteni  al'  to  vm*  (th.  74).  Consequently 
the  polygims  ABODE,  fohik,  are  also  to  each  other  as  the  sqaares 
of  the  diameters  al*  to  fm*  (ax.  1).    «■  ■■  n. 

THEOREM  XCU. 

The  Circumferences  of  all  Circles  are  to  each  other  u  tbeir 
Diametera. 

Let  D.d,  denote  thediameteraoftwo  circles,  and  c,c,thur 
circumferences  ? 

then  wilt  n  :  li  : :  c  :  e,  or  n  :  c  :  :  d  :  c. 

For,  (by  theor.  90),  similar  polygons  inicrihed  in  circlea 
have  their  perimeten,  in  the  same  ratio  as  the  diameters  of 
those  circles. 

Now,  as  this  property  belongs  to  all  polygons,  whaterer 
the  number  of  the  sides  may  be  ;  coDceive  the  number  of  the 
sides  to  be  indetinitely  great,  and  the  length  of  each  inde- 
tinitety  small,  till  they  coincide  with  the  circumference  of 

the 
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the  circle,  and  be  equal  to  it,  indefinitely  near.  Theo  the 
perimeter  of  the  potyi^oii  of  ao  infinite  number  of  aidea.-ii 
the  same  thini;  aa  the  circamTerence  of  the  ciacle.  Hence  it 
appears  that  the  circumfereDcea  of  the  circles,  being  the  same 
as  the  perimeters  of  such  polygons,  are  to  each  other  in  the 
same  ratio  as  the  dtaineters  of  die  circlet.     «.  s.  ts. 

THEOREM  XCUL 

The  Areas  or  Spaces  of  Circles,  are  to  each  other  as  tbe 
Squares  of  their  Diameters,  or  of  their  Radii. 

Let  a  a,  denote  the  areas  or  spaces  of  two  circles,  and  d 
(t,  their  diameters  ;  then  a  :  a  ; :  d*  :  d*. 

For  (by  theorem  91)  similar  polygons  inscribed  in  circles 
are  to  each  other  as  the  sqnarea  of  tbe  diameters  of  tbe 
circle. 

Hence,  conceinnf  the  number  of  the  sides  of  the  poly- 
gons to  be  increased  more  and  more,  or  the  length  of  the 
sides  to  become  less  and  less,  the  polygon  approaches  nearer 
and  nearer  to  Ute  circle,  till  at  length,  by  an  infinite'ipproach, 
coincide,  and  become  in  effect  eqna) ;  and  then  it  follows 
that  the  spaces  of  the  circles,  which  are  tbe  same  as  of  the 
polygons,  will  be  to  each  other  a>  the  sqnares  of  the  diame- 
ters of  the  circles.     4.  ■.  n. 

Otrol.  The  spaces  of  circles  are  also  to  each  other  as  the 
squares  of  the  circumferences  i  since  the  circamferenccs  are 
in  the  tame  ratio  as  the  diameters  (by  theorem  9S). 


The  Area  of  any  Circle,  is  Equal  to  the  Rectangle  of  Half 
ita  Circumference  and  half  ita  Diameter. 

CoitcBtTC  a  r^nlar  polygon  to  be 
inscnbed  in  the  circle  :  and  radii  drawn 
to  all  the  angular  points,  dividiog  it  into 
as  many  equal  triangles  as  the  polygon 
has  sides,  one  of  which  abc,  of  wluch 
the  altitude  is  the  perpendicular  co  from 
tbe  centre  to  the  iMse  ab. 

Then  the  triauf^e  abc,  being  equal  to 
arcctan^e  of  half  the  base  and  equal  altitode(tb.  26,  cor.9}, 
is  e^nd  to  the  nctaogle  of  tbe  half  base  jj>  and  the  altitude  co ; 
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conseqaantl;  tbe  whele  polyKoii  or  tU 
tbB  truAgle*  added  together  nhktt  com- 
pose il,  is  equal  to  the  rectangle  of  the 
eoBmoa  altiwde  cd,  and  the  balve*  of  all 
tbe  sidei,  or  the  hilf  perimeter  of  the  po- 
lygon. 

Nqw,  coDceive  tbe  nmibflr  of  tides  of  the  polygon  to  be 
■ndefiDitelf  increaeed ;  then  will  its  perimeter  coincide  iritli 
Ute  drcnmfertnce  of  tbe  circle,  and  CMMeqnently  tbe  ilti- 
tude  GD  wilt  becama  equal  t»  tbe  T«dJae,  and  ib«  (riicje  polj- 
gen  eqnal  to  tbe  circle.,  Consequently  tbe  space  of  ibe  circle, 
or  of  the  polygon  in  that  state,  is  equal  to  the  Tect«wle  of 
the  radius  and  half  tbe  circumference.    «.  b,  d. 


OF  PLANES  AND  aOLtDfl. 


Def.  8S.  Tbe  common  SectiM  of  two  Rnei,  ia  tbe  line 
in  which  they  meet,  to  cut  each  uibei. 

89.  A  Km  is  Perpmdieiilar  to  a  Pbwe,  wbeeitiiprapen- 
dicular  to  eTery  line  m  that  plane  which  meets  it. 

BO-  One  Plane  is  PerpeodicidBr  te  Another,  when  every 
line  of  the  one,  which  is  perpendicular  to  tbe  line  of  their 
common  section,  is  peipeadicttlar  to  tbe  otb«r. 

91.  The  inclination  of  one  Plane  to  another,  or  tbe  angle 
tbey  form  between  them,  is  tbe  HDgte  contaiaed  hj  two  lines 
drawn  from  any  point  in  tlM  cemnMrti  sactioD,  and  at  right  an- 
gles to  tbe  same,  one  of  these  lioee  in  ftKb plane. 

92.  Parallel  Planes,  are  such  as  being  prodoced  ever  so  far 
both  ways,  will  never  meet,  or  which  are  every  where  at  an 
eqnal  perpendicola^  distance  : 

93.  A  Solid  Angle,  is  that  wlnck  is  oMde  by  thne  or  inore 
plane  anglef,  meeting  ewh  Atber  in  tbe  sum  point. 
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04.  Similar  Solid*,  conUlned  bf'plsne  figures,  are  aoch  ai 
bare  rU  their  solid  angles  equa],  each  to  each,  and  are  bouad- 
ted  b;  the  same  nuinber  of  iimilarpboea,  alik«  placed.' 

96.  A  Prism,  is  a  BoliJ  whose  eads  are  psralle),  equal,  aiid 
like  ptan«  fignreg,  and  it  sides,  coaDecting  those  endi,  ar« 
paralldi^irama. 

96.  A  prism  takes  particular  naioei  according  to  the  figure 
of  its  base  or  ends,  whether  triangutftr,  square,  rectangular, 
pentagoual,  hexagonal,  &c. 

97.  A  Ri^t  or  Upright  Prism,  ii  that  which  has  the 


98.  4  Parallelopiped,  or  Parallelopipedou  is  

a  prism  iMunded  by  sis  parallelt^nuuB,  ererj  []  '  -y) 

Opposite  two  of  which  are  equal,  dike,  and  pa-  M    '  'M 

rallel. 

99.  A  Rectangubr  P&ralle^opipedoD,  is  that  whose  bound; 
ing  piques  are  al)  rectangles,  which  are  perpendicular  to  ead; 
other. 

100.  ACube,isasqnare  prism,  beingbound- 
«d  by  ail  equal  square  sides  or  luces,  and  are 
perpendicular  to  exb  otbar. 


n 


101.  A  Cylinder,  is  a  round  prism,  having  cir- 
cles for  its  ends;  aud is  coDceired  to  he  formed 
by  the  rotation  of  a  right  line  about  the  circam- 
jferraces  of  two  equal  apd  parallel  circles,  always 
parallel  to  the  uda. 

103.  The  Axis  of  a  Cylinder,  ia  the  right  line  joioing  the 
centres  of  the  two  parallel  circles,  about  which  the  figure  if 
described. 

103.  A  Pyramid,  is  a  solid,  whose  base  is  any 
right-liued  plane  figure,  snd  its  sides  triangles, 
having  all  tbeir  vertices  meetii^  together  in  a 
point  above  (he  base,  called  the  Vertex  of  the  py- 
ramid. 

104.  A  pyramid,  like  the  priam,  takes  particular  ngoM? 
from  the  figure  of  the  base. 

105.  A  Cone,  is  a  round  pyAmid,  having  a  cir- 
cular base,  and  is  conceived  to  be  generated  by  the 
rotation  of  a  right  line  about  the  circumference  of 
a  circle,  one  end  of  which  ia  fixed  at  a  point  aboye 
the  plane  of  that  circle, 

106.  Th* 
■  yoi..  I.  4f 
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106.  The  Axil  of  ■  cone,  ia  ttte  rigbt  fine,  joiniagthe  rer- 
tei,  or  fixed  paint,  and  the  ccDtra  of  Ae  oirde  about  which 
tbe-fipirt  is  dekcribed. 

107.  SimiUr  Cones  and  Cylindcn.  are  such  as  hare  thoir 
dtitudea  aod  the  diameters  of  tbeir  bsdea  proportional. 

lOS.  A  Sphere,  is  a  lolid  bounded  b;  one  curve  nir&cC, 
which  ii  ererj  where  equally  distant  firom  a  ccrtwn  point 
withiD  called  the  Centre.  It  is  conceived  to  be  generated  ktf 
the  rotation  of  a  flemicircle  about  its  diameter,  which  retnaio* 
fii«d. 

109.  The  Axis  of  a  Sphere,  is  the  right  line  about  which 
the  semicircle  rerolTes  ;  and  Uie  centre  is  the  same  as  that  of 
the  reTolving  lemicircle. 

f  10.  The  Diameter  of  a  Sphere,  ii  anjr  right  line  passii^ 
throagb  the  centre,  and  tenniaated  hotl|  nays  by  the  surface. 

111.  The  Altitude  of  a  Solid,  is  the  perpendicular  drawK 
from  the  rertez  to  the  opposite  aide  ort^e. 


A  Perpendicular  is  the  Shortest  Line  which  can  be  dccws 
from  any  Point  to  a  Plane. 


LxT  AM  be  peipendicular  to  the  plane 


DE  i  then  any  other  line,  ^s  ±c,  drawn 

from  the  lame  point  a  to  the  plane,  will  i 

be  longer  than  the  tine  ab.  ^.^  "V^ 

In  the  plane  draw  the  line  ic,  joining  VC,  W—^'^E 
the  poinb  ■,  c.  ^ ^ 

Then,  because  the  line  ab  is  perpendi- 
cular to  the  plane  ok,  the  angle  a  is  a  right  an^e  (def.  89), 
and  consequently  greater  than  the  angle  c ;  therefore  the 
line  AB,  opposite  to  the  less  angle,  is  less  than  aoy  other  bm 
AC,  opposite  the  greater  angle  (th.  2)).    «.  i.  d. 

THixatSM  xcvi. 

A  Perpendicular  Measures  the  Distance  of  any  Point  from  a 
Plane. 

Tug  distance  of  one  point  from  another  is  measured  by  a 
right  line  joining  tbem,  because  this  is  the  shortest  line  which 
can  be  drawn  from  one  point  to  another.  So,  also,  th« 
distance  from  a  point  to  a  line,  is  measured  by  »  perpendicu- 
lar, because  thu  line  is  the  abortesl  which  can  be  drawn 
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from  the  point  to  the  line.  In  like  manner,  the  distanee  from 
a  point  to  a  plane,  must  be  measured  b;  a  perpendicular  drawn 
from  that  point  to  the  plane,  because  thii  ia  the  ghorteit  line 
which  can  be  drawit  frooi  the  point  to  the  {dane. 


■     THEOREM  XCVn. 
The  common  Section  of  Two  Planes,  it  a  Right  Line. 

Lev  acboa,  aebpi,  be  tivo  planes  cut- 
ting each  other,  and  a,  b,  two  points  in 
which  the  two  planes  meet :  drawing  the 
line  AB,  this  line  will  be  the  common  in- 
tersectioil  of  the  two  planes. 

For  t>ecause  the  right  line  ab  touches 
ih*  two  planes  in  the  points  a  and  a,  it  I> 

touches  them  in  all  otber  points  (def.  tO)  : 
ibis  hue  is  therefore  common  to  the  two  planes.    That  is,  the 
common  intenectidn  of  the  two  planes  is  a  right  line.    «,  e.  d. 

IHECSEH  XCVm. 

If  a  Line  be  FerpendiGnlar  to  two  other  Lines,  at  tiieir  Com- 
mon Point  of  Meeting ;  it  will  be  Ferpendicalar  to  the 
Plane  of  those  Lines. 

LsT  the  line  ab  make  ri^  an^es 
with  the  lines  ac,  ad  ;  then  will  it  be 
perpendicular  to  the  plane  cdb  which 
passes  throi^h  these  lioee.  ^_^~j^ 

ifthe  hue  ab  were  not  perpendicnlar  EQ^-'^^CTj 

to  the  plane  cna,  another  plane  might  ^      ■£ 

paas  through  the  point  a,  to  which  ue 
line  AB  woald  be  perpendicular.  But  this  is  impossible  ;  for, 
since  the  angles  bac,  bad,  are  right  angles,  tiiis  otber  plane 
must  pass  through  the  points  c,  d.  Hence,  this  plane  passing 
through  the  two  points  a,  c,  of  the  line  ac,  and  through  the 
two  points  A,  D,  of  the  line  ad,  it  will  pass  tfaroogh  both  these 
two  lines,  and  therefore  be  the  same  plane  with  the  former. 
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if  T#o  LiDcs  be  PerpeDdicuIst  to  the  S^e  Pisne,  they  will! 
be  Panllel  to  each  other. 

Lbt  the  two  UoSB  ab,  cd,  be  both  per- 

Csodiculttr  to  the  same  plage  ebof  ;  theo 
ill  AB  be  pttrallel  to  cd. 
For,  join  b,  n,  by  the  line  bd  in  the 
plane.  Then,  because  the  lines  ab,cd, 
are  perpendicular  to  (he  plaoe  £f,  thej 
are  t>oth  perpendicular  to  the  line  bd  (def.  89)  in  that  plane  ; 
and  conieqdentljr  they  arc  parallel  to  each  other  (corol.  ih. 

13).      d.  E.  D.* 

Corol.  If  two  lines  be  paraUel,  and  if  one  of  them  be 
t)erpen<liculaF  to  boj  plane,  the  odier  will  also  be  perpendi- 
enlar  to  the  same  plane- 


^^EB 


\hboremc. 

If  Two  planes  Cut  each  other  at  Right  Angles,  and  a  Line  W 
drawn  in  one  of  the  Planes  Perpendicular  to  their  Commofe 
lutenection,  it  will  be  Perpendicular  to  the  other  Planei 

Let  the  two  plapes  acbd,  aebf,  cut  C 

each  other  at  right  angles  ;  and  the  liiie 
CG  be  perpendicular  to  their  common 
section  IB  ;  then  will  ca  be  also  perpen* 
dictilar  to  the  other  plane  aebf. 

For,  draw  eo  perpendicnlar  to  ab. 
Then  because  the  ttio  lines  cc,  ce,  are  ^_ 

perpendicular  to  the  common  tnteraection  Ab,  the  an^  cob 
is  the  angle  of  ioclination  of  the  two  planes  (def.  91).  But 
since  the  two  planes  cut  each  other  perpend icnlnrly,  the  an- 
gle of  Inclination  cob,  is  a  rigbt  angle.  And  unce  the  line  cc 
is  perpendicular  to  the  two  lines  oa.'cb.  in  the  plane  abbf,  it 
is  therefore  perpendicular  to  that  plane  (th.  98).    <t.  k.  d. 


I.  iltm  DM  ^ipcv  to  DM  to  be  coodur 
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'  tf  one  PlaM  Heet  another  Plane,  it  will  make  Angles  witli 
that  other  Plane,  which  are  together  equal  to  two  Right 
An^es. 

Let  the  place  acbc  meet  the  plane  lEsr  ;  these  plane* 
hoake  with  each  other  two  angles  whose  sam  is  equal  to  two 
tight  angtes. 

For,  though  any  point  c,  in  the  common  section  la,  draw 
be,  Kf,  perpendicular '  to  ib.  Then  the  line  ce  makes  with 
xr  two  angles  together  equal  to  two  right  nn^lea.  Uut  these 
two  angles  are  (by  def  91)  the  angles  of  inclination  of  the 
tw«  planes.  Therefore  ^he  two  planes  make  angles  with 
lach  other,  which  are  together  eftual  to  two  right  angles. 

Carol.  In  like  manner  it  may  be  demonstrated,  that  planes 
Mhich  intersect,  have  their  vertical  or  opposite  angles  equal ; 
also,  that  parallel  planes  have  their  alternate  angles  equal  { 
saA  so  on,  as  in  pajallel  lines. 

tllEOREM  ClI. 

If  Two  Planes  be  Parallel  to  each'  other ;  a  Line  which  il 
Ferpendicalar  to  one  of  the  ptaaei,  will  also  be  Perpendi- 
coW  to  the  other. 

LxT  the  two  planes  en,  cr,  be  pu^lel, 

'  '  it  the  line  id  be  perpendicular  to  the        v/b' 


plane  cb  ;  then  sball  it  tdso  be  perpendi- 
cular to  the  other  plwe  ef. 

For,  from  aoy  point  o  in  the  plane  et, 
draw  OS  perpendicular  to  Uie  plane  en,  and 
draw  AH,  bo.  „f 

Then,  because  ba,  oti,  are  birth  perpen-        '^^ 
Scalar  to  the  plane  cd,  the  angles  a  and  h 
are  both  right  angles.    And  because  the  |4aneB  cd^  ef,  are 

Btrallel,  the  perpen dicntars  ba,  oh,  are  eqgal  (def.  92j. 
ence  it  follows  that  the  lines  bg,  ah,  are  parallel  (def.  9). 
And  the  hoe  ab  being  perpendicular  to  the  li^e  ah,  ia  also 
perpendicular  to  the  parallel  hne  bo  (cor.  th.  12). 

In  like  manner  it  is  proved,  th^  the  line  ai  is  perpendi* 
CUlar  to  all  other  linea  which  cm  be  draws  fram  the  point  ■ 


-:l,vG00gIC 


Mi  GIOVtTKIf. 

ia  the  pitne  bf.    Therefore  the  line  ta  is  p«rpcadicnkr  t« 
the  whole  pleoe  sr  (def.  9S).    «.  £.  d. 


If  Two  Lines  be  Parallel  to  a  Third  Line,  thongjh  not  id  the 
same  Plane  with  it ;  they  will  be  Parallel  to  each  other. 

Lbt  the  lines  ab,  at,  ba  each  of  them  jp 

parallel  to  the  third  line  kf,  though  not  in  /  \. 

the  same  plane  with  it ;  then  will  ab  be  pa-         Bf         ^D 
ralleltocD. 

For,  from  anj  point  c  in  the  liae  ei,  let  >  ? 

oe,  01,  be  each  pergendicular  to  s,f,  in  the        H  ^  — ^  t 
planes  Eb,  kd,  of  the  proposed  parallels.  J, 

Then,  since  the  Une  ef  is  perpendicular  .  /*S  p 
to  the  two  Hues  on,  ci,  it  is  perpendicalar 
to  the  plane  om  of  those  lines  (th.  98).  And  becanse  rt  is 
perpendicular  to  the  plane  cBi,  its  parallelAl  ia  also  perpen- 
dicular to  that  plane  ^cor.  tb.  99),  For  the  same  reason,  the 
line  CD  ia  perpeodicular  to  the  same  plane  obi.  Hence,  be- 
cause the  two  Unes  ab,  cd,  are  perpendicular  to  the  isme 
plane,  these  two  lines  are  parallel  (th.  99).    <■  ■■  i>. 


THBORIM  CIV. 


If  Two  Lines,  that  meet  each  other,  be  Parallel  to  Two  other 
Lines  that  meet  each  other,  though  not  in  the  same  PJane 
with  them ;  the  Angles  contained  by  those  Lines  will  be 
equal. 

Let  the  two  lines  ak,  sc,  be  parallel  to 
the  two  lines  ce,  bf  ;  then  wil)  the  ao^e 
ABC  be  eqnal  to  the  angje  dcf. 

For,  make  the  lines  ab.  bc,  de,  ef, 
eqnal  to  each  other,  and  join  ao,  np,  a»,  be, 

CF. 

Then,  the  lines  ad,  be,  joining  the  equal 
and  parallel  lines  ab,.i>e,  are  equal  and  pa- 
rallel (th,  24).  For  the  same  reason,  cf, 
BE,  are  equal  and  parallel.  Therefore  ad,  cf,  are  eqaal  and 
parallel  (th.  16);  and  consequently  also  ac,  dp  (th.  24). 
Hence,  the  two  triangles  abc,  dlf,  baring  all  their  sides  eqnid. 


Li^ 
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Ach  to  BBch,  have  tbeir  aiis)«t  also  •qui,  and  MOieiiveDD; 
Um  aosle  iw  =  tha  angle  bkf.    «.  i.  p. 


Tbe  Sectioiu  node  bjr  a  Plana  cottiBg  two  other  Pardle^ 
Plaaes,  are  also  Parallel  to  each  other. 

Let  the  two  paraUel  planes  la,  cd.  he 
cot  by  the  third  plane  evho,  in  the  linet 
Er,  «H :  these  two  aectioni  ar,  gb,  will 
be  parallel. 

Suppose  FO|  FH,  be  drawn  parallel  to 
each  odier  in  the  plane  efho  ;  also  let 
Ri,  FK,  be  perpeadicnlar  to  the  plane  co ; 
and  let  ID,  na,  be  joined. 

Then  to,  fh,  beiog  parallel*,  and  ei,  fe,'  being  both  per- 
pendicular to  the  plane  co,  are  also  parallel  to  each  other 
(th.  9V) ;  cooseqaently  the  angle  hfk  is  equal  to  the  ai^e 
an  (th.  1(M).  Bat  the  angle  fkh  is  also  equal  to  the  an^ 
Eta,  being  both  H^t  angles  ;  therefore  the  two  trian^ea  are 
aquiangakir  (cor.  1,  th.  17  ;)  and  the  sides  fk,  bi,  beiag  the 
4qua]  distiincei  between  tbe  parallel  planes  (def.  93),  it  fol- 
lows that  tbe  sides  fh,  bo,  are  also  eqaal  (th.  i).  But  these 
two  lines  are  pnrallel  (by  snppos.),  ai  well  as  equal ;  conse- 
quently the  two  lines  BF,  OB,  joining  these  equal  parallels,  are 
else  parallel  (th.  24).     «.  e.  d. 


THEOREM  CVE. 

If  any  Prism  be  oat  by  a  Plane  Parallel  to  Ita  Base,  the  Sec- 
tion will  be  equtd  and  Like  te  the  Base. 

Let  as  be  any  prism,  and  il  a  plane  pa- 
rallel to  the  base  ac  ;  then  will  the  plane 
IL  be  equal  and  like  to  tha  base  ac,  or  the 
two  planes  will  have  all  their  sides  and  all 
their  angles  equal. 

For  tbe  two  planes  *c,  ir.,  being  parallel, 
by  hypothesis ;  and  two  patallel  planes,  cut 
by  a  third  plane,  having  parallel  sections 
(th.  105)  ;  therefore  ik  is  parallel  to  ai, 
and  KL  to  Bc,  and  lm  to  cD,  and  in  to  An.  But  ai  and  bk  are 
paraUela  (by  def.  96)  consequeotly  ak  \s  a  parallelogram ; 
and  the  opposite  tides  ab,  ix,  are  equal  (tb,  22).    In  like 
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InanBer,  it  is  aboiro  that  el  is  =u,  aod  ut 
=CD,  and  tH=AD,  or  the  two  planes  kc,  iL, 
are  mutually  equilateral.  Bnt  these  two 
planet,  having  tbeir  correaponding  sidee  pa- 
rallel, hare  the  angles  contained  tjr  theo) 
also  equal  (th.  104),  namely,  the  ang^  a= 
Uie  angle  i,  the  angle  b  =  the  ang^e  k,  the 
angle  c  =  the  angle  l,  and  the  angle  d  =:  the 
angle  m.  So  that  the  two  planes  ac,  il,  hare 
all  their  corresponding  sides  and  u^es  eanal,  or  ^ey  are 
equal  and  like.    <t.  e.  d. 


DjCM^p(r 


If  a  Cylinder  be  cut  I7  a  Plane  Parallel  to  its  Base,  t^e  Sec- 
tion will  he  a  Circle,  Equal  to  Uis  Base. 

Let  af  be  a  cylinder,  and  gbi  any  sec- 
tion parallel  to  the  base  abc  ;  then  will 
out,  be  a  circle  equd  to  abc. 

For,  let  the  planes  be,  kf,  pass  through 
the  axis  of  the  cylinder  he,  aod  meet  the 
section  ohi  in  the  three  points  h,  1,  l  ; 
and  join  the  points  as  in  the  figure. 

Then,  since  el,  ci,  are  parallel  (bj  def. 
IOI)  ;  and  the  plane  ei,  meeting  the  two 
parallel  planes  asc,  ohi,  makes  the  two  sections  ec,  u,  pa> 
rallet  (th,  105)  ;  the  figure  xlic  is  therelore  a  parallelogram, 
and  conseqoently  has  the  opposite  sides  li,  kc,  equal,  wher^ 
KC  is  a  radius  of  the  circalat  base. 

In  like  manner  it  is  shgwn  that  lh  is  equal  to  the  radini 
KB  ;  aod  that  any  other  lines,  drawn  IVom  the  point  l  to  the 
drcamference  «^  the  section  obi,  are  all  equal  to  radii  of  ths- 
baH  ;  consequently  am  is  a  circle,  and  equal  to  abc,    4. 1,  d. 

TBEOBSXa  cvin. 

1.  All  Prians  and  Cylindcn,  of  Equal  Bases  aod  Altitudes,  ar* 
Equsd  to  each  other. 
Let  ac,  bp,  be  two 
prisms,  and  a  cylin- 
der, OQ  equal  bases 
AS,  DE,  and  haviag  e- 
quat  altitudes  sc,  pf; 
then  will  the  solids 
AC,  DF,  be  equal. 
For,  let  r«,  Rs,  be 
apy 
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vaj  two  lectkiM  parallel  to  the  baaea,  sod  eqaidiRtaot  from 
iUiem.  Then,  by  the  lut  two  theoreRu,  the  gection  p«  U 
eqn^l  to  the  baae  ab,  and  the  section  ns  equal  to  the  baie  de. 
Bot  the  ba>es  ab,  db,  are  equal,  by  t|ie  hypothesis ;  therefore 
the  sectionB  p4,  bs,  are  eqoal  also,  lo  like  manner,  it  may 
be  shofrn,  that  any  other  corresponding  sections  aie  equal  t^ 
oae  another. 

Since  then  erery  section  in  the  prism  ac,  is  equal  to  its 
corresponding  section  in  the  prism  or  cylinder  df,  the  prisma 
and  cylinder  themselves,  which  are  composed  of  an  equal 
Damber  or  all  tho«e  eqaal  sectioiu,  must  also  be  equal.  «.  e.  n. 

Corid.  Every  prism,  or  cylinder,  is  eqnal  to  a  rectangular 
paralletopipeden,  of  an  equal  base  and  altitude. 


THEOREU  CCX. 

Rectangular  Parallelepipedoos,  of  Eqnal  Altitudes,  are  ttf 
flash  other  as  their  Bases, 

Let  AC,  so,  be  two  rectaor 
gular  parallelopipedons,  bar*        \ 
log  the  equal  altitudes  ad,  bu  ;        i  , 

then  will  the  solid  ac  he  to 
:tbe  solid  EQ  aa  the  base  ab  ip 
to  the  baae  r.T. 

For,  let  the  proportion  of 
the  base  ab  to  the  base  ef,  b« 
that  of  any  one  number  m  (3) 

to  any  other  number  n  (2).  And  conceire  ab  to  he  divided 
into  m  equal  parts,  or  rectangles,  ai,  lk,  mb,  (by  dividing  an 
into  that  number  of  equal  parts,  and  drawing  tu,  eh,  parallel 
to  bn).  And  let  ef  be  divided,  in  like  manner,  into  n  equal 
parti,  or  rectangles,  eo,  ff  :  all  of  these  parts  of  both  bases 
being  mutually  equal  among  themselves.  And  through  the 
linesof  division  let  the  plane  sections  lb,  hs,  fv,  pass  parallel 

to  A%,  £T. 

Then,  the  parallelopipedons  ar,  ls,  hc,  ev,  pg,  are  all  eqnal, 
having  equal  bases  and  altitudes.  Therefore  the  solid  ac  is 
to  the  solid  eg,  as  the  number  of  parts  in  the  former,  to  the 
number  of  equal  parts  In  the  latter ;  or  as  the  number  of  parts 
in  AB  to  the  number  of  equal  parts  in  ef,  that  is,  as  the  base 
ab  to  the  base  ep.    «.  e.  n. 

Carol.  From  this  theorem,  and  the  corollary  to  the  last,  it 

appears,  that  all  pristm  and  cylinden  of  equal  altitndes,  ar^ 

Vol.  I  45  to 


D,q,-z.-dbvGoogle 


(o  eacb  other  u  tbeir  bnea  ;  every  pritm  and  cylinder  bem 

equal  to  ■  rectaugiilar  parallelopipadan  of  KDfqual  baacMM 
altitade. 


Rectangular  Faralleloinpedon*,  of  Equal  Rues,  are  to  eacb 
ether  aB  ^eir  Altitudes. 

Lar  AB,  CD,  be  two  rectan- 
)(ular  paratlelopipedoni,  fltand- 
iog  on  the  equal  bases  le.  cf  ; 
theu  will  the  solid  ax  be  to 
,  the  solid  cd,  as  tbe  altitude 
BV  is  to  the  altitude  fd. 

For,  let  tG  be  a  rectangular 
parallclopipedon  on  the  base  7 

IE,  nod  it«  allituile  eg  equal  to  the  altitude  fd  of  fhe  solid  cd. 

Then  *a  and  cp  are  equal,  being  prisma  of  equal  baiea  and 
altitodes.  But  if  hb,  ho,  be  considered  as  bases,  the  solids 
AB,  Ad,  of  equal  altitude  ah,  will  be  to  each  other  as  those 
bases  HB.  HO.  But  these  bases  hb,  nc,  being  parallelograms 
of  equal  altitude  hb,  are  to  each  other  as  their  bases  ta,  kg  ; 
theretbre  tbe  two  prisms  ab,  ao,  are  to  each  other  a»  the  lines 
IB,  EG.  But  AG  is  equal  to  cd,  aad  eo  equal  to  ro ;  conse- 
quently the  prisms  ac,  cd,  are  to  each  other  os  tbeir  altitudes 
EB,  FB  ;  that  is,  ab  :  cd  :  :  kb  ;  fd.     a-  k.  d. 

Can4.  1.  From  this  theorem,  and  the  corollary  to  theorem 
lOS,  it  appears,  that  all  prisms  and  cylinders,  of  equal  bases, 
are  to  one  another  hs  their  altitudes. 

Coral,  t.  Because,  by  corollary  1,  prisms  and  cylinders  arcL 
as  their  altitudes,  when  their  bases  are  equal.  And,  by  the 
corollary  to  the  l>Mt  theorem,  they  are  as  their  bases,  when 
their  altitudes  arc  equal.  Therefore,  universally,  ivheo  nei- 
ther are  equal,  they  are  to  ooe  another  as  the  product  of  their 
bases  and  altitudes.  And  hence  also  tbese  products  ore  the 
proper  numeral  measures  of  their  quantities  or  magnitudes. 

THEORHrt  CXI. 

Siini)»r  Prisms  and  Cylinders  are  to  eacb  other,  as   the 
Cubes  of  their  Altitudes,  or  of  any  other  Like  Linear  Di- 


Let  abod,  efoh,  he  (wo  similar  prisma;  then  will  the 
firism  CO  be  to  the  prism  ou,  ta  ab^  to  ef'  or  ao*  to  eb'. 

For 
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For  tbe  «lliils  are  to  ench  other  a* 
ilhe  product  of  their  bases  and  alti- 
tudei  (th.  1 10,  cor.  2),  tbat  it,  sa  ' 
AC  .  AD  to  BO  .  EH.  Bat  the  biues, 
being  similar  planes,  are  to  each 
other  OS  tbe  a^uares  of  their  like 
sides,  that  Is,  «c  to  bo  as  «■*  to  kf*,  ., 
therefore  the  solid  co  is  to  the  solid 

OB,  as  AB>  .  ID  to  EF*  .  EH.      But  BD         B  -U' 

and  PH,  being  similar  plunes,  bare 
Uieir  like  sides  proportiooal,  that  is,  ab  ;  ep  ;:  ao  :  es,  -  - 
oria*:BF*::  AD': en*:  therefore  ab^ .  ao  :  Kr>  bu::ai*;b'- 
<ir  : :  ad^  :  kh'  ;  conseq.  the  solid  co  :  solid  ob  : :  ab^  :  ef 

::  AD>  :  EB*.      ft.  K.  D. 


In  any  Pyramid,  a  Section  Paratlel  to  tbe  Base  is  similar  to  the 
Base  ;  and  these  two  planes  are  to  each  otbar  as  the  Squares 
of  their  DislBSces  from  the  Vertex. 

Let  abco  be  a  pyramid,  and  kto  a  sec- 
tion parallel  to  tiie  base  Bpn,  also  air  a 
line  perpendicular  to  the  two  planes  at  u  and 
1  :  then  will  so,  eo,  be  two  similar  planes, 
and  the  plane  bo  will  be  to  the  plaue  eg,  as 

AB*  to  AI*. 

For,  join  ch,  fi.  Then,  because  a  plane 
cutting  two  parallel  planer,  makes  parallel 
sections  (th.  105),  therefore  the  plane  abc, 
meeting  the  two  parallel  plxnes  bo,  eo,  makes  the  sections 
ac,  EF,  parallel:  In  like  muiner,  the  plane  acd  makes  the 
sections  cd,  so,  parallel.  Again,  because  two  pair  of  parallel 
lines  make  equal' angles  (Ih.  104),  the  two  Er,  fc,  which  are 
parallel  to  sc,  cd,  make  the  angle  Era  equal  the  angle  bcd. 
Afid  ia  like  manner  it  is  shown,  that  each  angle  in  the  plane 
Ko  is  equal  to  each  angle  in  tbe  plane  bd,  and  consequently 
those  two  planes  are  equiangular. 

Again,  the  three  lines  ab,  ac,  ad,  making  with  the 
parallels  ac,  ef,  and  en,  ra,  equal  angles  (tb.  14),  and 
the  angles  at  a  being  common,  the  two  triangles  abc,  acp, 
are  equiaDznlar,  as  also  the  two  triangles  acd,  afo,  and 
have  therefore  their  Uke  sides  proportional,  n.unely,  •  -  -  - 

AT 
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io  :  AF  _::  BC  :  sp  ::  CO  :  F«.  And  lii 
like  manner  it  may  be  shown,  thiit  all  the 
linei  in  the  plane  fo,  are  proportional  to 
all  the  corresponding  lines  in  the  base  Bb. 
Hence  these  two  planes,  having  their  an- 
gles equij,  and  their  sides  pn^rtionalj 
are  similar,  by  def.  68, 

But.  limiiar  planes  being  to  eael)  other  at  the  squares  of 
their  like  aides,  the  plane  bd  :  bo  : :  sc'  :  ef«  ,  or  :  :  Ac*  :  xf'i 
by  what  is  shorn  above.  Also,  the  two  triangles  abc,  aif, 
haviog  the  ao^e«  h  and  ■  right  ones  fth.  98),  and  the  angle  a 
common,  are  equiangular;  and  hare  ttierefore  their  like  aides 
proportional,  namely,  AC:  Ap:  :aii  :  ai,  or  ac*:  af*  ::  ah*:ai*. 
Coiueqaently  the  two  planes  Bn,  eo,  which  are  as  the  former 
squares  AC*,AF*,will  be  alio  as  the  latter  squaresAH*,  ai*, 
that  is,  BD  :  Eo  f :  ah*  :  ai*.     %.  e.  d. 

THBOREH  CXni. 

ih  a  Cone,  sdy  Section  Fartdlel  to  the  Base  is  a  Circle  ;  ahtt 

this  Section  is  to  the  Base,  as  the  Squares  of  their  DistancU 

from  the  Vertex. 

Let  abcd  he  a  cone,  and  gbi  a  sectioii  .&. 

parallel  to  the  bate  bcd  ;  then  will  ori  t>£ 
ticircle,andBcn,GHi,  willbet«  aach  other, 
as  tbe  Bqnares  of  tbe'r  distances  from  thti 
vertex. 

For,  draw  alp  perpeadicular  to  the  two 
parallel  planes  ;  and  let  the  planes  ace, 
APE,  pass  through  the  aiis  of  th;;  cone 
AKE,  meeting  the  section  in  tbe  three  points 

It,  I.  K. 

Thten,  since  the  section  oHi  is  parallet  to  the  base  scri,  and 
the  planes  ce,  dk,  meet  them,  he  is  parallel  to  cb,  and  ic  td 
Ds  (th.  105).  And  because  the  triangles  formed  by  these  lines 
ue  -  equiangular,  eh  :  rc  :  :  a  k  :  a  e  :  ;  ei  :  ed.  But  kc  is 
equal  to  gd,  being  radii  of  the  same  circle ;  therefore  ei  is 
also  equal  to  eh.  Ahd  the  same  may  be  shown  of  any  other 
lines  drawn  from  the  point  k  to  the  perimeter  of  the  section 
otii,  which  is  therefore  a  circle  (def.  44). 
,  Again,  by  similar  triangles,  ai.  :  af  : :  ae  :  ae.  or  !  :  ki  :  eb, 
hence  al*  :  af*  :  :  ki*  :  ed'  ;  b«t  ki*  ;  ad*  :  :  circle  ohi  : 
circle  BCD  (th.  93)  ;  therefor*  al*  :  af*  ; :  circle  ohi  :  cir- 
cle SCO.     %.  c.  D. 
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THEOREM  CXIV. 

All  Pynunids,  and  Cones,  of  Equal  Bmes  tai  Altitudes,  «Tfl 
Eqaa)  (o  one  another. 

Let  ABC,  DEr, 
be  any  pyramids  and 
cone,  of  equal  bases 
Be,  EP,  and  equal  al- 
titades  ao,  db,  then 
will  the  pyramids 
and  coue  abc  and 
DEP,  be  eqaal. 

For,  parallel  to       " 
the  bases  and  at  equal  distaaces  an,  no, 
Suppose  the  planes  ik,  lu,  to  be  drawn. 

Then,  by  the  two  preceding  theorems, 

t>o'  :  Du'  :  :  uc  :  EF,  and 
AM*  :  aq*  :  :   IK  :  Be. 

But  since  ah*,  ao*,  are  equal  to  no",  dh*, 

therefore  ik  :  Be  :  :  lm  :  ef.  But  bc  is  eqtial  to  Sf,  by 
hypoiheais ;  therefore  ik  is  also  equal  to  i.h. 

In  like  manner  it  is  shown,  that  any  other  sections,  at  equal 
distance  from  the  vertes.are  equal  to  each  other. 

Since  then,  every  section  in  the  cone,  is  equal  to  the  cor- 
responding section  in  the  pyramids,  and  the  heights  are  equal, 
the  solids  ABC,  DBF,  composed  of  all  those  sections,  muat  bs 
Cqnal  also.    4.  e.  n. 

THEOREM  CXV. 

Every  Pyramid  is  the  Third  Part  of  a  Priam  of  the  Same 
Base  and  Altitude. 

Let  abcdef  be  a  prism,  and  bdef  a  t>y*  1 

ramid,  on  the  same  triaagular  base  pef  :  "• 

then  will  the  pyramid,  boef  be  a  (bird  ^ 

part  of  the  prism  abcdf.p. 

For,  in  the  planes  of  the  three  sides  of 
the  prism,  draw  the  diagonals  bp,  bd,  co. 
Then  the  two  planes  sop,  bcd,  divide  the 
whole  prism  into  the  three  pyramids  bdef, 
CABc,  OBCF,  which  are  proved  to  be  ail 
equal  to  one  another,  as  follows. 

Since  the  opposite  ends  of  the  prisn)  are  equal  to  each 
Other,  tbe  pjranid  whose  base  is  abc  and  vertex  d,  ii  equal 
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to  the  pyramid  whose  base  is  def  and  ver- 
tex ■  (ih.  114),  beiDg  pyraiaidt  of  sqaal 
ba-e  and  altitude- 
Bat  the  latter  pyramid,  wfaoee  ba«e  ia 
DBF  and  vertex  B,  i>  Ibe  mme  lolid  ai  the 
pyramid  whose  iMse  is  bep  and  Tertex  p, 
andlhisis  e^iral  to  the  third  pyramid  whose 
baae  is  Bcr  nod  vertex  v,  being  pyramids 
of  the  same  altitade  and  equal  base«  bef, 

BCF. 

Copseqnenily  all  (be  three  pyramids,  which  compote  the 
prism,  are  equal  to  each  other,  and  each  pyramid  is  the  third 
part  of  the  prism,  or  the  prism  is  triple  of  the  pyramid. 

«■  K.  D. 

Hence  tJao,  every  pyramid,  whatever  its  figure  may  be,  is 
the  third  part  of  a  prism  of  the  same  base  and  altitade  ;  since 
the  base  of  the  prism,  whatever  be  its  Gg;ure,  may  be  divided 
into  triangles,  and  the  whole  solid  into  triangular  prisma  vii 
pyramids. 

Carol,  Any  cone  is  the  third  part  of  a  t^Iinder,  or  of  a 
priem,  of  equal  base  and  altitude ;  since  it  bm  beta  proved 
that  a  cylinder  is  equal  to  a  prism,  and  a  cone  equal  to  a  py> 
nmid,  of  equal  base  and  altitude. 

Sdutlium.  Whatever  has  been  demonstrated  of  the  propor- 
tionality of  prisms,  or  cyliitders,  holds  equally  true  of  pyra- 
mids, or  cooes ;  the  former  being  always  triple  the  latter  { 
.  viz.  tliat  simitar  pyramids  or  cooes  are  as  the  cubes  oftheir 
like  linear  sides,  or  diameters,  or  altitudes,  &c.  And  the 
■ame  for  all  similar  solids  whatever,  viz.  that  they  are  in  pro- 
portion to  each  other,  as  the  cubes  of  their  like  linear  di- 
mensions, since  tbey  are  composed  of  pyramids  every  way 
similar. 

THECXOf  CXVI. 

It  a  Sphere  be  cut  by  a  Plane,  the  Section  will  be  a  Circle. 

Ler  the  sphere  Atsr  be  cut  by  the 
plane  abb  ;  then  will  the  section  «db 
be  a  circle. 

Draw  the  chord  4B,  or  diameter  of 
the  section ;  perpendicular  to  which, 
or  to  the  secbon  adb,  dnw  the  axis  of 
the  sphere  Ecsr,  through  the  centre  c, 
which  will  bisect,  the  chord  hb  in  the 
point  «  (tk.  41).    Also,  j(un  «i,  cb; 
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and  draw  cd,  ov,  to  any  point  o  in  tbe  perimeter  of  tht  sac- 
tioa  ABB. 

Tb«n,  becmMe  ca  ia  perpendicular  to  tbe  plane  xot,  it  if 
ptrpendtcolsr  both  to  ejt  and  go  (def-  90).  So  that  coi,  ceo 
are  two  right-angled  triangles,  nariog  the  perpeodicular  ce 
common,  and  tbe  two  liypotheouies  ca,  cd,  equal,  being  bttth 
radii  of  the  sphere  ;  therefore  the  third  aidei  oa,  sd,  arealu 
eqoal  (cor.  S,  tb.  34).  In  like  manner  it  ia  BfaowD,  that  aoj 
•Uier  line,  drami  from  the  centre  a  to  tbe  cinjna.rcrcDce  of 
the  lection  aob,  is  equal  to  ba  or  as  ;  coaaeqiteatly  that  aec* 
tion  is  a  circle. 

Carol.  The  section  throagh  tbe  centre,  ii  a  circle  fcaving 
tbe  same  centre  aad  diameter  a*  the  sphere,  and  ii  called  a 
great  circle  of  tbe  tphere ;  the  other  plane  lecUoni  beingUt' 
Ue  circlet. 

'THEOREM  CXVH. 
Ererj  Sphere  is  Tiro-Thirds  of  ha  Circumscribing  Cylinder. 

Lkt  arcd  be  a  cylinder,  circuni' 
scribing  tbe  sphere  ircB  ;  then  will  the 
sphere  Evan  be  two  thirds  of  tbe  cylin- 
der ABCD. 

For,  let  the  plane  ac  be  a  lection  of 
^be  sphere  and  cylinder  through  tbe 
centre  i.  Join  n,  b'i.  Also,  let  fir 
be  parallel  to  ad  or  ec,  and  aia  and  kl 
^rallel  to  ab  or  nc,  the  base  of  the  cy-. 
jinder ;  tbe  latter  line  kl  meeting  bi  in  ir,  and  tbe  circular 
section  of  the  sphere  in  it. 

Then  if  the  whole  plane  hfbc  be  conceived  to  rerolre 
about  (he  line  hf  as  an  axis,  the  square  va  will  describe  a* 
cylinder  ao,  and  the  quadrant  ifo  will  describe  a  hemUphern 
HO,  and  the  triangle  ifb  will  describe  a  cone  iab.  Also,  in 
the  rotation,  tbe  three  lines  qf  parts  kl,  an .  km,  as  radii,  will 
describe  corresponding  circular  sections  of  those  solids,  name- 
ly, XL  a  sectioe  of  the  cylioder,  en  a  lection  of  the  sphere, 
aad  Ev  a  secliou  of  the  cone. 

Now,  FB  being  equal  to  ri  or  to,  and  xr.  parallel  to 
ra,  then  by  dmilar  triangles  »  is  equal  to  hu  (tb.  8S).  And 
aince,  in  the  rigbt-augled  triangle  itN,  in'  is  equal  to  ik* 
■fsH*  (tb.  34)  i  and  because  xl  is  epjuul  to  the  radius  ■<■ 
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«r  iir,  and  xi(=ik,  there&re  cl*  u 
eqna]  to  km'-I-kh*,  or  the  square  of 
the  longest  radivi,  of  the  said  circular 
aectiona,  is  equal  lo  the  sum  of  Uie 
squares  of  the  two  othen.  And  be- 
cause circles  are  to  each  other  as  the 
Squares  of  their  diameters,  or  of  their 
radii,  therefore  the  circle  described  by 
ML  is  equal  to  both  the  circles  de- 
scribed by  ui  and  sw ;  or  the  section  of  the  cyUnder,  is 
equal  to  both  the  corresponding  sections  i^  the  sphere  and 
cone.  And  as  this  is  alirays  the  case  in  every  parallel  posi- 
tion of  KL,  it  JoUows,  that  the  cylinder  eb,  which  is  com- 
posed of  all  the  former  sectioas,  is  equal  to  the  hemisphere 
EFa  and  cone  us,  which  are  composed  of  all  the  latter  sec- 
tions. 

Bnt  the  cone  iab  is  a  third  part  of  the  cylinder  ts  (cor.  S, 
Ih.  115)i  consequently  the  hemisphere  epg  is  equal  to  the 
remiiiaing  iwo'tbirds  ;  or  the  whole  sphere  efoh  equal  to 
two-thirds  of  the  whole  cyhnder  ibcd.     «.  b,  t>. 

Corel,  t.  A  cone,  heuiispbere,  and  cylinder  of  the  same 
base  and  altitude,  are  to  each  other  as  the  numbers  1,  2,  3. 

Cor<d.  2.  AU  spheres  are  to  each  other  as  the  cubes  of 
their  diameters  ;  all  these  being  like  parts  of  their  circam- 
•chbing  cylinders. 

Carol.  3.  From  the  foregolttg  demonstration  it  also  ap- 
pears, that  the  spherical  zone  or  frustrum  kokp,  is  equal  to 
the  difference  between  the  cylinder  bdlo,  and  the  cone  iMft, 
all  of  the  same  common  height  ik.  And  that  the  spherica) 
segment  rts,  is  equal  to  the  difference  between  the  cylittder 
iBLo  and  the  conic  fruetrum  Aftxa,  all  of  the  same  comqidq 
altitude  FK. 
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To  Bisect «  Lioe  ab  ;  Ql^t  is,  to  dirid*  it  into  two  Fqn4 
Part*. 

Fron  the  twp  ceBtres  a  and  b,  with  c 

ptj  eqaal  radii,  deicribe  arci  of  circlea, 
^ntenectiag  cftch  otfaer  in  c  and  d  ;  and 
^w  the  line  op,  which  will  hisect  the 
given  line  as  in  the  point  b. 

For,  dnw  the  radii  ic,  bc,  ad,  bd. 
Then,  becaose  all  these  foar  radji  are 
ctjDsl,  and  the  side  cd  common,  the  two 
Cnaq^les  ACQ,  BCD,  are  matqallT  equilateral :  conseqoentljr 
thej  are  also  mataally  equiaDgoIar  (th.  6),  and  hove  me  an- 
gle ACB  equal  to  the  angle  bcb. 

Hence,  the  two  trianglei  ace,  bcr,  having  the  two  sides  ag, 
iw,  equal  to  (he  two  aides  bc,  ce,  and  their  contained  ap^es 
eqaal,  are  identical  (th.  1),  and  therefore  have  the  side  ag 
fif^al  to  BB.      4-  K.  o.  , 

FTUKLEU  U. 

To  Bisect  an  An^e  bac. 

FnoM  the  centre  a,  with  anj  radiqi,  de- 
Kribe  an  arc,  euttii^  off  the  equal  lines 
^D,  AE ;  and  trom  the  two  centres  d,  f:, 
with  the  same  radius,  describe  area  inter- 
fectinginv;  thon  draw  ap,  which  will  bi- 
sect the  aogie  a  as  reqetred. 

For,  Join  df,  ep,  Theo  the  two  trian- 
gles ADF,  ASF,  haying  lh«  two  sides  ad, 
^r,  equal  to  the  two  ae,  ep  (being  equal  radii),  and  the  Bi4e 
Av  common,  ther  are  motnally  equilateral ;  consequently  they 
are  also  oiptnally  equiangolar  (th.5),  and  bare  th?  angle  bav 
equal  to  the  angle  oaf. 

Sehotiiim.  In  the  same  manner  is  an  arc  of  a  circle  bi- 
jsected. 

For.  ;.  4P 
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At «  Oiran  Potnt  c,  in  k  Lim  as,  to  Erect  b  PerpeDfieolar. 

Fkom  the  given  point  c,  with  anj  rarliui. 
cut  of  IDV  equal  part*  en,  ce,  of  the  girea 
line  ;  and,  from  the  two  centres  d  and  k, 
wilh  anj  one  radiua,  describe  arc«  interaect- 
iof  in  T  ;  then  join  cr,  wbkh  will  be  per- 
pendiculars* reqoired. 

For,  draw  the  two  eqnnl  ndit  or,  %?.  Then  the  two  tri- 
angles CDF,  CEF,  having  the  two  sidet  cd,  df,  equal  to  tbe 
two  CE,  KT,  and  cr  conunon,  are  mutnaTljr  equilateral ;  conse- 
qnently  thej  are  also  mutual);  equiangular  (tb.  S),  and  have 
tiie  two  adjacent  ang^ei  at  c  equal  to  each  other  \  ttierelbre 
the  line  gf  ii  perpendicaiar  to  *■  (de£  ])). 

Otherwiie. 

When  the  Giren  Point  c  ia  near  the  End  of  the  line. 

FnoM  any  point  d,  aunmed  abov«  the 
Itne,  as  a  centre,  through  the  giTeo  peiat 
G  dncribe  a  circle,  catting  the  given  Kne 
at  K  ;  and  tbroo^  %  aod  the  centre  r, 
draw  the  diameter  est  ;  then  join  cp, 
which  will  be  the  perpendicular  required. 

For  the  angle  at  c,  being  an  angle  in  a 
aemicircle,  ii  a  right  angle,  and  therefore 
the  line  gf  is  a  perpendicular  (by  def.  16). 

KtOBLCM  ir. 

From  a  Giren  point  a  to  let  fall  a  Perpendicahr  on  «  giTe* 
Line  tc. 

From  the  giren  point  a  ai  a  centre,  with 
anj  conrentent  radiw,  describe  an  arc,  cut- 
ting the  given  line  at  the  two  poirtta  a  and 
E  ;  and  from  the  two  centres  o,  b.  wilh  any 
ndinn.  deicribe  two  area,  intersecting  si  r  ; 
then  draw  AG  F,  which  will  be  perpendicu- 
lar to  BC  as  required. 

For,  draw  the  equal  radii  ad,  «e,  and  or,  '' 

EV.    Then  the  two  triangles  adf,  aef,  having  the  two  aidei 
Ap,  BF,  eqnal  to  the  two  ak,  ev,  ami  af  comnwo,  are  muta- 

Rlly 
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ally  equilateral ;  cffnMqnently  du'5  ire  dIm  Biutoally  tquian- 

KUr(tb.  d),  and  have- the  angle  oao  equal  the  angle  k«g. 
)Doe  dMMi.  the  ttra  tiianglea  j>b»,  akq,  bavinit  Ibe  tira  «id«i 
ju».  AO,  equal  to  the  two  ax,  *o,  and  their  iocladed  angles 
•qua],  are  therefore  equiangular  (tb.  I),  and  have  the  nnglet 
tf  a  equal ;  coueqiietitly  'o  >■  perpeodiCKlar  te  »c  {i*S.  1 1 ). 

OfAerwiu. 
Whes  the  Given  Point  it  nearly  Opposite  tbo  en^of  the 

From  may  point  d,  in  the  given  line 
wc,  as  a  centre,  describe  Ibe  arc  of  a  A    . 

circle  throDgh  the  given  point  a,  cut- 
ting bc  in  B  ;  and  trom  the  centre  t, 
with  the  radius  ga,  describe  another 
«K,  cnttiag  Ibe  former  in  f  ;  tiien 
draw  AOF,  which  wiQ  be  perpendicu-  JT 

lar  to  BC  as  required. 

For,  draw  the  equal  radii  da,  fir,  and  ka,  ir.  Then  tht 
two  triaogles  dae,  vrt,  will  be  nnlually  eqathteral ;  coaM- 
qoently  tnej  are  also  mntnidly  equiangular  (tfa.  fi),  mi  hare 
the  angles  at  d  equal.  Hence,  the  two  trianglei  oao,  Drs, 
having  the  two  aidea  da,  bo,  equal  to  the  two  dv,  do,  end  the 
incLuded  angles  at  n  eqnal,  have  alao  the  angles  at  o  eqmJ 
(tb.  1)  ;  consequently  those  an^^es  at  0  are  right  ai^es,  and 
the  line  ao  is  peipenacalar  to  no. 


At  a  Given  Point  a,  in  aLine  as,  to  make  an  Ai^e  Equal  to 
a  Gives  Angle  c. 


PtiON  the  centres  a  and  c,  with  any  one 
radins.  describe  the  arcs  de,  fo.  Then, 
with  r«Aui  DR,  and  centre  r,  describe  ao 
are  cnttii^  fo  in  e.  Through  o  draw  the 
line  Ao,  and  it  will  fijim  the  angle  required. 

For,  conceive  Ibe  equal  lines  or  radii,  ^ ^^ 

BE,  po,  to  be  drawn.    Then  the  two  trian-        -A  £0 

gles  cde,  afo,  being  mutnally  equilateral,  are  mutually  eqni- 
■ngnlar  (tb.  £),  and  have  the  an^e  at  a  equal  to  the  an^  c. 

ntoBLEU 
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'rhnai^  B  Oiren  Paint  a,  to  draw  a,  Line  PinlM  to  k  iiiTiai 
Line  bc. 

FrAn  the  gireo  trnint  a  inn  a  lise  xfi 
to  ai^  point  id  the  pteu  line  sc.  Then 
0nw  the  line  eaf  making  the  anfie  nt  Jl 
eqioal  to  the  on^O  at  n  (by  prob.  &)  ;  ■• 
•hall  KF  be  panllel  to  bc  as  reqairea. 

For,  the  an^e  t>  being  equal  to  the  alteniatc  anf^  a,  vm 
linea  bc,  xr,  are  paraUel,  by  th.  13t 


^«  Divide  a  Line  ab  into  aay  propbiied  Nmnbef  of  Eqod 

Parti.     • 

b&AW  any  other  line  ic,  fonuing  otf  O 

angle  with  Uie  given  line  ab  ;  on  which 
Ht  off  as  maivf  of  any  equal  parte,  ad,  dk, 
KF,  FG,ai  the  line  ab  is  to  be  divided  into.  .r  |-    •  i  •  i  ' 

Join  BC  i  paraile)  to  which  draw  the  other  ^■*-  H.  6-  B 

linea  ro,  eb,  ni :  then  these  will  divide 
AB  in  ibe  maoDer  as  required. — For  those  parallel  Unee  «* 
Vide  both  the  aides  ab,  ac,  proportioualLy,  by  tb.  82. 


I  VUL 
To  find  >  Third  Froportional  to  Two  gjven  Linei  ab,  Aqi 

Place  the  two  given  lines  ab,  ic, 
FormiDg  any  angle  at  a  ;  and  in  ab  take 
also  AD  equal  to  ac.  Join  bc,  and 
draw  DE  parallel  to  it ;  so  will  ae  be 
the  third  proportional  sought. 

For,  because  of  the  parallels  BCi 
bE,  the  two  Tines  ab,  ac,  are  cut  pro- 
portiooally  (th.  82)  ;  so  that  ab  :  ac  :  :  ad  or  ac  :  ab  ;  tuere"- 
fore  AE  is  the  tiiird  proportional  to  ab,  ac. 

ntOBLEMIX.' 

To  find  a  Fourth  t^ropottioUal  to  three  Lines  ab,  Ac,  ab. 

FiiACE  two  of  the  gireD  line*  ab^  ac,  making  any  ai^  at 
i.  i  alto  place  ab  on  ab.    Join  bc  ;  and  parallel  to  it  draw  he  : 


^ 
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IM  that)  IS  b«  tbe  tnarih  proportional  •■ 
required. 

FbTi  b«c«Bse  «f  the  parallela  bo,  u, 
the  two  sides  ab,  a«,  Eu-e  cat  propor- 
tioaaUr  (th.  8«) ;  so  thai      -      -       -       J^ 


FROBLEU  X. 

Va  &id  a  Uean  ProportioDa]  betweeti  Two  Lioet  ab,  te. 
Plicc  ab,  Bct  joinMl  ia  on*  strai^      ^  -n 


line  AC  :  on  which  h  a  diameter,  de- 
Kribe  the  semicircle  <i>c  i  to  meet  which 
••rect  die  perpendicular  so  i  and  it  will 
be  tha  mean  proportioaal  tonght,  be- 
tween AB  and  »G  (fagr  cor.  th.  87). 


Ch 


PftOBLmU. 

To  find  the  Centre  of  a  Circle^ 
Dkaw  any  chord  ab  ;  and  bisect  it  per- 
pendicvUrl;  widi  the  line  co,  which  will 
be  a  diameter  (th.  4>,  cor.).  Therefore, 
CD  bisected  into  o,  will  give  the  centre,  as 
JreqnireJ. 

PROBLEM  XII. 

To  describe  tlw  Circanference  of  a  Circle  thnnq;h  Three 
Qiren  Points  a,  b,  c. 

From  the  middle  point  b  draw  chorda 
kA,  Be,  to  the  two  dtber  points,  and  bi- 
sect these  chords  perpendicalarl;  by 
lines  meeting  in  o,  which  will  bt  the 
centre.  Then  from  (he  centre  o,  a(  the 
diitance  of  aoT  ooe  of  the  points,  as  oa, 
describe  acircle.add  it  will  past  &roaj^ 
the  two  other  points  b,  c,  aa  required. 

For,  the  two  right-angled  trian^es  oad>  obd,  baring  the  sid«| 
AD,  DB,  eqaal  (by  constr.),  and  od  common  with  the  iocloded 
ri^t  angles  atn  eqnal.have  their  third  sides  oa,  ob,  also  equal 
(th.  I).  And  in  like  manner  it  is  shown,  that  oc  is  eqnal  (• 
OB  or  OA.  So  that  all  the  tbrw  oa,  ob,  ec,  being  eqaal,  will 
W  radii  of  the  inw  circle.  .  . 

PROBLEM 
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To  draw  k  Tangent  to  a  Circle,  throag^  a  Oitcb  Point  i. 

Wheh  tbe  ici*eii  pf^nt  i  it  in  the  cir* 
mmference  oithe  circle  :  Join  *  and  tbC 
centre  o  ;  perpendicolar  to  irbicbdraw 
SAC,  anditwiUbe  the  tangent,  b^th.  46. 

Bm  when  the  giren  point  i  it  oat  of 
the  circle  ,  draw  xo  to  the  centre  o  ;  on 
trhich  ai  a  diameter  describe  a  temi- 
circle,  cutting  the  given  circuniferencfl 
in  ■  ;  through  which  draw  sine,  which 
wiU  be  the  tangent  as  required. 

For,  join  no.  Then  the  ao^e  aso, 
in  a  semicircle,  is  a  right  angle,  and 
consequently  ad  is  perpendicular  to  tbe 
radins,  no,  or  is  a  tangent  to  the  circle 
(th.  46). 

Ob  a  Given  Line  a  to  (lescribe  a  Segment  of  a  Circle,  to  Con- 
tain a  Qiyen  Angle  c. 

At  the  ends  of  the  given  line  make 
•i^ea  DAB,   DBA^  each   equal  to  the  P 

given  angle  c.  Then  draw  ab,!be,  per- 
pendicniar  to  ad,  bd  ;  and  with  the  cui- 
tra  I,  and  radius  ca  or  gb,  describe  a 
circle ;  so  shall  Art  be  the  segment  re- 
quired, as  an  angle  r  made  in  it  will  be 
equal  to  tbe  given  angle  c. 

For,  the  two  lines  An,  so,  being  per-  ^ 

pendicular  to  tbe  radii  ea,  kb  (by  constr.),  are  Ungenta  to  the 
circle  (th.  46)  ;  and  the  angle  a  on,  which  is  equal  to  tbe 
given  angle  c  by  constrUctian,  is  equal  to  the  aaije  v  in  the 
(dtenate  segment  afb  (th.  63). 

PROBI£H  XV. 

To  Cut  off  a  Segment  from  a  Circle,  that  shall  Contas  »  GivM 
Ang^e  c. 
Draw  any  tangent  ab  to  the  given  ^ 

circle  ;  and  a  chord  ab  to  make  ^e  an- 
gle DAa  equal  to  the  given  angle  c  ;  then 
DBA  will  be  tbe  segtsent  required,  an  an- 
l^e  K  made  in  it  being  eqnal  to  the  given 

.    A      _ 
For 
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For  the  tatf^  a,  mad'e  bj  the  tangent  and  chord,  whkh  ii 
equal  t»  the  given  angle  c  by  consttactiaa,  a  aiw  equal  to  mj 
«^  a  in  tlw  elterQate  (egntent  (tb.  63). 


PtlOBSJOiX^i. 

To  nalce  an  Equilateral  Triangle  on  e  Gires  Line  u. 

FaoM  the  centre*  a  anil  b,  with  the 
distance  as,  describe  area,  intersecting 
in  c.  Draw  ac,  bg^  and  abc  will  be  the 
equilateral  triangle. 

For  the  equal  radii  ac,  «c,  are,  each 
ef  them,  equal  to  ab. 


PROBLEM  XVU. 
To  make  a  Triangle  with  Three  Gives  Line*  *■,  ac,  *c. 

Wits  tbe  centre  a,  and  distance  ac, 
describe  an  arc.  With  the  centre  b, 
and  distance  ic,  describe  another  arc, 
cutting  the  former  in  c.  Draw  ac,  bc, 
and  ABC  will  be  the  trian^e  required. 

For  the  radii,  or  sides  of  the  triangle, 
AC,  BC,  are  equal  to  the  given  lines  ac, 
BC,  bjr  coostruction, 

vBOBuatxvm. 
To  Duke  n  Square  on  «  Given  Line  ab. 

Raise  An,  bc,  each  perpendicular  aod     '         _ 
equal  In  ab  ;  and  join  dc  ;  so  shall  abcd  be 
the  square  so  ugh  L 

For  all  tbe  three  sides  ab,  ao,  bc,  are 
equal,  by  the  c«nstruction,  Hndsc  is  equal 
'  and  parallel  to  ab  (by  th.  24)  ;  sothet  all 
the  four  sides  are  equal,  and  the  opposite 
ones  are  parallel.     Again,  tbe  angle  a  or  b,  of  the  parallelo- 
gram, being  a  right  angle,  the  angles  ere  all  right  one*  (cor. 
1 ,  th.  2%).     Hence,  then,  the  Bgare,  having  all  its  stdea  equal, 
and  all  its  angles  right,  iia  square  (def,  94). 
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PROBLEM  XIT- 

To  malce  a  Rectan^,  or  a  ParaUelograni,  of  a  Gitab  Leagtl) 
an^  Breadth,  ab,  bc. 

Ekkct  u>i  bc,  perpsndicalar  to  am,  and 
Bach  equal  to  bc  ;  then  join  ce,  and  it  ii 
^ona. 

The  demonitration  U  the  same  ai  the  last 
problem. 

Aod  in  the  asme  manoer  ia  described  airp  obUqne  paraUel<)> 
gram,  only  drawing  id  and  bc  to  make  the  given  obliijaQ  a^* 
^e  with  xp,  instead  of  perpepdicqlar  to  it, 

PROBLEM  XX. 
To  laBcribe  a  Circle  in  a  Given  Tritof^e  tMe, 
BiBECT  any  two  angles  a  and  a,  with 
the  two  linea  ad,  bd.  From  the  iater- 
aection  n,  which  will  be  the  centre  of 
the  circle,  draw  the  perpendicutars  de, 
DF,  DO,  and  they  will  be  the  radii  of  the 
circle  required. 

Far,  aince  the  angle  dak  is  equal  to 
Out  aii^jle  DAD,  and  the  angles  at  b,  q, 
■i^  angles  (by  constr.).  the  two  trianglei  adk,  aim,  are  equi- 
angnlar ;  and,  having  also  the  side  ai>  common,  they  are  iden- 
tical, and  have  the  sides  db,  aa,  equal  (th.  S).  Ia  like  man- 
ner it  is  shown,  that  bf  ia  equal  to  de  or  no. 

Therefbre,  if  with  the  centre  o,  and  distance  de,  a  circl« 
be  described,  it  will  pass  through  alt  the  three  points  e,  f,  q, 
in  which  points  also  it  will  touch  the  three  sides  of  the  trian' 
l^e  (th.  4fi),  because  the  radii  DB,DF,ao,aTeperpeDdicnlirt() 
tbem. 

PROBLEM  XXt. 
To  Describe  a  Circle  about  a  Given  Triangle  abc. 
Bisect  any  two  sides  with  two  of  the  n 

perpendiculars  de,  dp,  on,  and  d  will  be 
the  centre. 

For,  join  da,  bb,  dc.  Then  the  two 
lif^t-angled  triangles  dab,  dbb,  have  the 
two  sides  DE,  EA,  equal  to  the  two  se,  eb, 
and  the  included  angles  at  ■  equal ;  those 
two   trianglea    are   therefore    identical 
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(tfo.  1 ),  and  hare  the  lide  da  equal  to  db.  In  like  d 
ia  shown,  that  nc  it  alio  equal  tu  da  or  r>B.  So  that  all  the 
three  da,  pa,  sc.  being  equal,  they  are  radii  of  a  circle  pan- 
ii^  tfaroDgh  A,  B,  and  c. 

PROBLEM  XXil. 

To  Inacribe  an  Equilateral  Triangle  in  a  Given  Circle. 

THROtrcii  tfae  centre  c  draw  my  diame- 
ter *b.  From  the  point  a  a*  a  centre,  with 
the  radhu  ac  of  the  given  circle,  describe 
an  arc  i>ce.  '  Join  id.  ab,  de,  and  ade  is 
the  equilateral  triangle  sought 

For,  join  db,  oc,  aa,  ac.  Tbenocais 
an  equilateral  triangle,  having  each  lide 
ttqnal  to  the  radius  of  the  given  circle. 
In  like  manner,  acE  u  an  equilateral  triangle.  Bat  the  angle 
aoE  is  equal  to  the  angle  abb  or  cbe,  standing  on  the  same 
arc  AS  ;  aU6  the  aagle  aed  is  equal  tolbe  angle  cbd,  on  the 
same  arc  ad  ;  hence  the  triangle  dae  has  two  of  its  angles, 
ADE,  AED,  equal  to  the  angles  of  an  equilateral  trian^e,  and 
therefore  the  third  angle  at  a  is  alio  eqnal  to  the  BBme  ;  SO 
thai  triai^e  is  eqoiangalar,  and  therefow  eqail^ial, 

PROBLEM  XXni. 

To  Inacribe  a  Square  in  a  Oiren  Circle. 

DaAw  two  diameters  ac,  bd,  cnwii^; 
at  right  angles  in  the  centre  c.  Then 
join  the  Jbur  eitremities  a,  b,  c,  d,  with 
right  lines,  and  tibese  will  form  tlie  in- 
scribed square  a BCD. 

For,  the  fonr  right-angled  triangles 
AEB,  BEc,  csD,  DEA.  are  identical,  because 
thej  have  the  sides  ba,  cb,  ec,  bb,  all 
equal,  being  radii  of  the  circle,  and  the  four  included  an^s 
at  E  all  eonal,  being  right  angles,  by  tbe  constnictioa.  There* 
fore  all  their  third  sides  as,  bc,  cd,  da,  are  equal  to  one  aO' 
other,  and  the  figure  abcd  is  equilateral  Also,  till  its  finr 
angles,  a,  b,  c,  o,  are  right  ones,,  being  an|^ei  inaiemiciide. 
.  Consequently  the  ^re  is  a  square. 

Toi-I,  47      , 
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ntOBLQAXXIV. 
To  Describe  a  Sqaare  about  a  Giren  Circle. 

Draw  two  dlameterB  ac,  vd,  crcwsiiig 
at  rigbt  angles  in  the  centre  e.     Then  3:^        -ti         \ 

dirougb  their  fonr  estreinitieB  draw  wa,  /'      ^N^j 

IH,  parallel  to  ac,  aod  fi,  ob,  parallel  to  .  K 

■S|  end  they  will  form  the  aquare  rasi. 

For,  the  oppwite  fidei  of  parallels- 
granM  being  e^nal,  fo  and  ih  are  each 
equal  to  the  diameter  ac,  and  pi  and  or        ■  --  — 

each  equal  to  the  diameter  bo  ;  so  that 
the  ^ora  is  eqoilateral.  Again,  became  the  oppoaite  an^ba 
of  parallelognuDa  are  equal,  all  the  fonr  angles  f,  a,  h,  i,  an 
right  ai^eg,  beii^  equal  to  the  opposite  an^es  at  a.  So  that 
Ute  ^ure  roRt,  baring  its  aides  equal,  and  its  an^es  riglit 
ones,  ia  a  aqnare,  and  its  sides  toocb  the  dicle  at  the  fMr 
pointa  A,  s,  o,  n,  being  perpendiGtilar  to  the  radii  &vana  to 
Ihoae  points. 

PIIOHJV  XXV. 

To  Inscribe  a  Circle  in  a  Givea  Scpure. 

Bisect  the  tmi  aides  pa,  fi,  in  the  points  a  and  a  (last  fig.). 
Then  thrangb  these  two  pointa  drew  ac  parallel  to  fo  or  ra, 
and  »  paralld  to  Ft  w  bb.  Then  the  point  of  interaectioii 
E  will  be  the  centre,  and  the  fonr  lines  ea,  cb,  bo,  ed,  radii  tA 
ttie  inscribed  circle. 

For,  becatne  the  Ihar  paratlelogrami  if,  eo,  eb,  ii,  have 
their  opposite  sides  and  angtea  eqnal,  therefore  aH  the  four 
tines  KA,  EB,  EC,  ED,  are  eqnd,  being  each  equal  to  half  aside 
of  the  sqaare.  So  that  a  circle  described  fivto  the  centre  ■, 
with  the  distance  ea,  will  pass  thro^  all  the  pmnls  a,  %.  C, », 
'  and  will  be  inscribed  in  the  square,  or  wiH  touch  its  four  side* 
ia  those  points,  because  the  angles  there  are  right  ones. 

pR<»i£M  xxn. 

To  Describe  a  Circle  about  a  Qiren  Square, 
(see  fig.  Prob.  xaii.) 

Draw  the  diagonals  ac,  bb,  and  their  intersection  ^  wiU  b^ 
the  centre.  ' 

For  the  diagonals  of  a  square  bisect  each  other  (th.  40), 
making  ea,  eb  ec.  ed,  all  eqaal,  and  conse(|uenUj  these 
are  raidii  of  a  circle  passing  through  the  four  pmnta  a,  b,  c,  d. 
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To  Cat  a  Qifta  Lioe  in  Eztreme  md  Hean  Ratio. 

'  Let  IB  be  die  gJTeD  Kne  to  be  divided 
in  Extreme  end  bbum  ntio,  that  it,  w  M 
that  the  whole  line  mij  be  to  the  greater 
part,  Bt  tbe  greater  part  ia  to  tiuflM  pait. 

Draw  BO  perpendicular  to  u,  and  equal 
to  half  AM.  Join  lo ;  eod  with  centre  c 
and  difltsnce  vt^  deactibe  the  drcle  so ; 
then  with  centre  a  and  diMance  ad,  de- 
Kribe  the  arc  DC ;  ao  iball  u  be  divided 
isK  in  extreme  and  mean  ratio,  or  u  that  ab':  ac  : :  ab  :  b. 

For,  -produce  ac  to  the  circumference  at  f.  Then,  abt 
being  a  aecaot,  and  ab  a  tangent,  became  a  ia  a  r^t  an^ : 
therefore  the  rectangle  AF  .  ad  is  eqaal  to  ab*  (cor.  I,  lb.  61); 
GonaeqoAtly  the  means  and  extreinea  of  tbeie  are  propor- 
tional (th.  77),  YiZ-  AS  :  aV  or  as+df  : :  ab  ;  u,  Bflt  ab  ia 
equal  to  as  by  conatroctioa,  and  tt^siacBiot  •  thtre^Fe, 
AB  :  AK  +  AB  :  ;  AB  :  AB  ;  aod  b;  AriuDD, 


FBOBUM  ZZVnL 

T»  lUtirHie  an  laoicelM  TrianiJe  in  a  Oirto  Circle,  ttiat  shall 
tare  each  of  the  Ai^^  at  the  BaM  Donbl*  the  An^e  fl 
the  Vertex. 

Duw  07  tfameter  a*  of  the  fprtn 
eirfck ;  and  divide  tlie  radioa  cb,  in  the 
point  D,  in  exbraine  and  mean  ratio,  bf 
the  Urt  praUmi.  Fnw  the  point  b 
apidy  the  chorda  hk,  bt,  oadt  eqealt* 
^e  greater  part  en.  Then  join  ab,  Ar, 
bt  ;  and  abt  will  be  the  triai^ile  reqwr- 
ed. 

For,  the  chords  be,  sr,  being  eqnal,  fteir  aM«  are  equal ; 
tiierefore  the  snppIemeoUi  arcs  and  chorda  ak,  af,  are  «bo 
equal ;  conaequently  Ibe  triangle  axf  is  isosceles,  and  has  the 
an^e  a  equal  to  the  an^e  r  ;  also  the  angles  at  a  are  right 
anSea. 

Draw  CF  and  or.  Then,  bc  ;  cb  : :  cd  :  bd,  or  ac  :  bf  ;  1 
BF  :  BD  by  constr.  And  ba  :  ar  :  ;  bf  :  Bo  (by  th.  87).  But 
bcb:^ba  ;  therefore  so  =  }BD=aD ;  therefore  tiie  Wo  tfi- 
an^es  obf,  odf,  are  identical  (th.  1),  and  each  equBBgnlar 
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GEOMETRY. 


to  ABF  and  AGF  (th.  87).  Therefore  their  donMea,  bfd,  awx  , 
are  iioiceles  and  etjuiimgulctr,  at  well  ua  the  tnaogle  bcf  ; 
haviog  the  two  sides  bc,  cf  equal,  and  the  aogte  ■  c'ommoo 
with  the  triungic  bfd.  But  cd  is  =  df  or  bf  ;  tbereibre  the 
angle  c  ^  the  angle  dfc  (th.  4)  ;  consequently  the  angle  bdf, 
which  is  eqnal  to  the  sum  of  these  two  equal  anxles  (th.  16), 
il  double  of  one  of  them  c  ;  or  the  equal  angle  b  or  cfb  donbu 
the  angle  c.  So  that  cbf  Is  aft  isosceles  triangle,  baring  eieh 
of  its  two  equal  angles  double  of  the  third  angle  c.  Conse- 
fiiently  the  trian^  aef  (which  it  hae  been  sbowa  ia  eqni- 
-  Bi^Iarto  the  triangle  cbf)  liai  also  each  of  it<  an^ee  at  the. 
base  doable  tbe  angle  a  at  the  vertex. 

PROBLEM  XXIX. 

To  loBcribe  a  Regular  Pentagon  in  a  Given  Circle. 

Ihscribe  the  iaosceleg  triangle  abc 
iiaviog  each  of  the  angles  abc,  acb, 
doable  the  angle  bac  (prob.  2h).  Then 
biaec'  the  two  arcs  adb,  afc,  in  the 
points  D,  E  ;  and  draw  the  chords  ad, 
DB,  AK,  BC,  so  shall  ADBCE  be  the  in- 
scribed equilateral  pentagon  required. 

For,  because  eqaa)  angles  stand  on 
equal  arcs,  and  double  angles  on  double  arcs,  also  the  Bn|^ 
ABC,  ACB,  being  each  double  the  ao^e  bac,  therefore  the  area 
AOB,  Axc,  snbtenrfing  the  two  former  angles,  each  one  dooMe 
the  area  bc  subtending  the  tatter.  And  since  the  two  farmer 
arcs  are  bisected  ui  a  and  e,  it  follows  that  all  the  fire  arcs 
AD,  0B,  BC,  CI,  BA,  are  equal  to  each  other,  and  ctmseqneBtljr 
the  chords  also  which  subtend  them,  or  the  fire  side*  of  the 
pentagon,  are  all  equal. 

Jfote.  In  tbe  coaatruction.  the  points  p  and  k  are  Moat  fajjW 
found,  by  applying  ma  and  cb  each  equal  to  kc. 

FBCffiLEH  XXS. 

To  lucribe  a  Regular  Hei^on  ia  a  Circle. 

Am.T  tbe  radius  ao  of  tbe  given  circle 
M  a  chord,  ab,  bc,  cd,  &c,  quite  round  tbe 
circumference,  and  it  nil!  complete  the 
regular  heiagon  abcdef. 
'  t'or.  draw  the  milii  ao,  bo,  co.  do,  bo, 
Fo,  completing  six  equal  triangles  ;  of 
which  any  one,  ai  abo,  being  equilateral 
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by  coMtr.)  its  three  angles  are  all  equal  (cor.  t,  lb.  S),  md 
any  one  of  tbem,  «■  iob,  u  one  Ibird  of  the  whole,  or  of  two 
ri^t  aiigles  (th.  17),*r  one-sixth  af  four  ri^  ani^les.  But 
the  whole  circumTerence  is  the  measure  of  four  right  angles 
{cor.  4,  th.  6).  Thereibre  the  arc  ab  is  one-siatb  of  (he 
circninferance  of  the  circle,  and  conseqaenOy  its  chord  ab 
ooe  aide  of  an  equilateral  heiagon  ioscrihed  in  the  circle. 
And  the  same  of  the  other  chords. 

Cvrol.  The  side  of  a  regular  hexagon  is  equal  to  the  radius 
of  the  circiuiHcrihing  circle,  or  to  the  chord  of  one-sixth 
part  of  the  cireumicreiwe. 

PROBLEM  XXXI.  * 

To  describe  a  Hegnlar  Pentagon  or  Hexagon  about  a  Circltf . 

In  the  giren  circle  inscribe  a  regular 
polygon  of  the  same  name  or  number 
of  sides,  as  jtscDE,  by  one  of  the  fore- 

C'ng  problems.  Then  to  all  its  angu- 
pointa  draw  tangenb  (by  prob.  13) 
and  these  will  form  the  circumscribing 
polygon  required. 

Far^^  all  the  chorda,  or  aides  of  the 
inscribing  figure,  ab,  bc,  &c.  being  equal,  and  all  the  radii 
OA,  OB.  &c.  being  equal,  all  the  vertical  anglea  about  the  point 
•  are  equal.  Bat  the  an^es  ocv.  oir.oAo,  oaa,  madeby 
the  tangents  and  radii,  are  right  angles  ;  therefore  oBr,-4-oiF 
=B  two  li^t  angles,  and  o^o  +  obo  sa  two  right  angles  ;  con- 
•aqneotly.also,  aoK  + APKEitwori^tan^es.aiid  aob  4-acb 
=B  two  right  ascites  (cor.  2,  th.  IS).  Hence,  then,  the  angles 
AOB  4*  API  belD^  =>  AOB  +  Aoa,  of  which  aob  is  =  aoe  ;  con- 
sequently the  renMuing  anglea  r  and  a  are  also  equal.  In 
r  it  ia  shown,  that  all  the  angles  r,  c,  h,  i,  ■, 


ireequal. 
Agniff,  th 


I,  the  tangents  from  the  same  point  fc,  fa,  are  eqaal, 
as  ijao  the  tangenta  ao,  oa  (cor.  S,  th.  61)  ;  and  the  anj^ei  r 
and  o  of  the  iaoscelea  triangles  afb,  aob,  are  equal,  as  well 
as  their  ospoiitB  sides  ak,  ab  ;  consequently  those  two  trian- 
glea  are  identical  (th.  1),  and  have  their  other  sides  ef,  pa,  ao, 
ea,  all  equal,  and  ro  equal  to  the  double  of  any  one  of  them. 
In  like  manner  it  is  shown,  that  all  the  other  sides  oh,  bi,  ik, 
St,  are  equal  to  ro,  or  double  of  the  tai^nta  ob,  bh.  Ice. 

Hence,  then,  the  oircnasscribed  figure  is  both  equilateral 
and  equiaogular,  which  was  to  be  ahown . 

Citrol. 
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Cont.  The  ifiKribedutble  touches  the  iiiUdlteAf  tin  ndei 
of  tbe  polygon. 

PRCWLEUKKXa    . 
To  inscribe  a  circla  in  a  Rcsulnr  P«l^on. 

Bisect  any  tvo  iidea  of  the  polfgen 
by  tbe  perpendiculan  oo,  fo.  tnd  tbeir 
iotenection  o  will  be  the  centre  of  tbe 
iDScribed  circle,  and  00  or  or  will  be  tbe 
radial. 

For  tbe  perpeodiculan  to  &»  taagesti 
AF Ac,  pan  tluoagbtbe  centre  (cor.  tb. 
47) ;  and  tbe  iucnbeA  cbole  MneHefl  '^ 

the  middle  points  r,  o,  by  tbe  last  corslkry.  Mso,  tbe  two 
sides  AS,  AO  of  the  right-angled  triangle  loo,  being  djoal  (« 
the  two  side!  xr,  «o.  of  tbe  right-aogled  trian^  Aor.  the 
ibird  sidesitF,  oc,  will  also  be  equal  («or.  3.  th  34).  There- 
Jbre  the  circle  described  with- tbe  centre  o  and  ra^tnoa,  wiD 
pass  through  r,  and  will  touch  the  sides  in  lite  point!  o  and  f. 
Aitd  tbe  same  Ibr  all  the  other  «det  of  tbe  figure. 

raoBUM  xxxm. 

To  Describe  a  Circle  abtmt  a'  Regolar  Polygon. 

BisxcT  any  two  of  tbe  aoslai,  c  and  »,  a 

with  the  lines  co,  do;  tiiea  their .intak- 
section  a  will  be  the  centre  of  tbe  eir- 
comecribing  cirde  ;  and  oc,  or  on,  wiD 
be  the  radius. 

For,  draw  oa,  oa,  m.  ^,  to  tbe 
ai^lar  points  of  the  girea  polygoo- 
Then  the  triangle  ocn  is  boscelat,  haTiog  tbe  "^'^  "^  <^'  ""^ 
D  equal.  beti%  the  InlTes  of  the  eqoal  an^es  of  the  polyfoii 
BOD,  COB  *,  therefore  their  opposite  sides  co,  i»;  an  eqea) 
(th.  4).  But  the  two  triangles  ocD,  oca,  faavioglhe  twosidea 
oc,  CD,  equal  to  tbe  two  oo,  ca,  aad  tha  Mdmd  angles  oci>, 
ocB  also  eqaaK  will  be  ideaturi  (th.  1),  aod  hare  tlm^  third 
sides  BO,  on,  eqoal.  Id  KHb  Hamer  it  is  ahewB,  Ibat  rfl  the 
lioei  OA,  OB,  oo.  OD  oa,  aria  eqoal.  CoMeqD«DQy  a  circl« 
described  with  tbe  centre  o  and  nIOMM  oa.  witt  pass  Ibrongb 
all  tbe  other  agular  poiatBi  ■,  o,  »,tu,maid;ifSl  circontseribe 
'tbe  polygoo. 
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I«PP[«tf  XXXIV. 

To  wake  a  ^qav*  £^nd  to  tiM  Sam  of  too  ««««  Given 

Sqnmrea. 

Let  IB  aoA  ic  be  the  aided  of  two  .^^ 

fpTen  tqiiarei.     Draw  two  iiM»&ut|i  ^  „     ll^ 

lJDeI  ap,  Att,  at  right  ang^M  to  eMb 
other ;  in  wbish  place  the  sides  ao, 

AC,  of  the  given  sqaarM  j  jojo  oe  ;  A ^D 

then  a  square  described  op  pc  H)I|  b0  y 

«qad  to  the  iom  of  the  two  aqsarea  -s — u^ 

de«cribed!0D/saB4  Ac(tb.»). 

In  the  laflM  mmattf,  n  ft^uaw  nns  be  bh^  equal  to  tbo 
sum  of  the  three  or  mere  fpren  aqnare*.  For,  if  la,  ac,  *&, 
be,  taken  as  the  lideii  of  ^  ipTen  aqoares,  then,  making  ab 
=:bc,  id=ad,  and  drawing  db,  it  is  evident  that  the  iqoare  on 
db  will  be  equal  to  tlw  sum  of  tb^  tbree  tqntrea  on  aj,  ag, 

AD.  And  so  on  &r  mora  iqaaret. 

FBOBIfHUXV. 

Ta  in^be  a  Square  equal  to  tbo  DiStrosce  of  too  Oiten 
Sqoarea. 

Let  ab  sod  ac,  taken  in  tbe  nme 

■traig^t  bne,  be  equal  to  the  aides  of  y' ^ 

the  two  gireo  squares. — From  the  cen-  /       /T\ 

tre  A,  with  tbe  distance  ab,  descrihe  a  f        /  \   \ 

tircle  ;  and  make  co  perpepdicular  to  A  C  B 

AB,  meeting  tbe  circurorerooce  in  d  :  so 
■hall  asqoare  deocribed  on  cp  be  eqoal  to  ad*— ac*,  or  ab* 
-»AC*t  as  roqaired  (cer.  th-  34). 

PROTLEM  XXXVI. 

To  make  a  TrioD^  Equal  to  a  Qivea  Qaadnngle  abcp. 

Draw  the  di^onal  ac,  and  parallel 
to  it  db>  meeting  ba  produced  at  x,  and 
join  CE ;  then  will  the  trian^  ceb  be 
equal  to  the  given  quadrilateral  abcd. 

For,  the  two  triat^es  ACE,  ACS,  be-  E       A  B 

iog  on  the  same  base  ac,  and  between 

the  same  parallels  ac.  de,  »re  equal  (th.  26)  ;  thwefote,  if 

ABf  be  added  to  each,  it  will  make  bc  equal  to  abcd  (ax.  8). 

PftOBTXH 
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FROBLEH  XXXVn. 
To  make  a  Trungle  Eqaal  U>  a  Gireii  Ptntagoii  ucdk  . 

Dhaw  da  and  ss,  and  al»g  ir,  go,  ^-, 

parallel  to  tham.  meatiDg  ab  produc- 
ed at  F  and  a  ;  thep  draw  or  and  do  ; 
■o  ifaall  the  triao^e  oro  be  equal  to 
th«  given  pentagon  tacDjt. 

For  the  triangle  u'abdea,  and  the 
triangle  D«B=:r)cB  (tb.  36) ;  therefore, 
by  adding  dab  to  the  equata,  the  auma 

are  equnt  (its.  S),  that  m,  DAB+DAP+DBo^Dik+DAs+oBC, 
or  the  triao^e  j>wa=  to  the  pentagon  ucM. 

To  make  a  Rectangle  E^nal  to  a  Given  Triaiq;Ie  abc. 

Bisect  the  base  ab  in  ■  ;  then  raise  ox 
and  BF,  perpendicolar  to  ab,  wd  neeting 
OF  paraltel  to  ab,  at  k  and  r  :  to  shall  df 
be  the  rectaogle  equal  to  the  given  trian- 
gle ABC  (b;  cor.  S,  th.  26),  . 


To  make  a  Square  E<]ual  to  a  Given  Rectan^e  abcd. 

PnoDtrcE  one  side  ab,  till  bb  be 
equal  to  the  other  side  bc.  On  ae 
as  a  diameter  describe  a  circle, 
meeting  bc  produced  at  r :  then 
will  BF  be  the  side  of  the  aqaare 
BFOR,  eqQal  to  the  given  rectangle 
BD,  as  required ;  as  appeaTfl  bv  cor. 
th.  87,  and  tb.  77. 


APPLICATION 
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[M9f 
API1.1CATI0N  OP  ILOEBKA 

GEOMETRY. 

TT  hen  it  U  proposed  to  reaolre  a  geometrical  problem 
algebraicallj,  or  by  aJgebra,  it  ii  proper,  in  the  first  place,  to 
dcuv  a  fisnre  that  iball  repreaeot  the  several  paita  or  con- 
dition! of  the  problem,  and  to  suppoBe  that  ^are  to  be  the 
true  one.  Then,  having  coneidered  atteatiTelj  the  nature  of 
the  problem,  the  figure  ia  nest  to  be  prepared  for  a  solulion, 
if  seceMaijr.  by  producing  or  drawing  such,  lines  in  it  aa  ap- 
pear most  conducive  to  that  end.  Tbis  done,  the  uaual  sysb- 
bois  or  letters,  for  kuowa  and  unknown  quantities,  are  em- 

Eloyed  to  denote  the  several  parts  of  the  figure,  both  the 
Dowo  aod  anknown  parts,  or  m  aany  of  them  as  necessarj, 
as  also  snch  unknown  line  or  lines  as  may  be  easiest  fouod, 
whether  required  or  not  Then  proceed  to  tkt  epentioD, 
ky  ebserriDg  the  rehtiew  tiiat  the  several  parts  of  the  figure 
have  to  each  other ;  from  which,  and  the  proper  tbeoremsin 
.the  forgoing  elements  of  geometry,  make  out  as  pany  equa* 
tfeos  independent  of  each  other,  as  there  are  unknown  quan- 
titiet  employed  in  them :  the  reeohitioa  of  which  eqoationi, 
in  the  same  manner  ai  in  ihtlmeticel  probleme,  will  deter- 
mine the  Qttknewo  qwetitiee,  and  rexdve  the  pfobl«»  pro- 
poaed. 

As  no  general  rule  can  be  given  for  drawing  the  liBef>,aBd 
■electing  the  fittest  qnentities  to  substitute  for,  s*  ■•  alWwfi 
to  brii^  oat  tfafl  most  limple  conoluaion,  becauee  di&rent 
problems  reqatpe  different  modes  of  tolntioB ;  tbe  beat  w^ 
to  gain  eiperience,  is  to  try  the  selutian  of  the  same  probleo 
in  different  ways,  and  then  spplf  that  which  sacceeda  best, 
to  ether  cases  <^  tbe  aeme  kind,  wbeo  they  afterwards  ecevl. 
The  following  particalar  directioM,  boirem,  m^  be  of  aoafl 
me. 

Itf,  In  preparing  tbe  figore,  by  drawisg  HnM,  let  them  h% 
either  parallel  or  perpendicular  to  other  Unes  in  the  figure, 
ar  to  Be<  to  fbnn  tiwilisf  triimgles.  And  if  an  angle  ha  given, 
it  will  be  proper  to  let  tbe  perpendtcular  be  opi>osite  (o  thtf 
wgle,  and  to  &1I  from  one  end  of  a  given  bne,  if  possible. 
Vol.  1.  48  id. 
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Sd,  Id ulectiDg the qnBDlitieii proper tOBubititate for, those 
are  to  be  cboten,  whether  required  or  not.  which  lie  nearest 
die  kaona  or  gireo  partBof  the  figure,  and  bjmeBiu  of  which 
the  next  sdjaceot  parts  may  be  eiprened  by  addition  and  aoh- 
tnctton  aDly,withoat  asingsards. 

3d,  Whttntwo  linefl  or  quantities  are  alike  rdated  to  other 
partfl  of  the  figare  or  problem,  the  best  way  is,  not  to  make 
use  of  either  of  them  separatelj.  but  to  substitute  for  their 
■tun.  or  difference,  or  rectHogle,  or  the  lum  of  their  alteniate 
quotients,  or  for  some  line  or  lines,  in  the  figure,  to  which 
thej  have  both  the  same  relation. 

4th,  When  the  area,  ortbe  perimeter,  of  a  figure,  is  given, 
or  such  parts  of  it  at  liave  only  a  remote  relation  to  the  part* 
required  :  it  is  sometimes  of  use  to  assume  another  ^ure 
■imiliir  to  the  proposed  one,  haTing  one  side  eqnal  to  unity,  or 
Bome  other  known  quantity.  For,  hence  the  other  parts  of 
the  figure  may  be  found,  by  the  known  proportions  of  the  like 
sides  or  parts,  and  so  an  equation  be  obtained,  t  or  examples, 
take  Uie  following  problems.  ' 


In  a  Rig^OKgled  Tritmglt.  facing  gxve»  tkt  Bate  (3),  and  tki 
Sum  of  Hit  IfypoAtnve  and  Ptrptttdieniar  (9)  ,-  tojiiul  botk 
&U4twoSidti. 

LxT  ABC  represent  the  proposed  triai^e, 
rigfat-an^d  at  b.  Put  the  hue  ai  =  3  =b, 
a^  the  sum  ac  +  bg  of  the  hypMhenuse 
and  perpendicular  3=  9  =  «  j  also,  let  x  de- 
note the  hypotbeouie  ac,  and  jr  (he  perpendi- 
cular ac. 
Then  b;  the  question       -     -     -     «  +  jr  e=f, 

and  I7  theorem  34,      •     -     -     t»=sf*+h*. 


BytrtM((os.yiDthe  Isteqn. gives  X  : 
This  value  of  « 


T^in 


■  vahie  of  x  snbati.  in  the  Sd, 

ingawayjps  on  both  sides  leaves  H — Sty^i'. 
By  Uuspoi.  9Jy  and  h*,  gives  i*— (■  =2*y, 

A»ddividingbyei.  gives    -     -      -~ — ^=5.^4—10. 

Hence  3c=»— s    fi^ic. 

N.  B.    In  this  solntioD,  and  the  ftdlowing  miea,  the  Rota- 
tion ii  made  by  asing  m  many  unknowD  leKui,  s  and  y,  »> 


■d«t  w 
tlwre 
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there  are  mknowa  aides  of  the  triangle,  a  geparate  letter  for 
each  ;  in  preference  to  cuing  only  one  unloiown  letter  for  one 
■ide,  and  expressing  the  other  nnknown  side  in  tenni  of  that 
tetter  and  the  given  laia  or  difference  of  the  side*  ;  though 
thii  latter  waj  would  render  the  aotutioo  ihorter  and  sooner  ; 
becnBBe  the  former  wny  girei  occasion  for  more  and  better 
practice  in  reducing  et^aations,  which  i»  the  very  end  and!  rea- 
aoo  for  which  these  problems  are  given  at  all. 


a  Rigkt-tmgled  TriangU,  having  gnen  Ae  HypotktKtut  (5)  ; 
'  "  of  Hu  Ban  and  PerpendictUm-  (7)  ;  tojwd 


Let  ABC  represent  the  proposed  triangle,  ri^t-angled  at  a. 
Pot  the  giren  hjpothentige  AC^S^^a,  and  the  sum  as+ic  of 
the  base  and  perpeadicular  -=7^> ;  also  let  x  denote  the  base 
AB.  and  y  the  perpendicular  ac. 
Then  by  the  qaestion     -     -     -    x'-f-y^ 

and  by  theorem  34      .     .     .    x»  -j-y»  »a» 
By  transpos.  y  in  the  1st  gives     :r=i~'y 
Bymbstitn.  thisvala.  for  y.givea  i*  -2»y+2y»=o* 
^  traniposiagi*,  givei       -     -     2y>— 2)y=ai— «■ 
By  dividing  by  f,  gjve*  -    .    -    j»  —  jy=a^  -j^* 
By  Gompletiag  the  square,  gives    y*  —  «y+J»^Ja*--i»» 
By  extracting  the  root, gives     -     %—\*^^/^'  ~\*' 
By  trauposii^  ^i,  pvea      -    -    s=i**v'i'**~i»*  = 

4  and  3,  the  Talnes  of  %  and  j^ 


bt  a  ReeltagU,  havii^  givtn  tht  Diagonal  (10),  and  At  Peri- 
meter,  or  Sum  of  i^  the  Aur  Sidet  («S)  ;  to  find  sack  of  iht 
Side»  ineraUy. 

LsT  ABCD  be'tfae  proposed  rectao^e ;  ^ 

and  pnt  the  diagonal  a«  =  10  =  <!,  and 
half  the  perimeter  ab  +  ac  or  ad  +  bc 
=  14i=a;  abo  pnt  one  side  ab  =  x, 
qod  the  other  side  ec  =  y.    Hence,  by 


m 


ri(^  I- angled 
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nght-augleU  tiiuglu, s*+ll**=^ 

And  bji  the  questioD,      .....     z-^ys=« 
Then  by  traDBpoMng  » in  the  Sd,  gir«i    x=tt~-  y 
This  Talus  saUtitutM  in  the  1st.  givei   a*  —  iay+a^==4^ 
Tnntpoung  a' •  give*     -     -     8y*~Sa$3=J'— a* 
Anddiridingby  SigiFoi       ~     y*  — ii|i=|4*— 1«* 
Bj  completing  the  >qiure,  it  ia  y*  —ay+\a*=^d'~iaf 
And  extracting  the  root,  g^vei  y— ^By'^ti*— Jo* 
■nd  tnuwpoaing  ^a,  gi»e>  s=io±y'^»  -  Jo»=S 

or  6,  the  ralues  of  x  and  y. 


Having  rtivn  fh«  fioie  omJ  Ferpmdicvlar  of  any  TVifu^Ic  ,' 
fi»d  (Ac  5><f(  u/  a  Squart  bucribed  in  the  Same. 

Let  ABC  repreaent  the  giren  triangle, 
and  sr^a  its  inscribed  square.  Put  the 
Ijase  4B  =  6,  the  perpendicular  en  —  •, 
and  the  side  of  the  square  op  or  ^h  ^ 
Di  ^  X  i  then  will  ci  =  cd  —  di  =  « 
— «. 

Then,  becawe  the  like  lines  in  the 
aiinilar  triangles  utc,  awe,  are  propt^- 
tiooal  [by  theor.  84,  G«oQt.),.  u  :  cp  ::  oi  :  cl.  that  M, 
b  :  a  : :  X  :  «  —  X.  Hence,  by  mttttipl7ii«  extreows  aid 
means, oi  —  b:tf=ax,  and  transposing  Ax,  gives  iii=iax+6x; 
then  dividii^  by  «+(,  gives  x  =  -^-^  ^  or  or  an  the  side  of 

the  inscribed  square :  which  therefore  is  of  the  same  magoi- 
tode,  whatever  the  species  or  the  angles  of  the  triangles  may 
be. 

PROBLEM  V. 

6t  Oft  Eguilatermt  Trianglt,  having  gfptn  At  lengAt  of  tiu  ihmt 
Ptrpenditulart  dravm  from  a  etrtain  Point  within,  «■  A* 
tkr*e  Sidtt ;  to  dtUrmint  Iht  Sk/m. 

Lrr  ABC  represent  the  equilateral  tri- 
angle, aod  DR,  Dv,  DO,  the  given  per- 
peadiculars  from  the  point  n.  Draw  the 
lines  OA,  [».  nc,  to  the  three  an^lar 
points  :  and  let  fall  the  perpendicular  cb 
«n  the  base  Ai.  Put  the  three  giren  per- 
pandicnlars  db  =  a.  df  =  b,  do  =  c, 
■nd  put  X  =  AH  or  aa,  half  the  side  of 


D,q,-z.-dbvGoogle 


TO  GBOMETRT.  973 

the  eqaihtenl  tnangle.    Tbeo  ii  ac  or  sc  =  tx,  ind  bj 
right  angled  trianglu  the  perpenAcolar  CH  =  y'lc* — ah' 

Now,  tince  the  area  or  apace  of  a  rectangle,  if  eipreised 
b;  the  product  of  the  base  aod  height  (cor.  S,  tli,  81  Geom.), 
aod  that  a  trian^e  ia  equal  to  half  a  rectaogle  of  equal  baie 
and  height  (cor,  I,  th.  26),  it  follows  that, 
tbe  whole  triangle  abc  \»  =  |ib  XcH  =  xXxy'3  =  x>y/3, 
the  trian^e  abd  =  }abX  ae  =  xX  e  =cx, 
the  triangle  bcd  =  |bc  X  dk  =  x  X  a  =  oz, 
tfc«triangle  ACn^lACXDf  ^xXb=^bx. 

Bat  tbe  three  Uiit  trianglea  make  ep,  or  ore  equri  to,  the 
«4ole  femer,  or  great  triable  ; 

thatii.x'v^S  =ax  + 6x  +  ci;  beoce,  diriding  bjx.giTea 
X  ^S'^a    +  b    +e,  and   diriding  by  ^  3,  gires 

X  = ^ — ,  half  the  lide  of  the  triangle  sought. 

Also,  ainoe  the  whole  perpendiculflr  cr  is  '^x^S,  it  is 
tkerefore  mc-f-^-t'e-  That  is,  tbe  whole  perpendicular  cm, 
ia  just  equal  to  the  lum  of  all  tbe  thMC  smaller  perpendicu- 
lars DE'hDF+ do  taken  together,  wherever  tbe  point  n  iasi- 
biated. 

FBOBLEH  VL 

Ik  a  R^fat-ai^ed  Triangle,  baring  giren  the  Base  (3),  and 
the  Difference  between  the  Hyiiothenose  and  Perpendicular 
(I) ;  to  find  both  these  two  Sides. 


PROBLEM  VII, 


Ir  a  Right-auled  Triangle,  having  given  tbe  Hjpotbennse 
V  and  the  Difference  between  the  Base  and  Perpendicular 
'lj  ;  to  determine  both  Ihefe  two  Sides. 


ffi 


PROBLEM  Vltl. 


Haviho  given  the  Area,  or  Measure  of  the  Space,  of  a 
Rectangle,  inscribed  in  a  given  Triangle  ;  to  delemline  tbe 
Sides  of  the  ttertnn'glp. 
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PROBLEM  IX. 


Ib  a  Triangle,  having  gircD  the  Ratio  of  the  two  Sidea,  to- 
gelber  with  both  the  Segment*  of  the  Bsm.  nude  by  a  Per- 
peodicolar  fromthe  Vertical  Angle ;  to  determine  the  Sides  of 
the  Trian^. 


'[5  a  Triangle,  having  gircn  the  Baee,  the  Sam  of  tb«  other 
two  Sidei,  and  the  Length  of  •  Line  drawn  from  the  Vertictd 
Angle  to  the  Middle  of  the  Bue  ;  to  find  the  Sidei  of  the 
Tiiao^e. 

FBOBLEUXt 

111  a  Triai^e,  baring  given  the  two  Sides  at>oat  Oie  Vertical 
Angle,  with  the  Line  bi*ectiiig  that  Anglei  aod  teminatiiig  io 
the  Base ;  to  find  the  Baae. 

PiUffiLEHUI. 

To  determine  a  Rig^t-anf^ed  Triangle;  baring  pven  the 
Lengthi  of  two  Line*  drawn  irmi  the  acnte  ai^l«,  to  the 
Middle  of  the  oppoaite  Sidea. 

PROBIXHXm. 

To  detennine  a  Kightangted  Trian^e;  hafing  pven  the 
Perimeter,  and  the  Radiui  of  its  InKribed  Cirele. 


PROBLEM  XIV. 

To  determine  a  Triangle  ;  having  given  the  Baee,  the  P«t- 
peadicalar,  and  the  Ratio  of  the  two  Sides. 

PROBLEM  XV. 

To  determine  a  Riglit  anried  Triai^e ;  baring  given  the 
Hypotbeniue,  and  the  Side  of  the  Inscribed  Square. 
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To  determine  tbe  lUdU  of  three  Equal  Circlei,  deKribed 
iati  giveD  Circle,  to  tooch  each  other  and  alio  the  Circnmfer- 
ence  of  tbe  girea  Circle. 


la  a  Right-Biigjed  Trian^,  baring  given  the  Perimeter  or 
Sam  of  bU  tbe  Sidei,  and  the  Perprodicular  let  &1I  from  the 
Right  Angle  on  the  Hypothenuae  i  to  determine  the  Triangle, 
that  ii,  iti  Sidet. 


FSOBLEM  XVm. 


To  determine  a  Right-ang^d  Trisngle  ;  baring  given  tbe 
Hjpothennte,  and  the  Difference  of  two  lines  drawn  from  die 
trro  acute  angiles  to  the  Centre  of  the  Inscribed  Circle. 


PftOBLiM  XIX. 


To  detertnine  a  Triangle  ;  harii^  given  tbe  Baie,  the  Per- 
pendicolar,  and  the  Diffiennce  of  the  two  other  Sidea. 


To  determine  a  Triangle  ;  having  given  tbe  Baee,  tbe  Per- 
pendicalar,  and  the  Rectan^e  or  Product  of  the  two  Sidea. 

PROBLEM  XXL 

To  delenune  a  Trianf^ ;  baring  given  tbe  Lengths  of  three 
Lkiea  dnnra  frtnn  the  wee  An^ee,  to  tbe  Middle  of  tbe  oppo- 
■ite  Sidea. 

ntOBiZKXxn. 

Im  a  Triangle,  baring  given  all  the  three  Sidea ;  to  find  Uit- 
Radius  of  the  Inicribad  Qirde. 


To  determine  a  Right-ang^  Triai^de ;  baring  given  the 
Side  ti  the  Inscribed  Square,  and  the  Radiai  of  the  Inscribed 
Circle. 
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PROBLEM  XXIV.  A 

Tft  detemiae  s  Tmngle,  ud-  Ibe  Kmibu  af  the  iDwaifceii 
Circle  ;  having  given  the  Lengtha  of  three  t>iBe«  dram  ftoM 
tbe  three  Anglei,  to  tiw  Centre  of  that  Circle.     ' 

mOBLtM  zxr. 

To  Atttmiag  «  Rrgfat  aig^  Trinmle ;  Karfa^i^rei  tte 
Hjpotuenuse,  wad  the  Radius  of  the  tiHcribed  Citcie. 


PROBLEM  XXVL 

To  deterbioe  a  Triangle  ;  bariDg^ven  tbe  Bue,  tbe  Une 
bUecting  tbe  Vertical  Angle,  and  the  Diameter,  of  the  Cir- 
cumacrihing  Circle .  ' 
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DEFINITIONS. 

1.  Plane  TRIQONOHETRT  tnmU  or  tbe  relationt 
tpd  calculationf  of  the  sides  and  ajigles  of  plane  triangles. 

2.  The  circiunrereDce  of  every  circle  ^ai  before  obserTed 
in  Qe<HD.  Def.  67)  is  supposed  to  be  dinded  into  360  equal 
parti,  called  Degrees ;  ako  each  de|ree  into  60  Hinalet,  each 
Bainnte  into  60  Seconds,  and  so  on.  Hence  a  semicircle  con- 
taiu  1 60  degreep,  and  a  qoadrant  90  degreei. 

3.  The  B^eatnre  of  an  an^e  (Def.  5S,  Geom.)  ii  an  arc  of 
Uj  circle  contained  between  the  two  lines  >hich  form  that' 
Bi^e,  tbe  angular  point  being  the  centre  ;  and  it  is  estimated 
1^  the  namber  of  Jetjees  contaiucd  in  (hat  arc. 

Hence,  a  right  angle,  being  measured  by  a  qaadraut,  or 
quarter  of  tbe  circle,  is  an  angle  of  90  degrees  ;  and  the  sum 
of  the  three  angles  of  every  trian^e,  or  two  right  anj^,  ij 
equal  to  180  degrees.  Therefore,  in  a  right-angled  triangle, 
faking  one  <^  tbe  acute  angles  from  90  degrees,  iearei  the 
the  other  acnte  angle  -,  and  tbe  snro  of  two  angles,  in  any  tri- 
angle, taken  from  iW  degrees,  leaves  the  third  angle ;  or 
one  angle  being  taken  from  180  degrees,  leavee  the  snm  of 
the  othe^  two  angles. 

4.  Degrees  are  marked  at  tbe  top  of  the  figure  with  a 
rmall  *>,  minute  with ',  seconds  with  ",  and  so  on.  Thai  &7* 
SO'  IS",  denote  57  degrees  30  minutes  and  12  seconds. 

&.  Tha  Complement  of  an  arc,  is 
^hat  it  wants  of  a  quadrant  or  90°. 
Thus,  if  AD  be  a  quadrant,  then  bd 
is  tbe  compliment  of  tbe  arc  ab  ;  and, 
reciprocally,  ab  ii  the  compliment  of 
BD,  So  that,  if  *Bbc  an  arc  of  50", 
tben  its  complement  bd  will  be  40". 

6.  The  Supplement  of  an  arc,  is 
what  itwants  of  a  semicircle,  or  IfiO'**. 
Thus,  if  ADK  be  a  semicircle,  then  box  is  the  sap^ement  of 
the  arc  ab  ;  and,  reciprocally,  ab  is  the  supplement  of  the 
are  Bor.  So  that,  if  ab  be  an  ate  of  M",  then  it*  supplement 
sna  will  be  130°,  „    ,_. 

Vot.  I.  49  '■  T*"* 
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7.  The  Sine,  or  Right  Sine,  of  an  arc,  is  the  line  dnwo 
from  one  extremity  of  the  arc,  perpendicalar  to  the  diaineter 
which  pastes  through  the  other  eitremity.  Thus,  bt  is  the 
■ioe  of  the  arc  ab,  or  of  the  sapplemenbd  arc  bob.  Heace 
the  atoe  (bp)  ia  half  the  chord  (bc)  of  the  double  arc  (bao). 

S.  The  Verted  Sine  of  an  arc,  ib  the  part  of  the  diameter 
intercepted  between  the  arc  and  ita  aioe.  So,  af  is  the  vers- 
ed line  of  the  arc  ab,  and  ef  the  veraed  sine  of  the  arc 


9.  The  Tangent  of  an  arc,  is  a  line  touching  the  circle  in 
one  estremitj  of  that  arc,  coatiooed  from  thence  to  meet  a 
line  drawn  from  the  centre  through  the  other  extremity ; 
which  last  line  is  called  the  Secaot  of  the  same  arc.  Thus, 
AH  is  the  taogent,  and  ch  the  aecant  of  the  arc  ab.  Also,  it 
is  the  tangent,  and  ci  the  aecaat,  of  the  supplemental  arc  bde. 

^nd  this  latter  tangent  and  secant  are  equal  to  the  former,  but 
are  accounted  negative,  as  being  drawn  in  an  opposite  or  coa- 
trxrj  direction  to  the  ibrmer. 

10.  The  Cosine,  Cotangent,  and  Cosecant,  of  an  arc,  arc 
(he  sine,  tangent,  and  secant  of  the  complement  of  that  arc, 
the  Co  being  only  a  contraction  of  the  word  complement. 
Thns,  the  arcs  ts,  an,  being  the  complements  of  each  oUier, 
the  sine,  tangent,  or  secant  of  the  one  of  these,  is  the  cosine, 
cotangent,  or  cosecant  of  the  other.  So.  bf,  the  aine  of  ab, 
is  the  cosine  of  bd  ;  and  bk,  the  sine  of  bd,  is  the  coaine  of 
AB  :  in  like  manner,  ah,  the  tangent  of  ab,  is  the  cotangent  of 
Bj>  ;  and  DL,  the  tangent  of  na,  is  'the  cotangent  of  ab  :  also, 
CH,  the  secant  of  ab,  is  the  cosecant  of  an ;  and  cl,  the  se- 
cant of  bd,  is  the  cosecant  of  ab.    ■ 

Q>rol.  Hence  sereral  remarknbje  properties  easily  follow 
fron  these  definitions ;  aa, 

IH,  That  an  arc  and  its  supplement  have  tbe  same  sine, 
tangent,  aad  secant ;  bnt  the  two  latter,  the  tangent  and  secant 
are  accounted  negative  when  the  arc  is  greater  than  a  quad- 
rant or  SO  degrees. 

id.  When  the  arc  is  0,  or  nothing,  the  sine  and  tangent 
are  nothing,  hvt  the  secant  it  then  the  radius  ca,  the  least  it 
can  be.  As  the  arc  increases  from  0,  the  sines,  tangents, 
and  secants,  all  proceed  increasing,  till  the  arc  becomes  a 
whole  quadrant  An,  and  then  tbe  tine  u  tbe  greatest  it  can  be, 

being 
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beins  the  radiiu  cd  of  the  circle ;  and  both  the  tangeot  utA 
Meant  are  iofiaite. 

3d,  Of  an  arc  ab,  the  Tened  line  *f,  and  cMine  bk,  or  cr, 
tagetber  make  up  the  radini  ca  of  the  circle. — The  radina  ca, 
the  tangent  ab,  and  the  aecaat  en,  form  a  right-angled  triangle 
eAK.  So  also  do  the  radina,  aiae,  and  cosine,  form  another 
ri^t-angled  triangle  csr  or  ciK.  Ag  also  the  radius,  cotas- 
gent,  and  cosecant,  another  right-angled  triangle  cdl.  And 
all  theae  right-angled  trianglea  are  similar  to  each  other. 

11.  The  sine,  tangent,  or 
•ecantofan  angle,  is  the  line, 
tangent,  or  secant  of  the  arc 
by  which  the  angle  is  ntea- 
tared,  or  of  the  degrees,  &c. 
in  the  some  arc  or  angle. 

12.  The  method  of  con- 
Stmcting  the  scales  of  chords, 
sioes,  tangents,  and  secanti, 
usaall;  engraren  on  instru- 
ment!, for  practice,  is  exhi- 

'  bited  in  the  annexed  figure. 

1 3.  A  Trigonometrical  Ca- 
son,  is  a  table  shoniog  the 
length  of  the  line,  langeat, 
and  secant,  to  every  degree 
and  minute  of  the  quadrant, 
with  reipect  to  the  radius,  L 
which  is  expressed  by  unity  '^ 
or  ) ,  with  any  number  of  cy- 
pher!. The  logarithms  of 
theie  sines,  tangent!  and  se- 
CBDtS,  are  also  ranged  in  the 
tables ;  and  these  are  most  commonly  used,  ai  they  perfom 
the  calculations  by  only  addition  and  subtraction,  instead  of 
the  nulti plication  and  dirision  by  tbe  natural  sines,  &c.  ae- 
cording  to  the  Aatnre  of  togarithmi.  Such  a  table  of  log. 
Bines  and  tangents,  as  well  as  the  logs,  of  common  numbers, 
are  placed  at  the  end  of  the  second  rolnme,  and  the  descrip- 
tion and  nse  of  them  are  as  follow  ;  viz.  of  tbe  lines  and  tan- 
gents ;  and  the  other  table,  of  common  logs,  has  been  already 
explained. 
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De$(inptiMi  <f  the  IhbU  o/*  Log.  SiMti  €Md  TtrngmU. 

id  tiiA  GMt  colujin  of  the  toble  uc  contuned  all  tte  sros^ 
pt  an^Ui  for  evetjr  niiirate  in  th«  qaadnnt,  viz.  &om  1'  to 
46",  descendimg  ir^tn  top  to  button)  bj  the  left-hand  (ide,  awt 
then  retarniiig  back  hj  the  rigbt-haod  side,  ascending  firon 
bottom  to  top,  from  45"  to  90*  ;  the  degrees  being  set  at  top 
6r  bottom,  and  the  Biiiinte*  in  the  columii.  Then  lite  sines, 
cosines,  tangents,  cotangents,  of  the  degrees  and  nunntes,  are 

Idaced  on  the  same  Unes  with  then,  and  in  the  annexed  co- 
unins,  accorditig  tb  their  several  respectiTe  named  or  titles, 
which  are  at  the  top  of  the  celaines  for  the  degrees  at  the  topi 
but  at  the  bottom  of  the  columos  for  the  degrees  at  the  bottom 
hf  the  leaves.  The  secants  and  cosecshts  are  omitted  in  this 
table,  because  they  are  so  easily  footid  from  the  linei  and  co- 
Bines  ;  for,  of  ever;  arc  or  angle,  the  sine  and  coAecant  to- 
gether make  up  £0  or  denble  the  radios,  and  the  cosine  and 
secant  together  make  up  the  same  90  also.  Therefore,  if  a 
secant  is  wanted,  we  hare  onlj  to  subtract  the  cosine  front  20  ; 
or,  to  find  the  cosecant,  take  the  sine  from  20.     And  the  t>eBt 

3  to  perform  these  snbtractions,  because  it  may  be  done  at 
t,  is  to  begm  at  the  left  band,  and  take  every  figure  firon 

9,  bnt  the  last  or  right  hand  ggnre  from  10,  prefiiing  1,  for 

10,  be&re  the  first  figure  of  the  remainder. 


To  eomfvte  At  JVaiwal  Sine  and  Coiine  of  a  6tt^M  Arc. 

This  problem  ii  resolved  after  Tarrona  ways.    One  of  these 
is  (ts  follows,  viz.  by  means  of  the  ratio  between  the  diameter 
•pd  circumference  of  a  circle,  together  with  the  known  sertea 
for  the  sine  and  cosine,  hereafter  demonstrated.     Thiis,  tb« 
Bemlcircamference  of  the  circle,  whose  radit»  is  1,  being 
a,l41692e636897g3.  Sic.  the  proportiMi  will  therefore  We, 
as  the  nnmber  of  dep:ee«  or  tninntes  in  the  senucircle, 
is  to  the  degrees  or  minutes  in  the  proposed  arc, 
tdb3'14I59265,  &c.  ti)  the  length  of  the  aaid  arc. 
Tkil  length  ef  the  arc  being  denoted  by  the  letter  a;  and 
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iti  riM  ad  cMiM  by  *  and  e ;  then  wiBthcM  two  btexpresa- 
«d  by  the  twoibOowing  BemSi  nz. 


^84     7a) 


Exam.  1.  If  it  be  Teqoired  to  find  the  aine  anii  csiiiie  of 
tae  minnte,  ThM  the  number  of  minutefl  id  180*  being 
lOSOU,  it  will  be  Bnt.  u  lOfiUD  :  1  :;  3-1416»S6fi  jic.  : 
•O0OS90a68SU866&  =  the  length  of  an  arc  (rf  oae  tnionte. 
Therefore,  in  tfaiacue. 


and  ia'  =  000000000004  &c. 
the  dif.  u  1  =  -0008908882  the  sine  of  I  miaote. 
Also,  from       I . 
take  J«*  =  00000000423079  &c. 
leare  c  =    -9999999577  the  cosine  of  1  minate. 

EtAN.  2.  For  the  sine  and  coiine  of  5  degree*. 
Here,  ai  ISO*  :  &"  ::  3-14169266  kc  :  -08726648  =athe 
length  of  3  degrees.    Hence  a  =  -08726646 
_irtSai_.00«11076 
+^^<  s  -00800004 


theM  collected  ffta  t  s  -08715674  the  line  of  S*. 

Aodt  for  the  cosine,  1=1' 

_  jo»=_ -00380771 
+^o*  =       -00000841 

these  collected  gire  e  =       -99619470  the  CMin«  of  6*. 

Afler  the  same  manner,  the  sine  and  eosiDe  of  any  other 
arc  may  be  computed.  Bnt  the  greater  the  arc  is  the  slower 
the  aeries  will  conveige,  in  which  case  a  greater  number  of 
terms  moat  be  taken,  to  bring  out  the  conclosioo  to  the  lame 
dMree  of  eutctiieM< 

Or, 
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Or,  having  found  the  sine,  the  ccMrne  will  be  foond  ftm&  it, 
by  the  property  of  the  right-angled  trimgle  aiF,Yiz.  th?  ay 
line  CF  =  y/cB^  — »f»  ,  or  e  =  ^  1  — j» . 

There  are  also  other  methods  of  constmcting  the  canon  of 
lines  9nA  coiinefl,  which,  for  brevity's  sake,  are  here  omitted. 

PROBLEM  IL 

To  compute  (k«  TtmgenU  and  Steantt. 

Tb£  sines  and  cosines  being  known,  or  ibnad  by  the  fore- 
going problem ;  the  tapgente  and  secants  will  be  easily  immi, 
m>m  the  principle  of  Biroilar  triangles,  in  the  fotlOTriog  uan- 
•er: 

In  the  first  figiire,  where,  of  the  arc  «b,  bf  is  the  sbe,  or 
or  VK  the  cosine,  ah  the  tangent,  ch  the  secant,  dl  the  cotan- 
gent, and  cL  the  cos«cant,  the  mditti  being  ca  or  en  or  oo ; 
the  three  similar  triangles  cFBt  car,  cdl,  gire  the  following 
proportioDB : 

Id,  cr  :  FB  ::  CA  :  AH  ;  whence  the  tangent  is  known, 
being  a  fourth  proportional  to  the  cosine,  sine,  and  radios. 

&J,  CF  :  CB  : :  CA  :  cH  ;  whence  the  secant  is  known,  being 
a  third  proportional  tothe  cosine  and  radius. 

3ti,  BF  :  Fc  : :  CD  :  DL ;  whence  the  cotangent  is  known, 
being  a  fourth  proportioD^  to  the  aine,  cosine,  and  radius. 

ith,  VT,:  BC  ::  CD  :  CL  ;  whence  the  cosecapt  ia  known; 
being  a  third  proportional  to  the  sine  and  radius. 

Ah  for  the  log.  sines,  tangents,  and  secants,  in  the  tables, 
they  are  only  the  logarithms  of  the  natural  sines,  tangents, 
and  secants,  calculated  as  above. 

HAVING  given  an  idea  of  the  calculation  and  use  of  sines, 
taDgente,  and  'secants,  we  may  now  proceed  to  i^solve  th« 
several  cases  of  Trigonometry ;  previous  to  which,  however, 
it  may  be  proper  to  add  a  few  preparatory  notes  and  obiervtt- 
(ioas,  as  below. 

Note  1.  There  are  usually  three  methods  of  resolving  tri- 
angles, or  the  cases  of  trigonometry ;  namely,  Geometrical 
Construction,  Arithmetical  Compntatioi^  ani}  Iqstrumental 
OperaUon. 

In  tkejirst  Akthoi,  The  triangle  is  constructed,  by  making 
the  parts  of  the  given  magnitudes,'  namely  the  sides  from  a 
scale  of  equal  partijand  the  angles  from  a  seale  of  chords. 
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ar  by  some  oth«r  iastramenL.  Then  meaeunnj;  the  niiknomi 
partg  by  the  same  scales  or  instromeuts,  the  solution  will  b» 
abtaitied  near,  the  truth, 

/» the  Second  Miihod,  Haring  stated  the  terms  of  the  pro- 
pOrtioB  accordiog  to  the  proper  role  or  theorem.  rei>«tTe  it 
like  any  other  proportioD,  in  which  a  fourth  tcnii  is  to  be 
fooBcl  from  three  giren  tenss,  by  muIliplyiDg  the  second  and 
third  together,  attd  dividing  the  prodact  by  th«  ftxfl,  in  woik- 
JDg  with  the  natural  numbers;. or,  in  working  with  Ihe  loga- 
ritbmi.  add  the  logs,  of  the  second  and  third  terms  together, 
and  from  the  10111  take  the  log.  of  the  first  term  ;  then  the 
nataral  number  antweriog  to  the  remainder  in  the  fourth  term 
aoogbt. 

£  f^  TTiirJ  MtOiod,  Or  I ostru mentally,  ai  suppore  by  th* 
It^.  lines  on  one  side  of  the  common  two-foot  scales ;  Ex- 
tend the  Compasses  from  the  first  term,  lo  the  second  or  third, 
which  happens  to  be  of  the  same  kind  with  it ;  then  that  ex- 
tent will  reach  from  the  other  term  to  the  fourth  term,  as  re- 
quired,  taking  both  eitents  towards  the  same  end  of  the  scale. 

JVote  i.  Erery  triangle  has  six  parts,  viz.  three  tides  and 
three  angles.  And  in  every  triangle,  or  case  in  trigonametiy, 
there  must  be  given  three  of  these  parti,  to  find  the  other 
three.  Also,  of  the  three  parts  that  are  giren,  one  of  tbem 
at  least  must  be  a  side  ;  because,  with  the  same  angles,  the 
■ideB  m^  be  greater  or  Iqbb  in  any  proportion. 

Aotf  3.  All  the  cases  in  trigonometry,  may  be  comprised 
ia  three  varieties  only ;  viz. 

lat.  When  a  side  and  its  opposite  angle  are  giren. 

Sd,  When  two  sides  mid  ue  contained  angle  are  given. 

3t/,  When  the  three  sides  are  given. 

For  there  cannot  possibly  be  more  than  these  three  varie- 
ties of  cases ;  for  each  of  which  it  will  therefore  be  proper  to 
give  a  separate  theorem,  as  follows  t 

THEOREM  1. 

When  a  Side  and  itt  Oppo$iU  Angle  are  (two  of  the  Givn  Parti. 

Then  the  unknown  parts  will  be  found  by  this  theorem  ; 
viz.     The  sides  of  the  triangle  have  the  same  proportion  (• 
each'other,  as  the  sines  of  their  opposite  angles  have. 
Tbat  is.  As  any  one  side, 

U  to  the  sine  of  its  opposite  angle  ; 

So  is  any  oUier  side, 

1*  (be  sine  of  its  opposite  angle. 

Dentafutr, 
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Demonitr.  For,  l«t  Ascbe  the  pro- 
pMed  trkmgle,  hkriog  ab  the  greateat 
side.  Bad  bc  the  lent.  Take  ad=bc, 
eooaideriog  it  as  h  rBdini ;  and  let  fall 
the  perpendicolan  na.  cf,  nfaicli  »iU 
endently  be  the  pine*  of  the  anzlaa  a 
and  B,  to  the  ndiaa  ap  or  bc.  Naw  th«  triaBglM  mbz,  acf, 
are  eqniaugaUr ;  they  Ihereftn  faaro  their  like  ridca  propor- 
(ioDal.  namely,  ac  :  cr  :  :  ad  or  bc  :  D£  ;  that  ia,  the  aide  ao 
is  to  the  line  of  it>  oppeeite  an^e  a,  aa  th«  tide  bc  ia  to  dte 
aine  of  its  opposite  angle  a. 

JVote  1.  In  practice,  to  6Dd  bd  angle,  b^o  the  proportioK 
with  n  tide  apposite  to  a  giren  angle.  And  to  find  a  aide, 
benn  with  so  angle  opposite  to  a  given  aide. 

A'ote  Z.  An  a^o  found  by  this  role  is  ambigaooa,  or  it  ia 
uncertain  whether  it  be  acate  or  obtose,  unlets  it  be  a  right 
angle,  or  nnleti  its  magnitude  be  snch  as  t«  praveidtbe  ambi- 
goi^  ;  becaose  the  sine  anawera  to  two  anf^ei,  wfairJi  ore 
tapplementa  to  each  other ;  and  accordingly  the  geometrical 
construction  fonns  two  trion^es  with  the  same  parta  that  are 
giTen,  as  in  U>e  example,  below  ;  and  when  there  ia  no  res- 
triction or  limitation  inclnded  in  the  querfioD,  either  of  then 
may  be  taken.  The  number  of  degrees  in  the  table,  answer- 
ing to  the  sine,  is  the  acote  angle  ;  bat  if  the  ao^o  be  obtue, 
aobtracl  those  degrees  from  ISO",  and  tbe  remaiBder  will  ba 
the  obtnse  angle.  When  a  given  angle  is  obtuse,  or  n  r^^ 
one,  there  can  be  no  ambiguity ;  (ot  then  neither  of  the  other 
an^es  can  be  obtuse,  and  the  geonetrical  constnictioD  wi]f 
Ibna  only  one  triangle. 

EXAMPLE  I. 

Ib  tbe  [dane  triangle  abc, 

i  AB  34fi  yards 
Gireo  <  bc  S32  yards 

(  ^  A  37"  iff 
Required  tbe  other  parts. 

1.  GtonutrieoUy. 

Draw  an  indefinite  line  ;  on  which  set  off  ab=345  from  sone 
convenient  scale  of  equd  parts. — Make  the  angle  «  =  S?"!. 
—With  a  radios  of  Z32,  taken  from  the  same  tcale  of  equal 
parts,  and  centre  b,  cross  ac  in  the  two  points  c,  c. — Lastly, 
join  bc,  bc,  end  the  figure  is  constructed,  which  gives  two  tri> 
ftDgles,  and  shows  that  the  case  is  ambiguous. 

Then, 
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Then,  the  aide*  ac  meaiured  bj  the  tcale  of  equal  part*, 
and  the  a^ea  e  mid  c  neeasured  b;  the  line  of  cfaordi,  or 
other  inatrumeiit,  mil  be  found  to  be  oearlj  as  below ;  viz. 

m:   174  Z-a   27"  /c   115»l. 

or  374^  or    78}  or      64| 

S.  ArithntetieaUy. 


Finl,  to  fiod  the  anika  at  < 

=. 

Am  aide         ac 

«34 

-  log.  2  365468 

Toain.  op.  Za 

37»     W 

9-788796 

So  aide         *« 

346 

2-637819 

3o  lia.  op  Z.0 

1I50  36'    ore4''  84?      9-966127 

add        Z.A 

37     SO 

37     20 

theannt 

152     6«or 

lot     44 

takeo  ftom 

180     00 

180    00 

leaTea    Z.B 

27     04  or 

78     16 

Then,  to  find  the  aide  AC. 

Asnne        z.a    3T> 

W 

-  log.  9-78&196 

To  op.  aide  bo 

232         - 

t-366468 

So-i..    ^.      IS' 

04' 
16 

9-668037 

9-990829 

To  op.  aide  AS        174-07 

2-240729 

or        374-66 

2-673621 

3.  AutrwMHbiily. 

In  the  firat  proportion.— Extwd  the  compaaaea  frMit232la 
346  on  the  line  of  oniDbera ;  then  that  asteot  will  reach,  on 
tha  Hoea,  from  37«i  to  64°^,  the  angle  o. 

In  the  lecoDd  proportion. -—Estend  the  cotnpaaaea  from 
37<>4to27<'or78*j,onthfliiDeB;  then  that  eitent  will  reach, 
on  the  line  of  Dombera,  from  232,  to  174  or  374^,  the  two 
ralnea  of  the  aide  ac. 


In  the  plane  triai^e  abc. 

L   AS  366  polea 
Giren  {  ^a    67*  12' 


i   AS  366  polea  C I 

D  (  ^A    67*  12'  Ana.  I  k 

^  Z.a    24     45  (  B 
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EXAMPLE  m. 

In  the  plane  triangle  iBc, 


i    AC     130  feet 

n{    Bc     lis  feel 

I  ^A     57«  88' 


1)9  6  ie«t. 
Required  the  other  pa^.  l.or  16-47  feet. 


^1  $A*  Stf 

or  116     26. 
Jf.c  67     67 


When  two  Sidet  and  tkmr  C3mlaiiud  Jtn^t  an  gmm. 

First  kdd  the  two  given  aide*  together,  to  get  their  smn, 
and  SHbtract  them,  to  get  their  difference.  Next  labtract  the 
fpven  angle  from  180°.  or  tvro  right  angles,  and  the  remainder 
will  be  the  sum  <^  the  two  other  angles  ;  then  divide  that  bj 
S,  which  will  give  the  half  the  sum  of  the  said  noknown  an- 
gles.    Then  sajr. 

As  tbe  sum  of  the  (wo  given  sides. 

Is  to  the  difference  of  the  same  sides  ; 

So  is  the  taoj;.  of  half  the  sum  of  their  op.  angles. 

To  the  tang,  of  half  (he  diff.  of  the  same  angles. 

Then  add  the  half  difference  of  the  angles,  so  fftusd,  to 
(heir  half  snm,  and  it  will  give  the  greater  an^e,  and  sub- 
tracting the  same  will  leave  the  less  angle  ;  because  the  half 
sum  of  any  two  quantities,  increased  bj  their  half  difference, 
gives  the  greater,  and  dtoHnished  bj  it,  gives  the  less. 
.  Then  all  the  angles  being  uow  known,  the  unknown  side 
will  be  found  bjr  the  former  tlworem. 

Abtt.  lostead  of  the  tangent  of  the  faatf  sum  of  the  hd- 
known  Bugtet,  in  the  third  term  of  the  preportim.  mtf  be 
used  the  cotangent  of  half  (lie  given  angle,  which  is  the  ivte 
thing. 

Demotat.  LetABcbe^haproposedtri- 
angle,  having  the  two  given  sides  kc, 
■c,  iDcludingtbe  given  angle  c.  With 
the  centre  c  and  radius  ca,  the  less  of 
these  two  sides,  describe  a  semicircle, 
meeting  the  other  side  bc  produced  in 
n,  E,  and  the  unknown  side  ab,  in  a,  c 
JoiD  At,  AD,  CO,  and  draw  df  parallel 
to  AE. 

Then  be  is  the  gnm  of  the  two  given  sides  ac,  cb,  or  of 
EC,  cB  ;  and  bd  is  the  difference  of  the  same  two  ^en  nAn 

AC, 
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4C,  BO,  or  of  CO,  CB.  AIm.  the  eitemal  angle  ac£,  n  equal 
to  the  given  anm  of  th«  two  internal  an^et  cab,  cba  ;  hot 
the  angle  ide.  at  the  circumfereBce,  is  equal  to  half  the 
«^le  ACE  ^t  the  centre  :  thereibre  the  same  aogle  ara  ia 
equal  to  half  the  gtveu  aum  of  the  angles  cab,  cba.  Also, 
the  external  angle  aoc.  of  the  triai^le  bco,  ia  eqaal  to  the 
aum  of  the  two  internal  angles  oca,  one,  or  the  an^e  ocb 
ia  equal  to  the  difference  of  the  two  angles  aoc,  obc  ;  hot 
the  angle  cab  Lb  equal  to  the  saiA  augle  aoc,  these  being  op- 
posite to  the  equal  sides  ac,  ca  j  and  the  angle  dab,  at  the 
.  circuBference.  is  equal  to  half  the  angle  doo  at  the  centre  ; 
therefore  the  angle  n^a  is  equal  to  half  the  difference  of  tb« 
two  angles  cab,  cbi  ;  of  which  it  has  been  shown  that  ade  or 
CDA  if  the  half  sum. 

Now  the  angle  dae,  in  a  semicircle,  is  a  right  angle,  or  ae 
U  perpendicular  to  ad  ;  and  nr,  parallel  to  ae,  is  also  per- 
pendicnlar  to  ao:  consequently  ae  is  the  tangent  of  cda  the 
half  sum,  and  df  the  tangent  of  dab  the  hdf  difference  of 
the  angles,  to  the  same  radius  ab,  bj  the  definition  of  a  lan- 
geot.  But  the  tangents  ae,  dp,  being  parallel,  it  will  be  as 
BE  :  BD  :;  iiB  :  or ;  that  is,  as  the  sum  of  the  sides  is  to 
the  difference  of  the  sid^s,  so  is.  the  tangent  of  half  the  sum 
of  the  opposite  angles,  to  the  tangent  of  half  their  differ- 


In  the  plane  triaagle  abc, 
L  AS  .^46  jarda 
GiveQ  {  AC  174-07  Tarda  . 

Required  the  otherparta. 

1.  Oeometrieaiiy.  • 
Draw  ab  =  345  from  a  scale  of  equal  parts.     Hake  the 

angle  a  =  3T>  20'.     Set  off  ac  r=  174  by  the  scale  of  equal 
parts.     Join  bc,  and  it  is  done. 

Then  the  other  parts  being  measured,  thej  are  found  to  be 
neartjaa  follows;  viz.  the  side  bc  23S  jaids,  the  angle  b  S7*, 
and  the  angle  c,  tl6>^. 

2.  JnlbnsricoUy. 

The  side  AB  345  From         180°  OC 

the   wde  AC  174-07  take  z.a      37    20 

their  sum  S19«7  sum  of  c  and  b  142    40 

their  differ.  170-93  half  sum  of  do.    71    20 
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Asmmof  udM  a,  ac,     -     -     619-07  log.       t-llUK 

To  diff.  of  lidw  *B,  *c,     -     -     170-93  -          2-»28l8 

SoUDg.halfwm^  S  o  and  ■     71»  tO*  -        10-47199S 

To(ai4[.halfdiff.  Z  ic  and  ■     44    IB  -          9.988890 

thMe  added  ffye  ^  c  lib    » 

and   lubtr.  give  i^  b     27      4 
Then,  by  lb«  former  theorem, 

A>  >in.  /  c  116"  36'  or  S4"  «4'           -  log.  9*»UI» 

To  it!  op.  side «  3*S        -         -         -  »-Kn8I9 

So  nn.  of  Z  *  »'•  W         -        "         "  9-788798 

To  it!  Op.  ude  BC  »S        -  2-366489 

.     3.  kutrumaUaUy. 

In  the  fint  proportion.— Extend  the  compaMci  fnm  GI9 
to  17),  OD  Ihe  line  of  nomben  ;  then  that  etteat  will  reach, 
on  the  tangeot*,  from  71<'i  (the  contrary  way.  bec&nae  the 
tangent!  are  set  back  again  IroD)  46°)  a  little  beyond  46,  which 
being  set  so  far  back  from  45,  uUi  apon  44'^,  the  fbarth 
term. 

In  the  second  proportion. — Extend  from  €4"^  to  37*4-  on 
the  sines  ;  then  that  extent  will  reach  on  the  namben,  awB 
■  345  to  232,  the  fourth  term  sought 


In  the  plane  triuig^  abc, 
OiveD 
Required  the  other  parts. 


(    AB  36&  poies  i    Bc  309  86 

\    *c  154-33  Ans  I  Z»  «■  46' 

(    4B  1 12-6 
\  £,K  6-^"  28' 
f  /B    64  35 


EXAMPLE  m. 


In  the  plane  triangle  abc, 
1    ic  120  yards 

Given  <    bc  112  yards 
f  Zc  67"  57' 

Required  the  other  parts. 


W\m  (iU  Thtet  Side*  of  a  Triangle  art  giutn. 

Fint,  let  fall  a  perpendicular  from  the  icreatest  ai^e  on  the 
Opposite  sine,  or  base,  dividioft  it  into  two  segments,  and  the 
wbolo  triimgle  into  two  right-angled  trianglei :  then  the  pro- 
portiM  wiU  be, 
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Ai  th«  bate,  or  rams  of  the  tegmenta, 

li  to  the  •nm  of  the  other  two  lidei ; 

So  IS  the  differeace  of  those  tide*. 

To  the  diff.  of  the  legmeols  of  the  baee. 
Then  take  half  thj«  difference  of  the  aegmenti,  and  add  it 
to  the  half  sum,  or  the  half  baae;  for  the  greater  segment ; 
and  -ubtract  die  ume  for  the  leM  legment. 

Hence,  in  each  of  the  tvro  right-angled  trianglei,  there 
will  be  known  two  lidei,  and  the  right  angle  opposite  to  ooe 
of  them :  cDosequentlj  the  other  angles  will  be  found  bj  the 
first  theorem. 

Denumitr.  By  theor.  35,  Geom.  the  rectangle  of  the  snm 
and  difference  of  the  two  sides,  ii  eqnal  to  the  rectangle  of 
the  sum  and  cKffereace  of  the  two  legmeDts.  Therefore,  bj 
forming  the  sides  of  these  rectangles  into  a  proportion  by 
tbeor.  76,  Geooietrj,  it  will  appear  that  the  sums  and  differ- 
ences are  proportional  as  in  this  theorem. 


EXAHPLC  I. 


,  In  the  plane  triangle  *bc, 


To  find  the  BD^es. 

1.  Gtomttricalty. 


^ 


Draw  the  base  AB=34fi  by  a  scale  of  eqnal  parts.  With 
radios  233,  and  centre  a,  describe  an  arc ;  and  with  radiaa 
174,  and  centre  b,  dencribe  another  arc,  cntting  the  former 
in  c.     Join  ac,  sc,  and  it  is  done. 

Then,  by  measuring  the  angles,  they  will  be  fonnd  to  bf 
nearly  as  follows,  riz. 

Z*  iT,  ZaS'^i-and^clI^'i. 

i.  AritkmeticaUy. 

Haring  let  fall  the  perpendicniar  cr,  it  will  be, 
As  the  base  as  :  ac  4- bc  ::  ac  — bc  ;  a»— bp, 
tint  is,  aa  346  :  40607  ::  57-93  :  6S-]8=Ar— bp. 

its  half  is  -         34-09 

the  half  bMe  is  17S-A0 

the  sum  of  these  is     S06-593:Ar 

and  their  diff.  is         ]3fl-41^ip 
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Then,  in  th«  triune.  Arc,  r^Uan^cd  at  r, 

Aa  the  side         ac     •     -     232        -  tog.  2-366488 

To  Bin.  op.      ZP    -    -      W»      -  -      10-000000 

Soiatheside    ap     -     -     S06-&9   -  -        2316109 

To  BID.  op.  ^tCT     -     ■       62*  Se*  -        9-a4&£2l 
Which  Ukeo  from     -       BO    00 
leavea  the  z  a  2T    04 

Again,  in  the  triangle  bk,  right-angled  at  r, 

Ab  the  Bide     bc     -     •  174-07  -  k^.  2-2407S4 

To  Bin.  op.   ^p     -     -       90-  -  •      10-000000 

Sflisside        ap     -     -  138-41  -  -       S't41168 

To  sin.  op.  Zbcp     -     -  6«»  40*  -  -        9-900444 

which  taken  from    -  90    00 

leavea  the  ^t  -  37    «0 

Also,  the  Zacp    62°  66' 

added  to  '  ^Bcp     62     40 

gires  Uie  whole  Z  AC*  116    36 

So  that  all  the  three  anglei  are  aa  follow,  viz . 

the  Z^  270  4' ;  the  ^a  37*  Stf  ;  the  ^c  116*  36'. 

3.  butnunentaliy. 

In  the  first  proportion. — Extend  the  coropaasea  from  34S  to 
406,  on  the  line  of  numbers ;  (hen  that  extent  will  reach,  oo 
the  Kame  line,  from  58  to  68-2  nearly,  whi2h  M  the  di&reace 
of  the  aegmentB  of  the  baae. 

Id  the  teoond  proportion. — Extend  from  2.^2  to  20Bf ,  on 
the  line  of  numberB ;  then  that  extent  will  reach,  on  the  iinea, 
from  90"  to  eS". 

In  the  third  [yopartion. — Extend  from  174  to  138}  ;  then 
that  extent  will  reach  from  90*  to  62'|  on  the  aines. 

EXAMPLE  n. 

In  the  plane  triangle  a 


To  find  the  angles. 


(Z**T»  12' 
I.  {  Z»  24     45 

(^c9B     3 
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THEOREM  IV. 


EXAMPLE  m. 


In  the  plane  triangle  iic, 
Aa  IM)  i^A  67"  J8' 

ic  1)8  6  Am.  ?^i  6T     67 

»c  lis  (zc  64     35 

I'D  fi'ad  the  aoglet. 

The  three  foregoiDg  tbeorenu  inclade  all  the  cai>ei  of  plane 
triaagtes,  both  ri^t-angled  and  obliqae.  But  there  are  other 
tiMoremi  saited  to  lome  particular  fomu  of  Iriaaglei,  which 
ara  aoiDetiiiies  more  expeditious  io  their  use  than  the  general 
•aet^  (ne  of  which,  at  the  case  for  which  it  aerres  bo  fre- 
qaeotlj  OCCUBit  ma^  be  here  taken,  aa  follows  : 


Whmt  a  TWmi^  u  Kghl-ttnglett ;  any  of  iht  unknown  parla 
may  btftvnd  by  thtfoiUmmg  prt^rtiont :  viz. 

Ai  radios 

b  to  either  leg  of  the  triangle  ; 

So  is  taag.  of  its  adjacent  ai^e. 

To  its  opposite  leg ; 

And  BO  is  secant  of  the  same  an^, 

To  the  hypotfaeoiue. 

Deaunutr.  ab  being  the  given  leg,  in  tiie 
ri^t-angled  triangle  abc  ;  with  the  centre 
A,  and  any  assumed  radius  ad,  describe  an 
arc  DR,  and  draw  nr  perpendicular  to  ab, 
«r  parallel  to  ac.  Then  it  is  evident,  from 
the  definitions,  that  df  is  the  tangent,  and 
AF  the  secant  of  the  arc  dc,  or  of  the  an- 
gle A  whicb  is  measured  by  that  arc.  to  the  radius  ao.  Theo, 
because  of  the  parallels  ac,  df,  it  will  be,  ■  -  -  -  as 
AD  :  AB  ::  or  :  Bc  aod  ;:  AF  :  AC,  which  is  the  same  as  the 
theorem  is  in  words. 

JVote.  The  radius  is  eqnal.  either  to  the  sine  of  SO",  or  tbe 
Ungeot  of  45"  ;  and  ie  eipreased  by  I,  in  a  table  of  natural 
-  sines,  or  by  10  in  tbe  log.  uoes. 

EXAMPLE  r. 
Id  Ae  r^t-m|^ed  triangle  abc, 
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Hake  Ai  =s  162  cqnal  parts,  aod  the  angle  a=B3<>  T  46' ; 
then  raise  the  perpendicular  bc,  meetiDg  ic  in  c.     So  shall 
«  270,  and  bc  216. 


2.  AtiHtPuticails- 

M  ndios  -  .  .  log.   JO-OOOOOO 

Taleg.  AB  -  162  •  2-809516 

So  tang.   /A  -  63"  7*  48"  -             I0-I24n7 

To  leg.  BC  216  2-S344&S 

Sosecaal^A  -  M"  7'  4^*  -             I0-S2I84S 

Tohjfp.  AC  •  270  -  •              2-431363 

3.  /MinniwiUaUy. 
Extend  the  compaiseB  from  Ab'  to  63*|,  ob  the  tangeiils. 
Then  that  extent  i* >U  reach  lirom  162  to  21S  on  the  line  of 
Bombera. 


In  the  right-angled  triangle  abc, 
OiTen  ( **«  'eg  "   '80  .       >   ac  891-0146 

""'"'  (  the  ^»  62''4ff  *"■  \  K  S48-2464 

To  find  the  other  two  sides. 

Aou.  There  it  sometimea  given  anodiemediod  for  ri^- 
angled  triangles,  which  ia  this  : 

ABC  heing  inch  a  triangle,  make  one  ij^ 

1^  AB  rediUB ;  that  is,  with  centre  a, 
and  distance  ab,  describe  an  arc  bp. 
Then  it  is  erideat  (hnt  the  other  teg  bc 
repFfisenti  the  tAngent,  and  the  hjpo- 
thenuse  ac  the  secant,  of  the  arc  sr,  or 
*f  the  angle  a. 

In  like  manner,  if  the  leg  bc  be  made  ~ 

radius  ;  Uien   the  other  leg  ab  will  re- 
present the  tangent,  and  ihe  hypothennte  AC  the  secant,  of  the 
arc,  bo  or  angle  c. 

But  if  the  hypotbenuse  be  made  radios  ;  then  each  leg  wilt 
represent  the  sine  of  its  opposite  ang^e  ;  aamelj,  the  leg  ab 
the  sine  of  the  arc  aeof  aogUc,  end  the  leg  ac  the  line  of  the 
arc  en  or  angje  a. 

Then  the  );eneral  rule  br  all  these  CBsee  is  this,  oameljr, 
that  tbe  sides  of  the  triangle  bew  to  each  other  the  sbom  pro- 
portion as  the  parts  which  they  represent. 

And  this  ii  called,  Making  ererr  lide  radiu^ 

JVol. 
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A'ott  S.  Wben  thete  ire  given  two  oidAi  of  n  riiclit-iagled 
triangle,  to  find  the  third  Bide ;  this  is  to  be  foand  by  the  pro- 
partj  of  the  iqiiarei  of  the  lidet,  in  theorem  34,  Oeom.  fib. 
that  the  sqaare  of  th«  hypothenDse,  or  longest  tide,  ic  equal 
to  both  the  squarei  of  the  two  other  sides  together.  There- 
fore, to  find  the  lof^ceit  side,  add  the  sqtiares  of  the  two  ihort- 
er  sides  together,  and  extract  the  sqoarB  root  of  that  snot ; 
bnt  to  fiqd  one  of  the  shorter  side*,  subtract  the  one  aqaare 
tnia  tbe  other,  and  eitract  ttM  root  of  ibe  remeimler. 


OF  HEIGHTS  AND  DISTANCES,  &c. 

BY  the  meunration  and  prntraction  of  lines  and  an^es, 
are  detennined  the  ki^ths,  heig^,  depths,  and  distances  of 
bodies  or  object.  • 

Accessible  lines  are  measured  by  applying  to  them  some 
certain  measnre  a  nutbcr  of  times,  as  an  inch,  or  foot,  or 
yard.  But  inaccessible  lines  most  be  measured  by  taking 
I,  or  by  such-like  method,  drawn  from  the  principles  of 


When  iostrmnttBts  are  ased  for  taking  the  msgBitnde  of  the 
anglM  in  degrees,  die  lines  are  then  odcalated  by  trigonome- 
tjy  :  is  the  other  nethed*.  the  liaea  arc  calculated  from  tbe 
principle  of  similar  triangles,  or  aome  other  geometrical  prg- 
perty,  without  regard  to  the  neaiure  of  the  angles. 

An^es  of  eleration,  or  of  depression,  are  usuHy  taken 
either  with  a  theodolite,  or  with  a  quadrant,  dirided  into  de- 
grees and  minutes,  and  famished  witb  a  ptamroet  suspended 
from  the  centre,  and  two  open  sights  filed  on  one  of  the  radii, 
or  else  with  telescopic  si^ts. 

Ta  take  an  Mgh  of  AltiltuU  and  Deprtuim  wilh  the  Qtmdranl. 

Let  A  be  any  abject,  as  the  sun, 
moon,  or  a  star,  or  ihe  top  of  a 
tower,  or  hill,  or  other  eminence  : 
and  let  it  be  required  to  find  the 
measure  of  the  angle  itc.  which  a 
line  drawn  from  tbe  object  makes 
above  the  horizontal  line  ac. 

Place  the  centre  of  the  quadrant 
in  the  angnlar  point,  and  move  it 

Voi„  I.  61 
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round  there  ta  >  centre,  till  wilh  ooe  eje  st  d,  the  o&er  )<«• 
iof  ahiit,  yoa  perceive  the  object  *  through  the  sif  hia  ;  thee 
will  the  arc  gb  of  the  quadrant,  cat  off,  bj  the  plumh-liDe  as, 
be  the  meatiire  of  tbe  angle  uc  ai  required. 

The  angle  lac  of  depreaaioo  of 
an;  abject*,  beloir  the  horizontal 
line  AC,  it>  t&ken  in  the  same  nnn- 
ner  ;  except  that  here  the  eye  ii 
applied  to  the  centre,  end  the  mea- 
sare  of  the  angle  ■»  the  arc  oh,  on 
the  other  aide  of  the  plnmh-liike. 

The  foUomng  exanplea  are  to  be  coutnicted  and  calcolat- 
od  hj  the  foregoing  methoda,  treated  of  in  Trigonoioetij. 

EXAMPLE  I. 

Horing  nwaanred  a  dialance  of  200  ftet.  in  a  £rect  hori- 
cootai  hne.  from  the  bottom  of  a'steeple,  the  ang^e  of  eleva- 
tion ofits  lop,  taken  at  thatdiatance.  was  ibnnd  to  be  47*30^  ; 
frmn  hence  it  is  required  to  find  the  height  of  the  ateeple. 

Coiutnutum. 

Drew  an  indefinite  line ;  on  which  let  off  *c  =r  100  eqnd 
part*  for  the  measured  distance.  Erect  the  indefinite  per- 
pendicular IB ;  anit  draw  cB  lo  «•  to  make  tbe  ang^e  c  ^ 
47*  30  ;  tbe  angle  of  deration  ;  and  it  u  done.  Then  ab, 
■tewnred  on  die  acale  of  equal  parts,  is  nearly  CIB^. 

CalcidatioH. 

At  radius                  -  10000000 

To  4c  JOO        -         -  2-301030 

So  tang.  ^  G  47"  30'  .      1O-03794B 

To  AB  218-26  required  2-338978 

EXAMPLE  U. 

What  was  the  perpendicular  height  of  a  cloud,  or  of  a  bal- 
hion,  when  it*  ani^ea  of  elevnlion  were  36"  and  64°.  aa  taken 
bj  (wo  observerB,  at  the  same  time,  both  on  tbe  same  side  of 
it,  and  in  the  sameverticle  |>lwe  ;  the  distance  between  them 
being  half  a  mile  or  880  ynrds.  And  what  was  its  distanoe 
from  the  said  two  obeerrers  ? 

Comtntctinn. 


^ 
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Cimtfructton, 


Draw  u  indefinite  ground  line,  on  which  let  off  the  pvta 
jKataoce  ib  =  8t)0 ;  then  a  abd  e  are  the  place*  of  the  obser- 
ren.  Hake  the  u^le  «  =  3^0,  and  the  angle  b  ^  Bi"  ;  then 
the  intenection  of  the  linei  at  c  will  be  the  pkice  of  the  bal- 
loon :  whence  tlie  perpendiculiir  cd,  being  let  fall,  will  be  iti 
peq>endicnlar  hei^t.  Then  by  meaanrement  are  found  the 
diitancea  and  height  nearly  as  follow,  viz.  ac  1631,  bc  1041, 
9c  936. 

Fint,  from  ^  b  64° 
'  take  ^  k  86 
tearei^  acb  29 

A 
Then  in  th«  trian^e  uc, 
Ai  Bin.  ^  JCB  £8' 

To  op.  aide  ab        690 
80  sin.  Za  360 

Toop-BideiG   1041126    - 


As  rin.  z  *0B  29*    .- 

To  op.  aide  ab  880    • 

So  iin.  ^  B  116*'  or  64"     - 
To  op.  aide  AC      1631-442  - 


And  in  the  trian^  bcd, 
As  ain.  4.  d  90' 

To  op.  aide  Bc     1041-125  - 
Bo  ain.  ^1  64»        - 

To  op.  fide  CD     936-757    - 


Having  to  find  the  hei^t  of  an  obeliak  itanding  on  tbe  top 
af  a  declivity,  I  fir«t  meaanred  from  ita  bottom  a  diatance  « 
40feet,  and  there  found  the  angle,  formed  by  the  oblique  [dantt 
and  a  line  imagined  ta  go  to  the  top  of  the  obelisk,  4l* ;  bat 
after  meaanring  on  in  the  aame  direction  60  feet  &rtber,  the 
like  angle  was  -only  23»  46'.  What  then  waa  the  height  of  tbn 
•beliak? 

GpMtratNM, 
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Draw  BB  indefinite  lin«  ibr  tba  risyii^  plHW  vr^ecllvihr, 
in  wbich  imoiiw  snj  paiirt  a  fbi*  the  bottvm  of  the  obefin, 
front  wbich  let  eJT  die  diatance  ac  c=  40,  md  i^o  cd  «  60 
eqnal  parla.  Then  mke  the  ngle  c  »  4to,  and  the  a^te-v 
=:  tS*  4fi' ;  and  the  point  >  whare  Ae  two  finei  nRd  wil 
be  the  top  of  the  obelitk.  Thftiefbr«  a,  joined,  wiO  be  itt 
he^t. 


CaladatUM. 


From  the  z  c        41*  00^ 

take  the  z  D        23  45 
leave*  the  ^  dbo     IT    IS 


And  ia  the  triangle  abc, 
Aa  ram  of  (ides  CB. »        191-466 
-  To  diff.  (^  aides  cb,  ca         4I-48S 
So  tang,  half  Rum^  a  jL,B      69*  SO* 
T«taog.halfdiff.^SA,i      42    t4| 

the  diir.  of  these  ia  z  cba  ST     5} 

Lastly,  as  ain.  Z  cba  2T«  6'f 
To  op.  ttde  c&  40 

So  ain.  £fs  41'*  O' 

To  op.  side  AB  6T-68S 

EXAUnflV. 

WantioK  to  know  the  diatauce  between  two  inacceauble  trees, 
•r  other  objecta,  from  the  top  of  a  tower  1 20  feet  hU^  which 
ta;  in  the  same  li^  line  with  the  two  objacta,  I  took  the  a^ 
dtea  (brmed  bj  Hm  perpendiciilBr  wall  and  lines  concewed  ts 
M  drawn  from  the  top  of  the  tower  to  the  bottMo  of  each 
tree,  andfiraodthem  tobeSS"  and  64*.  Wbf t  then  ma;  bt 
the  distance  between  the  two  objects  ? 

CeiulnietioK. 


9-Sie94S 
l-n07l9 
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CorutrvttioB, 


pnw  the  inJeAnite  ground  line 
u>,iind  perpendicular  to  it  ba^ 
190  eqwd  parti.  Then  draw  the 
tiro  linei  ac,  ad,  making  the  tw« 
ang^ea  sj«,  kad,  equal  to  tbe 
ijrea  anglea  33°  and  64'>|.  8» 
aball  c  B»d  D  be  ttie  placea  of  tbe 
twttft^aeta. 

First,  ia  tfc«  rigbtras^ed  triangle  abc, 
Aaisdiua        -        .        .        .        .  10-000000 

T0  u  •      1»      •        '        -  2-»7»iei 

Sotaif.  ^   >A0      S3*     -  S-81I617 

TftM  -7T>9t9  1-69169S 

Tbao  IB  tbe  ri^t-angled  triangle  An*, 

Aandiw JO-000000 

T»u     .         -         .    1«0         -         -  S079U1 

•»tang.^si»        .    640^      •  10-S21MM 

To  an    -                 ibVbWt         -  S-40Q686 

Pt»BwbiehtAe»G77-9t9 

iMna  tiM  dnt.  gd  IT3-956  m  rehired. 


B^ng  OD  tba  aldt  ef  a  river,  and  wasting  t»  kkow  tbe  dia- 
ttmtr  la  a  hooaa  which  was  seen  on  tbe  other  side,  I  measured 
100  Twii  in  a  strait  liMhjtlw  side  of  tbe  river ;  andtiten, 
at  each  end  of  this  line  of  distutce,  took  tbe  horiso&tal  angle 
farsed  between  Ibe  bouse  awl  tbe  other  end  of  tbe  line ; 
which  an^es  were,  tbe  eae  of  them  6S°  3'.  ad  the  atbet 
73*  is';    What  then  were  the  distances  from  each  end  to  tbe 


Conttructum. 

Draw  Ae  lina  ass  20O  equal  parts.  Then  draw  ao  so 
■•  to  makn  die  an^e  a  b  U*  S',  and  ac  to  make  tbe  aa^ 
B  B  7S«  16'.  So  sUl  tW  poiid  g  be  the  ptaca  of  the  hoM« 
laqmted. 

Colciilarton. 
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SIS                               OF  HEIGHTS 

Qtlevtatiat 

To  the  given  ^  a 

68«     S- 

add  the  sivep  ^  b 

73     16 

then  their  lum 

141     17 

being  taken  from 

180       0 

leaves  the  third  Z  c 

38     43 

Hence,  Ai  «n.  ^  c 

38»       4S 

To  op.  tide  ab 

200 

So  Bin.  Z  * 

«e»      «■ 

To  op.  Ride  bc 

S96-&4 

And,  Aa  >in.  ^  c 

38«  43' 

To  op.  aide  ab 

800 

So  sin.  Z.  B 

73»  16' 

To  op.  side  ac 

306-19 

I 


9-796806 
2-301030 
9-967268 
2-47209f 
9-796206 
2-301030 
9-961171 
8-4S5995 


Exam,  vi  From  the  edge  of  a  ditch,  of  36  feet  wide,  aar- 
rounding  a  fort,  havii^  taken  the  angle  of  elevatiou  of  the 
t«p  of  the  wall,  it  waa  found  to  be  62**  40':  required  the 
hught  of  the  If  all,  and  the  length  of  a  ladder  to  reach  irom 
mr  alation  to  the  top  of  it  ?  .       (  beii^t  of  wall  69-64, 

*"■■;  ladder,  78- 4  feet. 

Exam,  vii ,  Required  tbe  length  of  a  ihoar.  which  beii^  te 
atmt  1 1  feet  from  the  upright  of  a  bailding,  will  lupport  i 
janb  23  ftet  10  inches  from  the  grouDd  t 

Au.  26  feet  S  incbea. 

Exam.  viti.  A  ladder  40  feet  long,  can  be  ao  planted,  that 
it  ahall  reach  a  window  33  feet  from  the  ground,  on  one  aide 
of  the  atreet ;  and  hy  tumii^  it  over,  without  moTiog  the  foot 
out  of  its  place,  it  will  do  the  aame  b;  a  window  3 1  fset  high, 
on  die  other  aide :  required  tbe  breadth  of  ttie  street ! 

Abs.  66-649  feet 

Exam.  ix.  A  maypole,  whose  top  was  broken  off  by  a  blast 
•f  wind,  struck  the  ground  at  16  feet  distance  from  the  foot 
«f  the  pole :  what  wm  the  height  of  the  whole  maypole,  sop- 
poeing  the  broken  piece  to  roeasare  39  feet  in  l«>gtb  ? 

Ana.  76  feet. 

Exam.  x.  At  170  feet  distance  from  the  bottom  of  a  tower, 
the  aa^e  of  its  elevation  waa  found  to  be  62°  SO' :  required 
the  altitude  of  tbe  tower  ?  Ani.  2f  1  -56  feet. 

Exam.  xr.  From  the  top  of  a  tower,  by  the  sea-side  of  14S 
feet  hi^,  it  was  obteired  (hat  tbe  angle  of  depression  of  • 
ship's  bottom,  then  at  anchor,  meaiured  36'  :  what  then  was 
tbe  ship's  distance  from  the  bottOB  of  tbe  wall  ? 

An*.  S04f<feet. 

EXAW. 
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Frill.  Kit.  What  it  the  perpcndicalor  hei^t  of  a  hill, 
its  HDgle  of  elevatioD,  taken  at  die  bottom  of  it,  being  4%", 
and  200  yarda  fiirther  off,  on  a  level  with  the  botloin,  the  ao- 
^e  WH  SI"  ?  Ads.  X86-X8  yardi. 

Exam.  xili>  Wanting  to  know  the  height  of  an  inaccei' 
sible  tower  ;  at  the  least  distance  from  it,  on  the  same  hori- 
zontal plane,  I  took  its  angle  of  eleTatioo  equal  to  bB^  ;  then 
going  300  feet  directly  from  it.  found  tb«  angle  there  to  be  on- 
ly 32'  :  reqoired  its  height,  and  my  distance  from  it  at  the 
fitBt  station  ?  *      An.  t  ^^'S'''     307-53 

J  distance  IM-IS"* 

Exam.  xiv.  Being  on  a  horizontal  plane,  and  wanting  to 
know  the  height  of  a  tower  pluced  on  the  top  of  an  ioaccei- 
■iUe  hill ;  I  took  the  angle  of  elevation  of  the  lop  of  the  hill 
40*,  and  of  the  top  of  the  tower  51°;  then  measuring  in  a 
line  directly  from  it  to  the  distance  of  200  feet  farther,  I  btund 
the  angle  to  the  top  of  the  towers  to  be  iS"  45'.  What  then 
la  the  height  of  the  tower  ? 

Au.  93.33148  feet. 

Exam.  xr.  From  a  window  near  the  bottom  of  a  house, 
which  seemed  to  be  on  a  lerel  with  the  bottom  of  a  steeple, 
I  took  the  angje  of  elevation  of  the  top  of  the  steeple  equal 
40"  ;  then  from  another  window,  18  feet  directly  ubove  the 
former,  the  Uke  angle  wan  37°  30' :  what  then  is  the  height 
and  distance  of  the  steeple  ?  .   ,  (height     210-44 

■*"*•  }  distance  260-79 

Euh.  XVI.  Wanting  to  know  the  height  of,  and  my  dis- 
tance from,  an  object  on  theothersideof  a  river,  which  seem- 
ed to  be  on  a  level  with  the  place  where  1  stood,  close  by  the 
■ide  of  the  river  ;  and  not  having  room  to  measure  backward, 
on  theaatne  plane,  becatue  of  the  inunediute  ri'e  oftbe  bank, 
I  placed  a  mark  were  I  stood,  and  measured  in  a  direction 
fromthe  object,  np  the  ascendiogground  to  the  distance  of  364 
feet,  where  it  was  evident  that  1  was  above  the  level  of  the 
top  of  the  o^ect ;  there  the  angles  of  depression  were  found 
to  be,  viz.  of  the  mark  leil  at  the  river's  side  it",  of  the  bot- 
tom of  the  object,  27°,  and  of  its  top  19°.  Required  then 
the  height  of  the  object,  and  the  distance  of  the  mark  from 
its  bottom  ?  .       ( height      6726 

^distance  150' 50 

Exam.  xvii.  If  the  height  oftbe  mountaiD  called  the 
Peak  of  Teneriffe  be  Sf  miles,  m  it  is  nearly,  and  the  angle 

taken 
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takes  at  dM  t0p  cf  it,  M  farmti  betwean  a  ph^k-Kne  and  a 
line  coDcetTed  to  teach  the  euth  in  the  herixon,  ar  faitheat 
viaibla  peiat.  be  87°  &v' ;  it  ■■  raqoired  trtm  tbaae  to  4eter- 
naiae  the  OMgoitede  of  the  whole  earth,  end  the  otaioM  dm- 
.  taoce  that  ud  be  Men  on  iti  rar&ce  from  the  top  of  the  rmmib- 
tain,  roppoHBg  the  form  of  the  eertfa  to  be  perfectlj  ronod  T 

Eiiui.  xrui.  Two  riiipi  of  war,  ioteBdieg  to  Cttmooade 
a  ibrt.  are  bj  the  Bhidlowneia  of  the  water,  kept  m  &r  tnm 
it.  that  thej  BDiipect  ttieir  guns  cannon  reach  it  with  effect  Ib 
order  therefore  to  measare  the  diatance,  the^  aeparate  fron 
each  other  a  qaarter  of  a  mile,  or  440  jarda  ;  then  each  ab^ 
obserrea  and  meaturea  the  an^c  which  the  other  ihip  and  the 
fort  aabtenda,  which  angle*  are  B.%-  46'  and  tB"  li'.  What 
then  is  the  diitance  betireen  each  ahip  and  the  fert ! 

^■Jt3M-06 

EiAM.  xn.  Beii^  on  the  aide  of  a  rirer,  and  waatiog  to 
know  the  distance  to  a  hoaae  which  waa  seen  at  a  diatance  on 
the  ether  side ;  I  meainred  ont  for  a  bate  400  jardi  in  a  right 
line  b;  the  side  of  the  rirer,  and  feand  that  the  two  angle*, 
one  at  each  end  of  this  line,  inbtended  by  the  other  etid  and 
(he  house,  were  69"  V  aad  73*  )6'.  What  then  was  the  dis- 
tance between  each  station  and  the  house  T 


.       S  593-08         , 


ExiM.  u.  Wanting  to  ksow  the  breadth  of  a  rirer,  I 
measured  a  base  of  AOO  jards  in  a  straight  line  doae  bj  oao 
side  of  it ;  and  at  each  end  of  this  liae  I  found  the  ao^es  nb- 
tended  bj  the  other  end  and  a  tree  close  to  the  bank  oe  the 
other  side  of  the  rirer,  to  b«  63*  and  79*  12*.  What  thea 
was  the  perpendicolar  breadth  of  the  rirer  ? 

Ans.  6S9-48javda. 

ExAH.  iKi.  Wanting  to  know  the  extent  of  a  piece  of  wa- 
ter, or  distance  between  two  headlands  ;  I  measured  from  each 
of  them  to  a  certain  point  inland,  and  found  the  two  distancea 
to  be  736  yards  and  840  yards  ;  also  the  horizontal  angle  eab- 
tended  between  these  two  lines  was  66*  40'.  What  then  waa 
the  distance  required  ?  Ans.  741  S  yards 

EsAM.  xzii.  A  point  of  land  was  otwerred,  by  a  ship  at 
jea,  to  bear  e»st-by-south ;  and  after  sailing  DOrth-eaet  IS 
flsites,  it  was  found  to  bear  south-east- by 'Oait.    It  is  required 
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te  deteniiM  the  place  of  that  facadlaBd,  and  the  ihip's  dU* 
tance  from  it  at  tbc  last  obseiration  ?      Adb.  S6-0728  milet. 

KxAM.  xsiii.  Wanting  to  kaow  the  distance  betweeo  a 
hoote  and  a  mill,  which  w«r«  fteeo  at  a  dictance  on  the  other 
fide  of  a  river,  I  meaeured  a  bate  line  atong  the  lide  where 
J  wai,  of  6U0  jards,  and  at  each  end  of  it  took  the  angjei  flub- 
tende^  by  the  other  end  and  the  house  and  milt;  which  were 
.  «B  follow,  viz.  at  one  end  the  angles  were  5^"  2<f  and  9^"  %(/, 
and  at  the  other  end  the  like  angles  were  53"  30'  Hnd  flQ"  46'. 
What  then  was  the  distiibce  between  the  hoaae  and  mill  ? 

Ans.  969-fi8G6  yards. 

ExAn.  xziT.  Wanting  to  know  my  distaoM  irora  an  uim:< 
eessible  object  0,  on  the  other  side  of  a  river ;  and  having 
Ds  instrament  for  taking  ai^Iei,  but  only  a  chtun  or  chord  for 
measurmg  distances  ;  from  each  of  two  alutiona,  a  and  u.  which 
were  taken  at  500  yards  asunder,  I  meniured  in  s  direct  line 
from  the  object  0  100  yards,  viz.  ic  and  bd  each  equal  to  100 
yards  ;  also  the  diagonal  ad  measured  hbO  yards,  and  (he  dia- 
gonal ac  &Go.  What  then  was  the  distance  of  the  object  0 
from  each  station  a  and  a  I  i       S  ao  d3n-26 

^■f*-  \  BO  fi0009 

ExiM.  »T.  In  a  ^rriaon  besieged  are  three  remarkable 
•bjecti.  A,  B,  c,  the  dtstancea  of  which  from  each  other  are 
discovered  by  means  of  a  map  of  the  place,  and  are  as  fol- 
low, viz.  AB  SG6i,  «c  £30,  Bc  3i7j,  yard*.  Now,  hariiig  Ut 
«rect  a  battery  agaiiut  it,  at  a-certain  spot  without  the  place, 
and  being  desirous  to  know  whether  the  diitancea  from  the 
three  objects  be  snch.  as  that  they  may  from  thence  be  bat- 
tered with  effect,  I  took,  with  an  instrument,  the  horizontal 
angles  sobtended  by  these  objects  from  my  station  s,  and  found 
them  to  be  as  Mlow,  viz.  the  angle  aib  13*  3tf,  and  the  an> 
gle  Bsc  29*  60* ;  required  the  three  distance),  sa,  sb,  sc  ;  the 
object  B  being  situated  nearest  to  me,  and  between  the  two 
•thers  A  and  c  ?  i  sa  T&7-14 

Ans.  {  »  637-  lO 
f  sc  655-30 

Exam.  ssri.  Required  Ae  Mne  m  in  the  laat  example, 
whea  the  object  b  is  the  ftrthest  from  my  itation,  bat  still 
•een  between  the  two  others  as  to  anguliir  position,  and  thosa 
angles  being  thns,  the  angles  aib  3^°  4f)',  and  bsc  if  30,  also 
the  three  diataocea,  ap  t}00,  a£  600,  ec  409  jarda  ? 

isA    Toei 
Am.  i  '■B  1042^ 

Vol.  I.  Hi  UKKSURATlOiV 
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MENSURATION  OF  PLANES. 


THE  area  of  any  plane  figjure,  u  ib«  meaiare  of  die  apace 
contained  withia  its  eztrenteB  or  Iktuuda  ;  wittiout  an;  regard 
to  tbickoesa. 

This  area,  or  the  content  of  the  plane  figure,  ia  esttmated 
by  (be  ODOtbcr  of  little  aquarea  that  may  be  cootwned  in  it ; 
the  aide  of  Ihoafi  little  meaauring  aquarea  being  an  inch,  a  foot, 
e  yard,  or  any  other  fixed  quantity.  And  hence  the  area  or 
content  is  said  to  be  lo  many  square  inchea,  or  aqoa^e  feet,  or 
■quare  yards.  &g. 

Thui.  if  the  fignre  to  be  measured  be 
the  rectangle  abcb,  and  the  little  square 
B,  whose  side  is  one  inch,  be  the  mea- 
iuring  unit  proposed  ;  then  as  oAeo  ai 
the  said  Kttle  square  is  contained  in  the 
rectangle,  so  many  square  inches  the , 
rectangle  is  said  ii>  contain  which  in  the 
present  caie  is  IS.  Pe| 


J\tjind  Ihe  Are*  of  am/  ParatUlogram ;  lelutiur  it  he  a  Squm, 
a  Heetongla,  ajikombiu,  or  a  R'      '    " 


HoLriPtr  the  length  by  the  perpendicular  breadth)  or 
height,  and  the  wodnct  will  be  the  area.* 

EXAMPLES. 


■  Tin  tnitfa  of  thti  Rile  ia  prond  in  Ok  Gecoi.  dwor.  •!,  cor.  1 
1%*  9SBM  ia  othenriie  |niH^  that :  Lei  the  fbrMoiBg  iin  liagh  in  dia  SfiM 
pHtpoaeA:  uxl  lei  tin  length  iiKlbrsadUi  ba  drvidedlnKi  •gvervl  putt  escb  squd 
ID  [he  linrar  HHwariiiK  unit,  brine  ben  4  (or  tbe  length,  and  3  u>  the  braadth ; 
u<)  let  (he  opposite  point*  of  dinaion  be  nonwled  hr  right  IIdm.— lliMi  it  i» 
criiUat  that  uien  linei  diiide  tbe  reclanele  into  a  nuniber  »l  little  aqiwm,  eadi 
W|ul  to  ttH  iqaut  meimirirq;  mat  ■ ;  uid  fur&er,  that  the  nuisber  or  th«c  littla 
vjavta,!!  theucftof  (be  ^u<^  ii  eguil  tatbaiuinibercf  liocMMCMitnsf  lauis 


D,q,-Z.-dbvGOOy[C 


UENSOKATIOH  OT  PLANES. 


fez.  1.  To  God  the  aren  of  s  parallelofraB,  the  length  be- 
ing It-ii,  and  beigfat  8  6. 

12-35  length 
8'&  breadth 


lOA-lib  area 


£i.  Z.  To  find  the  area  of  a  iqaare.  whose  lide  U  36*£S 
chains.  Ans.  1K4  acres,  1  rood,  I  perch. 

Ex.  3.  To  find  the  area  of  a  rectangalar  board,  irhoac 
length  ii  1 2}  feet,  and  breadth  9  inches.  Aos.  9)  feet. 

Ez.  4.  To  find  the  contenlof  apiece  of  land,  infonaof  a 
rbombut,  ita  length  being  6-SO  chains,  and  perpendicular 
height  b-ib.  Ana.  S  acrei,  1  rood,  !fO  perchea. 

Ec  5.  To  fitid  the  numtwr  of  square  yards  of  painting  in 
a  rhomboid,  irhoM  len^  ii  31  feet,  and  breadth  6  feet  3  in- 
ches. Au.  SI  1^  square TUdi. 


To^nd  the  AriaoJ  a  TriangU. 

RsLB  f.  HnLTiPLT  the  base  by  the  perpendicaJar  beifhtt 
and  take  half  the  product  for  the  area.*  Or,  multiply  u« 
«ne  of  these  dimenaions  by  half  the  other. 

in  Om  length,  rrpeUcd  m  oAwi  H  Iben  ue  linear  mcuuiuig  nnSti  In  tbe  bnadlh, 
ivk%ht;  thai  i*,  «pul  Id  Ifae  keogtfa  dntto  into  tbe  Iwigfal ;  wlikli  hen  iB4x3 

And  it  IB  proved.  {Getwo.  'itmt.  16,  cor.  9),  that  any  obliqiw  punUtlogTmin 
ill  eqml  to  *  ivcluvie,  of  equal  Ifngth  and  ferpeiuilicular  breadlA.  Tbareibn 
ittt  roJ*  if  gaKisl  Im  all  ptnllelagnau  nbaleier. 

■  tW  trudi  tC  Ibis  rale  ia  nid^t,  bFCSue  any  triaiwle  il  toe  half  a!  a  panl. 
Ulocnnsf  •q>>alba*BW>dal(tttti*,brOeonLSw«r.IS.  evimples. 
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t,t.  1,  I'd  6bA  the  area  of  a  triuigle,  wliott  bas«  if  636, 
jtaid  perpendicnUr  height  5£0  [ioks  ? 

Here  625  X  260  =c  162600  sqntwe  link*, 

or  equal  1  acre,  3  roo^,  SO  perches,  the  aniwer. 
Ex.  2.    How  many  square  yards  contains   the  triangle, 
irhoae  base  it  40,  and  perpeodicular  SO  feet  ? 

Ans.  66|  square  yards. 
Ex.  S.  To  find  the  nnaiber  of  square  yards  in  a  triangle, 
vhose  base  is  49  feet,  and  height  26|  fe.et ! 

Ads.  68f|,  ores-7361. 
Ex.  4.  To  find  the  area  of  a  triangle,  whose  base  is  18  bet 
4  ioches,  and  height  1 1  feet  10  inches  ? 

Ans.  108  feet, finches. 

KvLx  II.  When  two  sides  aid  their  contained  angje  are 

given:  Multiply  the  two  gi»en  aides  together,  and  take  half 

their  product :  Then  say,  as  radius  is  to  the  sine  of  the  given 

an^e,  so  is  that  half  product,  to  the  area  of  the  triangle.    . 

Or,  mnltiply  that  half  product  by  the  oatnral  sine  of  tha 
said  an^e,  for  the  area;* 

Ex.  1.  What  is  the  area  of  a  triangle,  whose  two  sides  ar« 
SO  and  40,  and  their  contained  angle  SS**  6T  ? 

By  JVatural  /fwnhen.  By  LogarUkmt. 
First  iX  40  X  30=  600, 

then,  1  :  600  : :  -484046  sin.  tS"  b1'  log.  9-684887 

600  2-778 1  SI 


Aniwer     290-4276  the  area  answering    2-463038 

Ex.  S.  How  many  square  yards  contains  the  triangle,  of 
which  one  angle  ia  46",  and  its  containing  sides  26  and  21} 
ftet?  Ans.  20-86947. 


•  Wat,  kt  IB,  «c,  be  thr  two  prai  lidet,  incluaing 
tiieginn»nglei.  How  i  jb  X  cp  istl»  bibb,  by  the 
firfl  rule,  cr  being  tbe  perpendicular.  Bat,  by  trigo 
VJtnAr^,  u  lin  ^  p,  or  radiuB  :  Ac  :  :  dn-  ^  A  :  cr, 
winch  if  (henbre^cX  liti.  ^ii,lKldDgradni!:=I. 
■nierelbra  Oic  u«  4  u  X  gp  is  —  |  ai  X  AC  y  an. 
Z A,to ndiDili  or, aindiiu:  tin. ^a:;  iity,AC: 


^ 


-:l,vG00gIC 


br  Hanes.  *%6 

ktLB  III.  Wheo  tb«  three  sides  nre  prta :  Add  alt  (be 
Ifaree  si4ei  lOgetber',  aod  take  half  tbiit  nim.  Next,  sDbtnict 
•Bcfa  iide  BfiTeraUj  from  the  »aid  half  sam,  abtaloing  three 
renuuuden.  Tbeo  nniltipl;  tbe  said  hrilf  earn  and  thooe  three 
remaindeh  all  together,  (tml  extract  the  square  root  of  the 
bat  product,  for  the  area  of  the  triangle.* 


•  For  let  «>c  b«  ttie  gjTM  Iti- 
Ukglle.    Drair  (ha  ji^llds  am,  ■>, 

MHlHig  Qie  two  aj^  *c,  cb,  plo- 

dnced.  in  D  uid  I,  uid  msking  c« 

—Ira,  sod  ci:=ct.     AIk>  dnw  j 

tan  biaectii^  db  and  ai  perpend!-  j 

wlBrly  [niuid  Di  sod  fHip*rBl-  \ 

lel  to  tbii  tide  ts,  nwetiog;  ac  in  a,  X\_ 

•ltd  II  produced  in  i.     lastij, 

wMi  ceotre  H,  u>d  ladiiu  hi,  d» 

«cribe  >  cirel«  meeting  ic  produc- 

•rf  ui  1 1  wUc^  mil  pan  dnvugfi  •,  beane  a  at  rigfit  angle,  and  throiigh  i , 

bec(D«,  bj  meani  of  tbK  panllel^  xi  c=  ra  *!  i>»,  tberalbn  ao  :=  ha,  and  BV 


Hence  ha  or  kdJi  balf  tlie  dlflbMOCc  of  be  aides  ac,  gb,  ind  HC  :=  hair  Ifaeii 
mmomiAc-t-icB;  alio  Bi  <- hi  «  ^ir  u' ^ab;  cmaeq.  ac=.^to  +  icM 
+  iAah»\(  Ibewmii  aMibi  Ihpee  Ndn  of  the  triaogle  Aac,  or  ci  =  |i,  call- 
■PC  a  the  nun  of  Ihoao  three  lidea.  AgUD  hk  s  hi  ^  iii=^ABOr  ki.=ab; 
dwraf.  CL=  CI  — «L  =  Ji  —  *«,  and  AI  =  «  —  ca  =ii—  ac,  and  al  =m 


nan,  by  Ibe  fintnile,  a*  .  cs  =  the  A  Aci,  ai 
*«.»■«&  ACS.  Alu  bf  the  pwatlelf,  as  :  i 
nae(a  act  s:)  ca  .  ia  as  cs  .  ifv,  ctateq.  At 


s  the  A  Alt,  ibereT. 


Became  the  nctuiKla  AS  .  d^ai  the  A  ak,  and  nnce 
iDg  the  fiiM  and  wcoad  tenn*  into  cr,  and  the  diiid  an 


Ad .  or,  that  ii^  the  &  abc  is  a  mean  pn^Mitioo 


:  AQ  : :  c>  :  or.  dratT' 
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400  HEHItTKATKty 

Ct.  I.  To  fiad  tli«waa  of  tbe  triqgg^  wfrne  4ve«  n^ 
an  io,  30, 4P- 


■—  25  lit  KB.     I&3dreia.       fiSdnia. 

8)90  —  —  -^        ^^ 

46  balf  nun 

Then  45  X  16  X  16  X  6  =  84,'n6, 
The  ro«t  of  nhkh  is  290-4737,  tbe  ant. 

Ei.  2-     How  bwd;  Bt|iiBre  jardt  of  plaitering  are  in  ■  tri* 
BDgle,  wboie  (idea  are  30, 40,  fiO,  feet  I  Aas.  66|. 

Et.  S.    How  tUDy  acrei,  lie.  containa  tbe  trungle,  wbote 
aMca  are  2560, 4900i^2:>  links  1 

*      Aos.  filacrei,  Irood,  Mpeidie*. 


T}Jbid  thd  Ana  ef  a  TraftatnA. 

Add  tdgetber  the  two  parallel  lidea ;  d>eii  mnltiplj  Uieir 
■nm  by  the  perpendicular  breadth,  or  the  distance  between 
them ;  and  btke  half  the  prodact  for  tbe  area.  Bj  Geom. 
tbeor.  39. 

El.  I .  In  B  tmpczoid,  the  parallel  sides  are  750  and  1226, 
md  the  perpendiculai  distance  between  them  1640  lioka :  to 
find  the  area. 
1225 
760 

1S75  X  770  A  162076  square  links  >=15  acr.  33  perc. 

Ei.  2.  How  man;  sqaare  feet  ara  contained  in  tbe  plank, 
whose  length  is  12  feet  6  inches,  the  breadth  at  the  greater 
end  16  inches,  and  at  the  leas  end  llinchesi 

Ane.  I3f)feet. 

Ex.  3.  Id  meaavriag  along  one  «de  ab  of  a  qandrangalar 
field,  that  side,  and  the  two  perpendlculan  let  fell  on  it  frusk 
.  the  two  opposit*  coiaeia,  neasured  as  below,.i«^ured  tb« 
content. 


bvGooglf 


orpLAnns 

A«s    746 

us:  I  no 

ct  =    36« 
i>«  =    695 
Aw.  4  KKi,  I  rood,  frTSZ  pwcbM 


To^mI  ttu  Ana  of  any  Tra|)«2ttHii. 

DiTiDB  the  (rapennm  into  two  Iriaaglaa  by  «  diagoaal; 
then  find  the  areas  of  (heie  triaoglea,  and  add  tbem  toger 
ther. 

Or  thai,  Ut  fall  two  perpendicalon  ob  the  diagooal  frotn 
the  other  tiro  opposite  angles  ;  then  add  these  two  perpendi* 
colnn  together,  and  maltipl;  (hat  atim  bj  the  diagonal,  liking 
half  the  prodoctfor  the  area  of  the  trapeziam. 

Ei.  I.  To  find  the  area  of  the  trapeKium,  whoae  diafftnal, 
it  4S,  and  the  two  perpendiculan  on  it  16  and  18. 
Here  16  +  18  =  34,  its  half  ii  17, 
Then  42  X  17  =  714  die  area. 

Ex.  t.  How  manj  «quare  jarda  of  paving  are  in  the  ix^ 
pezioin,  whose  diagonal  ia  65  feet,  sad  the  two  perpendiculan 
let  fall  OQ  it  28  and  33^  feet  ?  Ana.  iti^  jvHi. 

Ex..  3.  Id  the  qnadrangnlar  field  abgd,  od  account  of  ob- 
■tructiona  there  could  oa\y  be  taken  the  follomng  meaiures, 
viz.  the  two  lidea  ec  fS5  and  ad  S£0  yarda,  thfe  diagonal  us 
978,  and  the  two  dlstancea  ^f  the  perpeodlculnra  from  the 
end*  of  the  diagonal,  namely,  ak  100,  and  cr  70  yardi.  Re- 
quired the  conatruction  of  the  figure,  and  the  area  in  acrei, 
irheu  484tJ  iquare  ysrda  make  an  acre  ? 

Ana.  n  acre*,  2  roods,  SI  perchei/ 


HtOBUEM  V. 

Tojind  Ae  Areaof  an  frragWar  Polygon, 

DxAW  diagonala  dindiog  tha  proposed  polygon  into  trapa. 
ziumi  and  trianglei.  Then  find  the  areas  of  all  these  sepa- 
rately, aod  add  thsn  togatfaer  for  the  eootent  of  the  whole 
poJjTio* 

EXAUFU. 
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HSrSURATIDN 

To  6Dd  the  coatent  of  the  imgolar  fignre 
ABCDEPQA.  in  M)ich  are  giTen  tbc  fbllowins  diaKOoab  and  per- 
pendicatars    aamtj. 


ExAtLK. 


so  it 

Bp     8 


.  1878^ 


Tojind  iht  Area  of  a  Regular  Polygon. 

Role  I.  HuLTivLV  the  perimeter  of  the  pfltjgoD,  or  ton 
of  ita  aidefl,  by  the  pcrpendicnlar  drawn  from  its  centre  or 
one  of  its  aides,  and  take  balf  Uie  product  for  the  area.* 

Ex.  I,  To  6nd  the  area  of  tt)e  regjiilar  penti^n,  each  side 
jbeing  %b  feet,  and  the  perpendicular  from  the  ceqtra  oa  eapl^ 
iide  is  17-2047737. 

Here  26  X  6  —  I3B  is  the  perimeter. 
And  17-!(04T737  X  ISifi  =  2160-5967186. 
Its  half  1076  298356  if  the  area  sought. 

Role  IU  Square  the  side  of  the  polygon  ;  then  mnkipl]' 
that  square  by  the  tabular  area,  or  multiplier  let  against  its 
name  in  the  rolloniog  table,  and  the  product  will  be  the 
arejut 

No. 


•  lUi  ii  coif  ia  eflect  reaolTuig  the  polygoo  into  m  moay  eqniJ  irnngUs  mi 
it  hu  ddd,  by  drawing  linei  from  the  csotn  to  all  the  uigles ;  tben  fiuliiig  tbiiL 
■reis,  aod  ad^ng  ihem  all  togedter. 

_.  initaiiloUD , 

_■«  to  «M  Biuthai  as  the  squai  .   ..._  ,       ._,..    .      _     . 

Gsoni.'dieac,  S9.     Now,  the  multiplien  In  the  table, ««  tbe  ueu  of  dw  mpeO' 
tit*  poll's;^)  to  die  litl*  3-     Wbeoeclhe  ruie  is  mwiiJMV 
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Ko.  of 

Sides. 

Nanei. 

Areas,  or 

Multiplien. 

3 
4 

G 
6 
7 
8 
H 
10 
11 
12 

Trigon  or  Imnglo 

Tetrd|on  or  square 

Pentagon 

Heiagon 

HeptHgOB 

Octagon 

Nonagon 

Decagon 

Undecagon 

Dodecagon  . 

0-43S0IS7 
I -0000000 
1-7K14774 
S-598076« 
S-63391«4 
4-8884S71 
6-l8t824« 
7-6942088 
9-3666399. 
11-1961624 

mple  as  beibre,  nantelj, 


Exam.  Taking  here  the  same  e 
a  pentmOB.  wfaot«  fide  is  96  feet 
Then  2^  being  b  625, 
And  the  fabular  area  I  -7204774 ; 
Tberef.  I  7204774  X  625  =  1076-298375,  as  before. 

Ex.  &  To  find  the  area  of  the  trigon,  or  eqnilateral  trian- 
gle, whose  side  is  30.  Aas.   173-20508. 

Ex.  3.  To  God  the  area  of  the  hexagon  whose  side  ii  30. 
Ans.  IOS9-2304B. 

Ex.  4.  To  find  the  ores  o€  an  octagon  whose  side  is  SO. 

Ans.  I9SI-37084. 

Ex.  6.  To  find  the  area  of  a  decagon  whose  side  is  20. 

Ans.  3077-68352. 


tta  polTgDO  diair  Ik 
'    in  Mo  U  DMBI 


indw  labb, til  e«ck  Mel, m^be 

nrmg  naimet  i  Fmn  dw  oenin  c  of 

«i  »  ««iTii^,diTid»g  the  whole 

Sn  Mo  u  DMBT  (qad  liun^M  u  Iba  pntyfaii  hM 
■  ;  wdWt  JBCbaoD*of  Ihow  (riu^lM,  Iba  peTpm- 
tUi-nUr  of  wbkh  it  ci>.  DMde  360  depeu  bv  iIm  nua- 
ber  of  side*  M  Ab  poljna,  tbe  aMdmt  (Iret  Ibe  u^  at 
the  oentn  'CB.  The  half  i^  diii  Kirastbe  u^  jicDi 
■ad  diii  Mken  ftom  90>,  I«mm  die  angle  u».  Theo  It 
will  ba,  a«  ndiiu  n  to  ii>,  ■>  u  laiig.  a^i^  CI  ~ 
'■     '  '■  ■■   '  "y  Ifae  baO*  base  «D, 


penMadicater,  multiplied  bj  lb 
which  beins  raulllplied  b;  the  i 
JjRODi  eirM  itt  wMe  atca,  u  i 


Vol. 


bi  the  table,  (or  « 
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MENSURATION 


To  find  th*  Diamettr  snd  Circumfertn^  of  am/  Circle,  Ac  otu 
from  Ae  othtr, 

Ts»  way  be  iaae  nem\j  by  oUier  of  the  tiro  foUowins 
proportion!, 

y'a.  As  7  i>  to  22,  w  is  the  dianteterto  the  circumferencs. 
Or,  Ai  I  n  to  3-l41t),  so  is  the  diameter  to  the  circum- 
feroDce.* 

Ex    I.  To  find  the  circumfereDC*  of  the  circle  vrhose  diz- 
■neter  is  20. 

Bv  the  first  rule,  m  7  :  22  : :  20 :  6ief ,  the  answer. 

Ex.  2. 


*  For,  lat  ABCDbeiii7ein;l«,wlwMCeB<n  iii.ttd 
M  'B,  Bclw  mnj  two  eqad  atra.  Dnw  the  mnnl 
chords u  ID  Ihe  Gf^TC, uxl  Joan  ill  ilaiKlnn  Ihedia- 
mter  OA,  which  pcuducs  to  f,  till  Bi  b«  eqiul  to  tb* 

TlwD  Ah  two  noarelet  trianlcs  nil,  Dir,  u«  cqtii- 
■nfnlmr,  becum  thrj  hare  the  angle  at  o  comraoa ; 
comeqijuill;  oa  :  sa : :  bb  ;  or.  Bui  (he  two  tnangWa 
4FB,  Ml  are  identical,  or  equal  in  all  tv^kcIs.  beranaa 
ftef  have  the  anglo  t=i  the  ai^le  boe,  bring  rach 
tnjati  to  ihc  anf^  ina,  then  bem^  sobimdrd  faj-  the 
fquni  am  ab,  Rc  ;  alio  the  eitenor  an^e  »b  d  the 
quadranfcle  iicti,  il  aqnal  to  the  oppgi^ile  interior  an- 

£al  r: ;  end  the  two  triwiglel  bate  atau  Uw  lidc  Br= 
fldo  BT> ;  thervlbiv  the  side  at  is  also  equal  to  the 
udr  DC.     Hence  the  pTOportloo  above,  vii.  ox  :  db  :  '  ob  :  or  ^  da  -^  xi,  bi 
cones  DB  :  OB  ^  :  Bl  :  Soa  -|-  DC.    Tbeo,  iij  taking  ttMs  nctangles  of  the  e] 


Now,  if  (be  ndiua  ni  be  talicn  j  1,  (hij  eipvsuoa  becsBH  di 


(  the  n 


-S+DC. 


MeaUl  thoitl  of  anj  ar 
MID  will  be  the  Bupptrt 

Now,  (0  apply  Ihii  to  the  calculBtiou  of  the  circumfennce  of  I)h  ciicIb,  let  dw 
aic  AC  be  Ifkax  equal  to  ^  of  tfaa  f ircnmlerence,  and  be  mrcessivelj  biircM]  bj 
Ihe  above  tlwoTTin :  tlinii,  (he  chord  ir  of  ^  of  ibe  cin  umfeimce,  is  the  side  oi 
tit  inicribed  regular  heiagcit,  and  ii  tttfraliiR  equal  to  die  radiai  «b  or  1  -, 

h«ice,iatberigtit4ii|;1edtriBq[leAGD,i(willbeDc  '^y/An'—u:'  =^S*— I* 

■B  ^3—l-T33(»0e07E,  Iha  aqpplanMBtal  dnti.  of  i  gf  (be  periptmr. 

Thea, 


.-3bvGoC^lc 


OP  PUVNBS.  Ill 

fti.  £.  If  tfae  circumferencfl  of  the  earth  be  26000  nule*, 
what  ii  its  diameter  ? 

By  ihe  2d  nile,  88  3-1416  :  1  :;  35000:  7 9 67 j  nearly  the 
diameter. 

Note  by  R.  Adaaik.  Having  applied  mj  netr  theory  of 
Boat  probable  values  to  the  deterinioation  of  the  tnagoitude 
apd  figure  of  the  earth.  I  found  the  true  mean  drnmeter  of 
the  earth,  taken  as  a  globe,  to  be  79)8-7  EngltifFi  milei,  and 
consequently  its  circumference  24877-4  K.  oiiles,  and  a  d^;i«e 
of  a  great  circle  equal  to  li9-  1U39  nules. 


Then,  bj  Ihe  Joregniiu;  IhRnmi,  1»  titnja  biaKling  the  area,  and  addji^  t 
tB  Ihe  lael  Bquare  root,  tnens  will  be  fosod  the  >uHilEraeniBl  choraa  of  the  13th, 
ttM34th,lhe4eib,  tlwa«b,&c.  {HrisoftbepeiipbeiT;  thiu, 


^3-7320608076  =  l-93l66ieS86- 
^3-93I86l6fl26  =  1  •»888lt!>7227 
-/3- 9828897^27  =  ^9957178465 
^3-9967178466=  I-!)98929I743 
^/3-998929I743=  I-9997322757 
^^■9997322767=  l-99fl9330ti78 

^3-9999330678  =-  '  """'"""• 

^3-9999832669  ' 

3SSK»  dwa  it  is  biavl  tb&I  3-9999933669  is  the  h 


i 

r  ^  ^ 

p- 

A 

h 

i-f. 

T*, 

?■= 

,k 

-T*. 

.£ 

UaiJ 

„  JkcWI  o<'  tbe  Hid  153e<h  part  a  ihc  peri, 
^00O0in6T33l=O<X3iOS06iUn  Ih    ' 


Wine  mulaplied  by  1536,  |pi 
•f  l£i«  BdM  inscribed  in  ttj 


Ipberr,  and  consetnicDU]'  tfae  njM 

^  1  of  iKbI  rbord ;  ifail  aumber  Iheo 

7S8  for  the  perimeler  of  ■>  cegulur  polj'goo 

whk  h,  as  the  cidei  of  tbe  pitygm  nearly 

the  clminirititiice  ct  the  cin.le,  mutl  aim  express  Ibe  IcDStfa  of  IM 

rery  nearly. 


Other  omikr  polj-pia  detcribnl  tdnut  1( 
from  the  oeutrc  i  let  die  perpendkutat  t^K  be  dnvfn, 
bincting  «p  and  trin  p  uidii.  Hmo  eiace  ah  iiis^ 
jp=  (HWaUSSOSe,  fend  ia  -  l,  tberalbie'ig*  sb  ■«* 
•~  AQ*  =  -9999953167,  md  conjequeoUj  Its  ^Xlt  giies 
■gn. '9999979084;  Iben  becanueof  Ibe  piallelBAr,  it, 
It  i«  IB  :  ■■  ! :  AT  :  IT  : ;  as  Ibe  ithcde  Inscribed  perime- 
ter:  to  die  ciiciunscribed  one,  that  is,  as  -9999979084  ; 
1 ; :  6-38317)6  1  £'3S319m  bf  p^rinwtpr  nf  «ie  r^rcnmsrribed  polygon.    Now, 
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BfENSUKATlON 


Tt^itd  Oft  ttngth  of  any  Are  <f  a  Cifclt. 

HvLTlPfcT  tte  Sacimal  '0174$  by  the  degreM  in  the  giren 
Ue,  and  tiitat  product  by  the  radius  of  the  circle ,  for  the  length 
if  the  are.* 

Ex,  1 .  T«  ftod  the  length  Af  tn  ate  of  SO  degrtei,  the  nt> 
dim  being  9  feet.  Au.  4-7115. 

Ex.  S.  Te  fipd  the  leo^th  of  m  ■ 
the  radiuB  being  10  feet. 


Tojitkd  Die  JrfB  of  a  Or>cfe-T 

RlTLK  1.  ltft[LTTPt.T  half  the  circumference  by  half  ttta 
diameter.  Or  multiply  the  whole  circumference  by  the  whole 
fiaiitetcr,  tod  take  i  of  the  [wodact. 

Rule 


dw  I  III  lull  till  III  I  rf  the  ciicU  bdog  pnttrlbudie  ptrinKter  of  dw  ian«rp>' 
tftnu,  IM  ln>  Abu  that  of  the  outer.  It  miut  ctBaxntDO.*  be  neater  (ban 

flJ8SlT88, 
bMlwsdut  6X831910, 
(ikd  BdH  therefcie  be  neutf  «i»l  { (Mr  nun,  or  G-taaiBS^ 

which  kt  rict  ii  true  to  the  last  igcn,  which  ■brnM  be  ■  S  inHeed  of  th^  4. 

Haice,  du  circumfeienee  being  6'2S3I  B&4  wben  the  doiiKter  i«  2,  it  will  be 
Ag  half  of  that,  «3-1415KT,irh(a  (Iw  diameter  is  I,  to  which  tha  ratio  ia  tbt 
mle,  m.  1  to  3-1416  ii  vei?  near.  Aln  the  odier  nlio  a  (he  nle,  7  to  S  gr  1 
to  ^-B-  3'I41S  Ac.  ii  aaotfaer  near  apyroijaaligi. 

rii  biving  beea  (bund,  in  the  denionilnliaa  <d  Iha  hnmrng  janlilaii.  AM 
trlien  the  r^iui  of  a  circle  la  1,  the  kngtii  of  the  whde  dKuipfntaca  b 
G-3a»8S4,  which  cineiM  of  360  deiri«i ;  tberelcn  aa  3G0<  :  eSSSKSt  <:]*.- 
■C1T4S  Ac.  the  length  of  the  arc  oT  1  degree.  Hence  llw  decinal  -01746 
toohipUed  bv  an;  aunibn  of  defrecs,  will  give  (he  lei«tta  if  Ae  arc  «f  tknt  d»- 
graw.  And  becauK  the  circumbrences  and  am  are  in  prapoitiga  bb  the  dla- 
metan,  or  as  Ae  radii  of  the  rinlfe,  Iherclbce  as  Ihe  raditis  I  u  lo  an/  oAer  rs- 
diui  r,  a>  b  Die  length  of  die  arc  abore  montigned.  to -01746  X  degreeiiBlte 
•re  Xr,  which  ii  die  leoftfa  of  tfaa«  arc,  aabi  Ihe  mis. 

f  "nie  first  nht  is  jmied  in  the  Oettn.  ibeor.  94. 

And  tlie  Sd  and  3il  nilee  are  deduced  fnm  the  firtt  rale,  m  lliis  uanner.—By 
tel  nK  lie,  ^  4  is  tliB  ana,  when  d  denotes  the  diameter,  aiHl  e  the  cirema- 
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Kms  II.  Sqnm  tb<B  4iaiiwtai-,  and  WKS6ttr  that  iqnwe  bT 
^  dMiBal 'TSM,  for  tlw  KKA. 

RvLE  III.  Sqnara  the  circaraferflBce,  and  mnlUidy  tbat 
■qiiarc  by  the  decinul  -OT&&S. 
Ei.  1 .  To  find  the  area  of  a  circle  wboae  diameter  i«  1 0, 
,  and  its  circumfereDce  Sl-416. 

Bj  Rule  1 .  By  Role  «.  Bv  Rule  3. 

3I-416  .7864  31416 


31-416 


4)314-16 
T8-64 


78-64 

So  that  the  area  u  78-54  bj  all  the  tbree  tulei. 

Ei.  8.  To  find  tbe  area  ©f  a  circle,  whoie  diameter  ia  7, 
add  circumference  H.  Aas.  381. 

Ei.  3.  How  manj  aqoare  yardi  are  in  a  circle  whoae  dia- 
meter u  3^  feet.  Am.  1-069. 

El.  4.  Tofindtheareaof  B  circle  vboBecirminference  is 
"(««*■  Ana.   11-4»9S. 

PROBLEM  X. 


To  Jind  the  Ana  t^  d  Cirtviar  Kng,  or  of  At  Span  meluded 
httmettt  ihe  GreumfemcM  ^  fwo  Ofrek*  ;  A«  mc  t«^  con- 
tavKtd  nrtt^  Hm  Mitor. 

Tack  flie  difference  betireen  tbe  areai  of  tbe  two  circles, 
>■  (bond  by  Ihe  last  problem.  Tor  the  area  of  the  riDg.— Or, 

ftnoee.  Bat,bTimb.  T.cii— 3-141My  tbmEgn  Oes^  ■ni«<lc^4,bc 
a>l>ut<IX3-1416lI.^4'-7tU^,1rtlidlgi1Male  itMnid  niU.~Aln,  br  Ihs 
Mme  prah.  7,  iii'^e-^- S-UK;  tWvlbre  ■gain^suas  firatBna^^4, 
bKunwsc.^  3-1416  Xc'^4— t*  -r  13-Se64,  which  li  — c*  X  -07958, 
b  takiw  tfn  ndnncd  af  »««S4,  «r  cbMUav  tet  dniaar  inlo  the  hhMiiUbi 

OiKsl.  Hence,  dM  u«M  of  4i0a'«iit  diclet  an  in  pre^raticio  to  toe  inotlwr, 
U  Ihe  Mfim  of  tteir  dbnietBi*,  or  u  tbe  quaie  of  then-  cIicvnfeRscM ;  w 
Uim  Iinm4  m  Hw  Omo.  dMcc  83. 

which 
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whir.h  i«  the  inne  tfcing,  eabtract  the  aqnftre  of  the  ten  Aa- 
neler  from  the  Kqaare  of  the  greater,  aad  [()uki)>ly  Ibeir.li^ 
ference  by  -TIIM. — Or  lartlj,  multiply  lb«  sum  of  the  diame- 
ters by  tbe  difference  of  the  same,  snil  tbat  product  by  -7854  ; 
wiiicb  i^  still  tbe  srime  tliiag,  becauw  the  product  of  the  aim 
and  diiTnreQce  of  aoy  two  quautitiea,  ia  eijiisl  to  the  difference 
(rf*  their  squarea. 

Ek.  1.  'Che  diameters  of  two  <»nc^tric  circlea  beii^  TO 
and  6,  required  the  area  of  tbe  ring  coulaiued  between  ttieit 
citcumferencei. 

Here  10  +  6=  lethe^um,  and  10— 6  =  4  tbediff. 
Therefore  -1854  X  16  X  4  =  -7854  X  64  =  50-266S. 

Ex.  2.  What  is  the  area  of  the  ring,  the  diameters  of 
wb«e  boupiling  circles  are  10  and  20  f  Aja.  i3&-6i. 

raoBLEM  XI. 

To  find  &€  Area  of  the  Stetor  of  a  drtle. 

Ruts  I.  MuLTiPLT  the  radius,  or  half  the  dUmeter,  by  half 
the  arc  of  the  sector,  for  the  area.  Or,  mullipty  the  whole 
diameter  by  the  whole  hit  of  tbe  sertor,  and  lake  J  of  the 
product,  'i'he  reason  of  which  is  the  same  as  for  tbe  first 
rule  to  problem  9,  for  the  whole  circle. 

Role  II.  Compute  the  areaof  tbe  whole  cirde:  thensay, 
u  3»0is  to  the  degrees  in  tbe  arc  of  the  sector,  s*  is  the  area 
«f  the  whale  circle  to  tbe  area  of  tbe  sector. 

Tbis  is  evident,  because  the  sector  is  proportiooal  to  tbe 
length  of  the  arc,  or  to  tbe  degrees  contained  in  it. 

Ex.  1-  To  find  the  area  of  a  circular  aector,  whose  arc 
contains  18  degrees  ;  tbe  diameter  being  3  feet  T 

1.  By  the  1st  Rule. 

First.  3-HI6  X  3  =  9-4248,  the  circumference. 

And  atiO  :  I!)  ::  9'424S  :  -47124,  the  length  of  Oie  arc. 

Tbeo  '47184  K  3  -i-  4  —  1-41372  -^  4  =  -3&349,  tbe  area. 

2.  By  tbe  2d  Rule. 

First,  -7B54  X  3*  =  1-06B6,  the  area  of  die  whole  circle. 
Then,  as  360  i  18  ::  7068C  :  -36343.  tbe  area  of  the 
sector. 

Ez.  «. 
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Ex.  S.  T»  find  tte  area  of  a  Kcter,  whose  radius  Is  10, 
wd  src  20.  Ad>.  100. 

Ex.  3.  Reqnircd  tbe  area  of  a  tactor,  whoaa  radios  h  SB, 
ud  iU  ah:  coataiiiiDg  147o  S&.  Acs.  804-3uSe.  ' 

?R0BI£H  Xir. 

To^tid  th*  Arta  of  a  Segment  of  a  drclt. 

RvLs  I.  FiHB  the  urea  oC  the  aector  having  the  name  an 
wild  ihe  segment,  by  the  last  iiroblbin. 
'  Find  aho  the  men  of  the  trtuiik;Ie,  fonned  fay  the  chord  of 
the  i<eguii7M  iind  tbe  two  radii  of  the  sector. 

Th<<n  Rdd  these  two  together  for  Ibci  BDtvrer.  when  th« 
■egment  is  greater  thun  i  iemicircle;  or  lubtract  theiq 
Vbea  il  it  leM  than  a  semicircle. — As  u  cTident  by  inspec- 
tion. 

Ex.  I.  To  find  the  area  of  the  legment  icbda,  iti  chord 
AB  being  it,  and  the  radius  ac  or  ce  10. 

First,   As  AB  :  *ia.  Zd   90°  ::  ad  :  sin,  C 

36°  A2'i  =  36-87  degreest  the degrceain (be 
C  AEc  or  arc  ac.  Their  double,  73'74,  are 
tbe  degrees  in  the  whole  are  acb. 

Now  -7864  X  400  =  314'1«,  the  area  of  __ 

the  whole  circle.  7 

Therefore  360'  :  73.14  ;;  S14-16  :  64-3604,  atee  of  the 
Bector  Af'BE. 

Again.  ^  At'  —  AO»  =  ^  100  —  36  =  ^  64  =  8  =  dx. 

Theref.  as  X  dk  »  6  X  8  »  48,  the  area  of  the  (liani^ 

Hence  sector  AGBE — tdaogle  aib  =  (6-3504,  area  of  seg. 

ACBDA. 

Rdli:  II.  Divide  the  height  of  the  negmentbr  the  diameter, 
and  find  the  quotient  in  the  column  f>{  height*  in  tbe  following 
tablet : '  Take  out  the  corresponding  urea  in  the  iteit  column 
on  tbe  right  hand  ;  and  multiply  it  by  the  square  of  the  cir- 
cle's diameter,  for  the  area  of  the  segment.* 

JVote. 


■  Tbe  Inilh  of  this  nil«  depends  on  Ihe  pmit-ipic  of  limilir  {Jane  figutet, 
iLkh  lire  lu  vne  aaoibcr  as  the  aipaie  or  their  likp  QncBr  dioiuDsiou*.  The  teg- 
•enix  totelableintbMeWkvirabnkoMduinetei'iil;  ud  tbe  £c5t  coluisn 
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Jifott^  Whaa  flie  qnotieiit  U  oet  ioand  euctlj  ia  the  table. 
.propo^Qn  naj  he  made  betveen  the  next  lets  and  greater 
area,  .in  Dm  tmmt  muser  hu  dans' for  logadthmi,  or  any 
other  taUe. 


TMe  of  Ai  Anal  af  Greviar  Segmentt. 


ilii 

1 

11 

i 

11 

1 

lilt 

ii. 

X 

^1 

X 

!1 

X 

"i 

X 

<|-  w 

'i 

•oi 

■0(»i33 

■Ti 

-04701 

■Ti 

•11990 

■3t 

•S07S8  -41 

■3(i3l« 

•Of 

■00515 

•If 

■06339 

■ze 

12811 

•3* 

■siaet  -42 

•SI  804 

-05 

•00ti87 

■1* 

■OiiOOO 

■es 

■13646 

■33 

S«803  -43 

■sttaa 

•04 

•OlOM 

•14 

■oeeaa 

■24 

■14494 

■34 

■SSti*5  -44 

•SSS84 

-0146F 

■15 

07387 

■ea 

-1 6364 

■3A 

-24498  -46 

•34278 

06 

-01924 

•  le 

^)811I 

■20 

-16236 

•36 

-264fi5  '46 

■36874 

■07 

■024.7 

■17 

08863 

■f? 

■17109 

-37 

•f64l8  -47 

■36872 

-08 

08944 

■18 

09«13 

■«H 

•ISOOf 

•38 

■f7386  -48 

-37870 

■O9*-0.560? 

•19 

103d<> 

■89 

■IBPOn 

•39 

28369  -49 

■98270 

•10  040881 

fO 

M18f 

■M 

•19817 

-40 

•S9S37  -60 

■SS870 

Ex.  {.'Taking  the  lame  example  ai  before,  id  irhJch  are 
given  the  chord  ab  12,  and  the  radius  10.  or  diameter  80, 

And  having  found,  ae  above,  de  =  8;  theacx  — db  =so 
a  10  —  B  =  8.  Hence,  by  the  mle,  ct>  .1^  cr  =  8  -j-  80  =-1 
the  labolar  height.  Tliis  being  found  in  the  Gnt  columa  vt 
the  table,  the  corre*iK>ndihg  tiibuLirareR  is  •040S8.  Then 
-04088  X  80»  =  -04088  X  4U0  =  i6'3j2,  the  area,  pearly 
the  Bane  aa  before. 

£i.  3.  \yhat  ia  the  area  of  the  legment,  whose  height  is  IS, 
and  diameter  of  t)ie  circle  6U  1  Aas.  63t;-STfi. 

Ei.  4.  Required  the  area  of  the  aegmeat  whoae  cbord  is 
16,  the  diameter  being  20  ?  Ana.  44*^728. 


nraRl   aart  diridrd   by   [lie  dnmMar. 
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FftOBtXMXUL 
Ta  mfonm  long  hrtgular  ftgurtt. 

TiH  or  neasnre  tb«  breadth  at  both  enja,  uid  at  lerenl 

places  at  squrj  diatancea-  Then  add  together  all  these  inter- 
liwdiate  breodlb*  and  half  the  two  ettreoiei,  which  iDin  muU 
tiply  by  the  length,  aad  diride  by  the  iiamb«r  of  pafta  for  th^ 
area.* 

J^otf.  (f  the  perpeitdicDlars  or  bnadtba  be  not  at  eqtial 
diBtaacea,  comptite  all  the  parts  aeperatelyi  as  ap  many  trapc 
pjids.  and  add  them  all  together,  for  the  whole  area* 

Or  d*e,  add  all  the  perpendicolar  breadths  together,  and 
#Tide  their  aninby  the  number  of  tbem  fhrtbe  mean  breadth, 
to  iqultiply  by  the  length  ;  which  will  jpve  the  whole  area, 
Bot  far  from  the  truth. 

Ex.  1.  The  Iveadthf  of  an  im^^Iar  fignpe,  at  fire  eqai- 
4iAaDt  pUcaa,  being  B-2,  7-1,  9-S,  IQ-i,  6-6  j  aoA  the  whol« 
length  39  ;  required  the  area  1 

8-2  '  Sfi.Zaont. 

8-6  39 


2)  16-8  amB 

of  the  eztretnci. 

3168 

1066 

8-4  mMB 

or  the  eitniiet. 

7-4 

4)  1378  8 

»•« 

l«'S 

3432  llw 

■fo*. 

SS'iraa. 

Bf. 

icp  be  Iba  irregnlu-  fieCB ;  hBTing  ttw  M- 
rml  bnadlhn  **,  if,  oh,  ie,  Bp,  •>  tbe  (qui 
MDcei  it,  M,  ai,  II.     Let  Ac  M*n*l 


-mti 


jiaidiiiglMUn*,fr,c<t,  ukl  dw  wbola  A     E      O      I 

Iragih  m^T':  <l>oi  conpala  liic  »nu  of 
tlw  paiU  into  whkh  ttw  GguTB  b  divided  bj  ttw  jwipendicnlmii,  u  lo  IDU^  b^ 
ptv^di,  bj  piob,  3,  lod  »dd  flMm  kll  toKclbn.    Ihu,  the  nmof  tba  putiii, 

^  X  iJ  +  ^  X  U  +  i|^  X  H  =  Ci«  +  *  +  e  +  rf +i«)  X 
tI_(M-t-t  -fc-f  4tt<ri>i°')l<0Hvbaletna.HrMiiCWUblb«nle:<i 

yot.I.  84 
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Ex.  t.  The  Inglth  of  BD  irresdarfigvM  being  S4,M^A» 
brudtlu  ttt  lix  eqaidiatant  ^aca  17-4,IO-6,  U  «,  ie-6, 80-I. 
£4-4  i  wbet  u  tb«  uea  ?  Au.  16fiO-64. 

ntOBUHXIV. 

Tajhd  tke  Jlrw  o/an  £U^  «■  Ooo/. 

HuLTirLT  the  longest  dianietcr,  or  eiU.  bj  tfae  ihortett ; 
tbeo  maltrriv  the  product  bj  the  decimd  -7854,  for  the  aree, 
Ab  appeen  mm  cor.  2,  theor.  3,  of  the  CUipve,  in  the  Cvnic 
Sections. 

Ei.  1.    Repaired  the  t 
are  70  and  fiO. 


TV^wl  (ha  Area  of  amy  ElUptie  StgrnuU. 

FiKD  the  erea  of  a  correspondii^;  circolv  NgmeBt,  haviog 
the  same  height  and  the  aame'Terticnl  axu  or  diameter.  The* 
My.  as  the  wid  vertical  axii  ia  to  the  other  axii,  parallel  to 
the  iegmeDt'a  bate,  ao  ii  tfae  area  of  tbe  circular  gegment  be- 
fore fband.  to  the  area  of  the  elliptiG  aegmeDt  aought.  Thia 
rule  alao  covei  from  cor.  i,  theor  9  of  the  Ellipie. 

Otkennu  Aui.  Divide  tfae  height  of  tbe  segment  bj  the 
vertical  axii  of  the  ellipse  ;  wi^fiDd,  io  tbe  table  of  circular 
•^neots  to  prob.  12,  the  circular  aegmeot  having  the  above„ 
quotient  for  ita  versed  sine  :  then  multiply  all  together,  thif ' 
•egnMBtand  the  tiro  axe*  of  the  ellipse,  for  the  area. 

Ex.  I.  To  Snd  tbe  area  of  tfae  dliptie  segment,  whoae 
fau^t  is  90,  fha  vertical  axis  being  70,  and  the  parallel 


■«d4ili 
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liUm  30  ar-  70  givM  SS4  tb«  qaoticnt  or  t*im4  tfne  j 
whidi  ia  the  U>la  aMwan  the  aeg.  -iSfilS 
then        70 


648-13000  the  area. 

£k.  S.  Required  4«  afea  of  an  •HiptiG  Btfpmat,  c«t  off 
faraltel  to  the  •borter  uia ;  the  height  being  .0,  and  th* 
tw»  axM  26  and  K.  Ana.   162-03, 

E^.  3.  To  find  the  area  of  the  elliptic  aegment,  cat  off 
partdlel  to  the  longer  aiii ;  the  height  being  6.  and  the  wia 
•6ai>d36.  Au.  97S4S5. 

PROBLEM  XVI. 

'l\>Jtnd  At  Ana  of  a  Parahota,  M-  Hi  Segment. 

HnLTiFLV  the  baae  by  the  perpendicnlar  bei^t ;  tiien  tak^ 
two-tbirdi  of  the  prodnct  for  the  area.    As  ii  proved  in  tbeo-   . 
rem  17  of  the  Pambola,  in  the  Conic  Sections. 

Ei.  1 .  To  find  the  area  of  a  parabola  ;  the  hei^  being  i, 
and  the  base  12. 

■   Here  2  X  12  =  M.     Then  }  of  24  =  16,  is  the  area. 
-  Ex    2.  Reqnired  the  area  of  the  pardMla,  whose  heig^M 
lO.anditabwc  16.  Au.  106(1 


MENSURATION  OF  SOLIDS. 

BT  the  Hensaration  of  Solidt  are  deterained  the  ipeca 
incladed  l)7contigiiouK>i]r&cea;  andtheanmoflhemaaaares 
ef  theie  iacladiog  lurfeceS)  is  the  whole  sur&ce  or  snperficiet 
•f  the  body. 

The  measure  of  a  lolid,  is  called  its  solidilj,  c^wci^,  or 
•ontent. 

Solids  are  meanred  ^  cobea,  whose  aides  are  inches,  or 
feet,  or  yards,  lie.    Am  hence  the  solidity  of  s  body  is  loid 
to  be  so  many  calnc  inches,  feet,  yards,  be.  as  will  fillita  cape- 
city  or  space,  or  another  eif  an  equal  iM^iliide. 
•.  Tie 
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Tlu  leMt  Mlid  meuoK  u  the  c«Uc  inch,  other  cobcs 
\mng  taken  fitMn  it  according  to  the  proportioo  in  Ibe  fbUo** 
ing  Uble,  which  ii  fifnited  by  cubing  the  lioeer  proportions. 

tabu  of  Cubit  or  Solid  Mtatura. 

I7t8    cubic  incbei  make  Icnbicfoot 

X7    cubic  feet         -  I  cubic  yard 

I66f  cubic  yardi      •      •  I  cobk  pole 

64000    cubic  poles     ;  -  1  cubic  turtoDg 

flit   cubic  furlongs  -  1  cubic  mile. 


Tb/dd  f&t  S^€i-fieia  of  a  Pritm  o*  CymJ«r. 

tfoLTiPLv  the  perimeter  of  one  eid  of  tbe  priam by  the 
ieogth  or  height  of  the  aoliil.  and  the  prodact  will  be  the  aur* 
&ce  of  all  its  sides.  To  which  add  bIm  tbe  area  of  the  two 
41nds  of  the  prifni,  when  reqaired.* 

Or,  Gomputn  the  areas  of  all  the  sides  and  endi  separately, 
^  add  them  all  together. 

Ex.  1.  To  find  the  aur&ce  of  a  cube,  the  lei^  of  each 
^  being  SU  feet.  Ans.  S400ifeet; 

Ex.  %.  To  find  the  whole  Surface  of  a  triangular  prisn, 
Whose  length  is  SO  feet,  and  each  side  of  its  end  or  t>ase  18 
inches.  Ans.  91'948  feet; 

£z>  3.  To  find  the  convex  surikce  of  a  round  prism,  or 
eylindec,  whose  kngtb  is  SO  ieet,  and  the  diameter  of  itA 
base  is  3  feet.  Ans.   1£5-G64. 

Ex.  4.  What  must  be  paid  for  liaing  a  rectanguiar  cistera 
Irith  lead,  at  9if.  a  pound  weight,  (be  thickness  of  the  lead 
being  such  as  to  weigh  71b  for  each  square  foot' of  surface  ; 
ttte  inside  dimensions  of  the  cistern  being  as  follow,  via.  the 
kngth  3  feet  2  inches,  the  breadth  S  fe«t  8  inches,  and  depth 
%  feet  6  inches?  Ans.  «.  3*.  iOi<l. 


*  The  trath  of  tfiia  wUt  «krily  atipesr,  b;  ccnai  JirniK  that  die  iIiIh  of  msif 
l^iiniianpanUelagTunc,  whiMa  caBmuo  length  w  (he  now  U  di«  leai;th  of  (ha 
■oUd,  and  their  brwddit  lalua  4JI  logathei  make  1^  die  nerkoeter  of  (be  cods 
vt  the  nzae. 

And  Ou  rale  ii  nUuHr  &•  s«s»  fix  the  MfOce  of  ■  (rtlDdu. 

niOB[2M 

m 
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Tojini  Ikt  S»jfaa  sf  «  regular  Pyramid  or  Cmt. 

MvLTiPLT  the  perimeler  of  the  base  by  the  ilant  height, 
or  perpendicalnr  from  the  verlei  or  a  iide  of  the.  hate,  aod 
hnlf  the  prodiirt  #iU  evidently  be  the  Rnrface  of  the  aidu,  or 
the  auEli  "f  the  areas  of  all  the  tiiangleB  which  form  iL  Tq 
trbich  add  th«  sreu  «f  the  end  or  bane,  if  requisite. 

Ei.  1.  What  ii  the  iuclined  BurfsL-e  of  *  trianjcolar  prn- 
mid,  the  ilant  height  being  2U  feet,  and  each  side  of  the  base 
3  ieet  ?  .  An«.  90  feet. 

£x.  2.  Reqairedtheconvet  Rurface  ofaeone.ordrcular 
pf  ronud,  the  slant  height  being  60  feet,  and  the  diameter  of  its 
base  8^  feet  Ans.  6€7-&9. 


Tafind  (/«  Su^fiut  of  the  Frvitntm  of  a  regular  Pyramid  or 
Cone'i  being  At  lowtr  part  ithen  lh«  top  ii  evt  ^  by  a  ^ant 
pmi^atUt  to  Um  ioM. 

.  Add  together  the  perimeten  of  the  two  ends,  and  Doltiply 
ttteir  snm  by  thestant  height,  taking  half  the  product  for  the 
answer. — As  is  evident,  because  the  sides  of  the  soKd  ere 
trapezoids,  having  the  opposite  sides  parallel. 

Ex.  1.  How  many  square  feet  are  in  the  sarface  of  the 
frustrnm  of  a  square  pyramid,  whose  slant  height  is  tO  feet  [ 
also,  each  side  of  the  base  or  greater  end  being  S  feet  4  in- 
ches, and  each  side  of  the  leas  end  2  feet  2  inches  T 

Ads.  I  to  feet 
Es.  S.  To  find  theconvezsarface  ofthefmstumofacone, 
the  slant  hei^t  of  the  fmitum  being  12^  feet,  and  the  cir- 
cumferences ef  the  two  ends  6  v>' 8-4  feet        Am.  90  ieet.   ' 

VROBLEU  IV. 

TajM  tft«  Solid  Content  of  any  Pritm  or  Cylmder. 

FiNn  the  aree  of  Ae  base,  or  end,  whatever  the  figure  of 
it  may  be  ;  and  multiply  it  tnr  Uie  length  of  the  prism  or  cy- 
linder, for  the  solid  content.* 
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ttC  MER9UIUTI0K 

Jfole.  For  t  eWb*,  lake  tfae  cube  of  its  iMe  by  mtS6fhfb^ 

Utw  twice  by  iUelf ;  and  fir  «  parallelopipedon,  mnltiply  the 
length,  breadth,  and  depth  all  together,  for  the  cootenL 

Ei  1.  To  find  the  lolid  Arotent  of  a  cabe,  whose  aid^  >■ 
S4  incbea.  *«•  138*4. 

Et,  31  How  maoj  cnWe  feet  are  in  a  block  of  tsarUe.  ib 
length  b<-ing  3  feel  2  incbe«,  breadth  2  feet  8  iochea,  and  thick- 
MM  2  feet  6  inches  ?  Ant.  St|. 

Ef .  3.  Hov  oiiiny  galloni  of  water  will  the  cistern  con- 
tnin,  whose  dimensions  are  the  same  ^>r  in  the  last  eumple, 
when  28:1  cubic  inches  are  coutiined  At  one  gallon  T 

Ana.  I{»^. 

Et  4.  Required  the  solitlily  of  a  triaogitlar  pnnm.  whose 
length  io  to  feet,  and  the  three  sides  of  its  triangalar  end  or 
base  are  V  4.  5  feel.  ^  Au.  60. 

Es-  6.  Required  the  content  of  a  routid  pillar,  or  cylinder, 
irtiose  length  is  20  feet,  and  circumfereoce  S  feet  6  incbea. 

Ans.  48-l4&9reet; 


uidlhecDbcFlbi 


being  1  in 

hutdbna 


■olid  nwtsurin;  ui    . 

orl  foot,  Ac. ;  al»,  let  Aw  IhikA  I 

of  dw  base,  lacD  and  also  the  beigui  *h,  Df 

«*ch  dirided  into  spaces  eqaai  to  ^  ^^"C^ 

of  (he  bue  of  the  cube  r,  nmetj,  here  3  i» 

the  length  uid  2  in  ibe  bmdtfa,  tntUng  3 


Hen' 


Hk 


s 


equal  In  the  baM  al  tbe  cube 

mwifesl  4l*l  the  parBllskiplpedni  iBill  coo- 

ttin  the  cube  f,  an  inanj  Ulnet  u  Ihc  ban 

•c  molains  the  ba*E  of  the  cube,  repeated  U 

oAai  (I  Ok  height  ah  coiCaini  the  belght  of  ^^ 

t^  cube.     Hiat  i>,  the  content  oT  uf  naial- 

klopipedcn  ia  IbBad,  bf  mult^ing  Oe  ares  oT  (be  ban  by  th(  allihide  </  bt 

And,  becuwe  all  prina  and  erlbidcn  ue  equal  to  panUaloidpedaai  of  emi 
■mm  and  altibjdn,  b;  Geom.  theor.  lOS,  illbUom  Ibat  Iht  niiaiS|«iMntar 
aD  tach  (olid^  xtwteHir  the  figoia  of  dia  ban  issj  be. 
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'  ntoBLEM  r. 

To  find  Ae  CotUeiU  of  any  Pyramid  or  Coiu. 

FiHB  the  ares  nf  the  base,  and  multiply  that  area  hj  tbf 
perpendicular  hei{;bt ;  Uten  take  |  of  th«  product  fur  the  con- 
tent.* 

Ex.  1.  Required  Ae  sotiditj  of  the  iquare  p^amid,  eadi 
«ide  of  it!  base  being  30,  and  it>  perpeudicukr  beigbt  ib. 

Aw.  7fipo, 

Ex.  2.  To  find  the  content  of  a  triani^lar  (lyrainid,  whose 
perpendicalar  hei^t  it  3U,  and  each  aide  of  the  bate  3. 

Abb.  3897I19i 

Ek.  S.  To  find  the  content  i>t  a  triangular  pyramid,  id 
faaigfat  being  14  te«t  S  iocbai,  and  tb«  three  aide*  of  iu  baM 
A,  6,  7  feet.  Am.  TI-U362. 

Ex.  4.  What  is  the  content  of  a  peatagonel  pyramid  iti 
hcigbt  being  IS  feet,  and  each  aide  of  its  base  2  feet  ? 

Aaa.  S7-S2r6. 

Ex.  6.  What  is  the  content  of  the   hexagonal  pyramid, 

whose  height  ii  6-4  feet,  and  ea^  side  of  iu  base  ti  inches  T 

An«.  1-38564  feet. 

Ex.  6.  Required  the  content  of  a  cone,  its  height  being 
l(^fe«tud  the  circumference  of  its  base  9feet. 

Ads.  82-66093. 

PIUWLBII  VL 

Ttjtiid  da  SoUdUyof  At  Frwlrvm  of  a  Ome  or  Pyramid. 

Add  into  one  sum,  the  areas  of  the  two  ends,  and  the  mean 
proportional  between  tliem  :  and  tiiha  |  of  that  inm  for  a 
menn  area  ;  which  beini:  nnltipUed  by  the  perpendicular 
height  or  length  of  the  iVuftruio  will  give  its  content  t 

Ante. 


•  Thia  ruTe  6Mim  fhm  Siat  oT  thi  prism,  bsouae  my  pjnimi  a^eft 
pnam  of  cqiui  bale  *o<l  >liitade ;  bj  Ceooi.  tbeor.  115,  cor.  1  and  3. 

f  Let  AScs  be  anj  pjrrunid,  of  irhich  acoera  ii  a  fnistuin.  And  pot  b'  lor 
(tanrn^tkslmesGa,  iT  Ae  mk  •(  tbt  Ujp  As,  Jl  fta  bu(fal »  of  te  (h» 
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4t4  MENSURATION 

JVote.  Thia  general  nils  mav  be  othenriw  exprewed,  m 
followe,  wben  the  ends  of  the  frnituin  are  circle*  or  i^vlar 
polj^ns.  In  this  Intter  cue,  aqoare  one  side  of  each  poly- 
gon, and  also  mullipl;  the  one  side  by  the  other;  aod  all 
tiiese  three  prodacta  together;  then  paltipty  th«ir  ann by 
the  tabular  area  proper  to  the  polygon,  and  take  ooe-tbird  of 
the  product  for  the  mean  area,  to  be  multiplied  by  the  length, 
.  to  gire  the  solid  conter^t.  And  in  the  case  of  the  fniatuiB 
of  a  cone,  the  endi.  beinr  circles,  square  the  dianeter  or  the 
circumference  of  ench  end,  and  ako  multiply  the  same  tiv* 
dinieniiona  together ;  thea  take  the  sum  of  the  three  pro- 
ducts Hod  tnalti|ily  it  by  the  proper  tabular  number,  tik.  bj 
■78M  wben  the  diaiDeters  are  Died,  or  by  -O^SM  in  ming  the 
circumferences;  then  lakiag  oae- third  uf  the  pfodfict to  lasU 
tiply  by  the  length,  for  the  content 

£t.  1.  To  find  the  n'lmber  of  solid  leet  in  a  piece  of  tim- 
ber, whoee  bases  are  itinare*,  each  side  of  the  greater  end 
being  1 5  inches,  and  each  side  of  the  leM  end  6  inches  ;  also, 
the  length  or  perpendicular  altitude  24  feet  Ans.  19|. 

Ex.  t.  Reijnired  the  content  of  a  peotagoMl  frnstom, 
whose  height  u  6  leet,  each  side  of  the  base  18  iaches,  anil 
each  side  of  the  top  or  less  end  6  inches.    Ans.  9-3I9S&  feet. 


HaKe,bTtbsl>MpRib,  |<*  (E  +  &)  b  ttw  cDa- 
l«til  of  Ihe  wbolc  pynmid  abcd,  wid-^  b'eitt  can- 
tan!  of  the  (op  put  iits  i  (benfim  the  didbtCDC* 
^  B*  (c  4-  A)  —  1  *'  e  >■  Do  cfxitait  of  du  frut- 

tm  BCDsii.    Bat  ttu  qnud^  c  beiog  no  dlnKo-  '  

■fan  of  Ifaa  btatam,  it  m«.  bt  eipellcd  Aom  dul  B 

fcmuilK,  bj  Bibititaituif  iu  viIdk,  farnid  io  Ibe  fclloiring  iiwnTT.  B;  Gam 
tbcoT.  llS,a*  -.i'  s:  (t+h)'  :  c*,  or  ■  :'i  ! :  C-)-A  :  <,  beB»(GKa.  dk«e} 
*—t:i::h:C,ntdii~6:»s:i:ei,h;  bMice  Oww^lbic  t  = -i^  aid 
c  -f-  k  K  ^  i  Ebculhen  nluei  of  c  »iid  e  i-kbtbif  HibuitDled  Jbrttwca 
b  dw  exprewioa  fat  im  caalenl  of  0w  AtMuai,  give*  IhU  canm  *■  ^  ■'  X 

iithenihabmeglreoi  ai  btitg  tta  man  Iwtmta  «*  anii*. 

Ex.  3, 
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Ex.  3.  T«  find  the  content  of  a.  conic  fivibim,  the  ahi- 
tode  being  IS,  the  greatest  diameter  6,  and  tfae  leut  diuhe- 
t«r  4.  Ans.  637-788B. 

,  Ex.  4.  What  i»  thp  *otiditjr  of  the  fraatrm  of  a  cone,  tho 
aUitnde  b«ing  25,  alfo  the  circanafereoce  at  the  greater  end 
MDgSO.andBttheleMena  to?  Ads.  4fi4-il6. 

Ef.  6.  If  B  eaalc,  whidi  it  tm  equal  conic  frtHtans  joioftl 
together  at  the  beaea,  have  its  bang  diameter  i8  incbea,  the 
bead  diametflr  20  inches,  and  le^^  40  inches  ;  bon  man? 
fBlloDS  of  wise  iM  n  bold.  Ana.  790613. 


7^^  Ou  SurfoM  tf  m  Spimn,  or  «fiy  Sigatml. 


RvfcK   I.     Ml 
bjr  Ha  fiameter,  and  tbe 
•fft.* 


etrcamftnBce  of  the  apkere 

-  irill  be  tba  whole  snriwe 


Th.  Tbl  Iba  Hid   ■ .  __         . 

cvlinder;  or  liial  it  n  e^nl  to  4  n«U  drdci  nf  imm 
diuuiw;  whkli  n*  duu  piwJT 

Lm tact, taa ■  cjtttdv,  iliiMiiilllna  4ka 

sphere  nsa;  tfat  ixMir  tiii»lrf  bj&to- 

Mtion  of  ibe  fectugU  ncn  kbnM  the  uii  or 

>■ ;  ud  tfi*  lufer  bf  lb*  n 


„      .  .  .  "nea,  One  tmtriw^  no,  ogr, 

being  equiangular.  It  b,i«ar:ogoTLH;:iocrKL:xo::  ciicMafemce  de- 
•crlbtdbr  KL:«remnC  daacribad  by  xo ;  IbnfJuR  tbc  rectedgli  or  X  circumf. 
of  Koiiaqiial  Id  tfasFScbng^  lh  X  circainf,  of  ILI  tbal  U,  flie  ring  dcaeribed 
hy  orm  as  sphere,  )i eqml  to  du  tfait desehbed  bf  u<  o  Ihe  cjlioder. 
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HENSDJUTION 


Role  III.  Square  the  circumfereiice  ;  then  eitber  tnnlti- 
plj  Out  aqaiire  by  the  decimal  -31113,  or  diride  it  bjr  V14I6, 
ibr  the  sarfiue. 

Jfote.  For  the  Biir&;e  of  r  Kgment  or  frnstiim,  maltiplj  th« 
whfA^  circomfereBce  of  the  iphere  bj  the  heigbt  of  the  part 
repaired. 

Ex.  1.  Reqoired  the  cOfiTexraper6ciesii|f  a  sphere,  whtMe 
diameter  u  7.  and  circamfereDcc  22  Adr.  154. 

Ei.  i.  Reqairedthenperficiesof a^obe, wboaedianteter 

is  24  incbei.  A«.  1609-6616. 

Ex-  3.  Raqnired  the  area  of  the  whole  gnr&oe  of  the 
earth,  iu  diameter  beiog  79 1 8-7  milea. 

Ana.  I.969MI  II  sq.  milea. 

Ex  '  4.  The  Bsiii  of  a  aphere  being  42  inches,  *rbat-is  the 

COOfCX  lapeificiet  of  the  s^meut  whose  height  ia  9  inchea  ? 

Ads.  1187-5248  incites. 

Et.  6-  Reqnired  the  coDvex  aariire  of  a  spherical  zone, 
wboae  brendth  or  height  is  2  feet,  aad  cat  from  a  sphere  of 
13^  feet  diameter.  Ans.  78  64  feet 


•d  bj  the  wfaole  Mmirin  Ic  >ob,  a  equd  to  iha  irtnle  c\  

dcr,  deacrilieJ  br  Uw  h«i^I  bc  ;  u  well  u  th*  anrhn  of  nj  Hgavnl  deacnhsd 
b;  fo,  cqoal  to  OiB  Kulkce  of  Uw  conMpoadini;  KgmcDt  ducilbed  bj  Bi. 

Cani.  L  Heace  <br.  air%ce  of  die  iplcn  i#  tn^mi  to  4  of  in  cical  ciRl«s,  or 
equal  to  tbe  cumoiltreaDe  ifea,  or  of  dc,  maitiplMd  bj  Ihc  ba^U  iCi  or  bj  dw 

Oinrf.  I.  Hence  ■!»,  die  inWHce  dT  uij  neb  put  u**  «fUDeW  or  frnMii.  <r 
tone,  ■  Hnul  to  tbe  nnie  cinjumference  of  Ibi  ipbera,  DMlinlied  bf  tbs  iK^t 
of  the  nid  peit  And  ccoHqutedj  luch  mhetical  cnrte  tirrfr— f  we  lo  on*  n- 
«ther  B  Ibe  bow  paputtiDO  M  theli  alliBuW 
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FIUffiLEM  Vm. 


To_fittd  A»  Solidiiy  of  a  Sfhitre  or  Globt. 

RvLZ  I.  fttDltiply  the  surface  b]>'  the  dinmeter,  and  take 
i  of  the  pfoduct  for  the  content.*  Or.  which  a  the  Mme 
wag,  mukiptjr  the  Mjnure  of  the  diameter,  by  the  circumfer* 
enca,  and  lake  ^  oT  tiie  product. 

Rdle  II.  Take  the  cube  of  the  diameter,  aod  multiplj  it 
by  the  decimal  -SSSti,  for  the  cootent. 

Ri^LE  III.  Cabe  the  circumfeunce,  and  multiply  by 
■01686. 

Ex.  1.  To  find  the  coDtent  of  a  sphere  whose  axi*  ia  1 2. 

Ans.  iHM-rsoS. 

£x^  <.  To  find  the  sohd  coDtent  of  the  globe  of  the  earth 
■opposing  its  diaueter  to  be  7918-7,  and  caDBequenth^  its  cir- 
coinference  S48r7-4  miles. 

Ans.  260d0S677536  mOea. 

FROELBA  a. 

'I\i_fimdlht  SoUd  Guam  of  a  Spherical  StgniMt.- 

t  KviM  I.    FnHU  3  times  the  diameter  of  the  sphere  take 
double 


*  For,  pot  d  ^  the  dnmeteT.  c  ^  .die  circuiofezvicc,  and  t  ^  Ott  ouftce  of 
tbeMwre,  or  of  its  rlrcomiicribmg  cjiiudei;  also,  «»  the  number  3 1416. 

'nen,  i  1  is  =>  the  base  c^  the  cjlindsr,  u  c»e  gmU'irde  of  ihe  sphere;  and 
duthe  tieiglil  oT  ths  cylinder  i  therefore  ^dt  i>  (Ae  content  of  the  cjlinder. 
Bm  }  of  the  cjrltndar  ia  the  iphen,  bj  &.  117,  Gecm.  tel  u,  |  of  1^  d(,  oi  '^di 
h  (Iw  i{Jiere  ;  which  ii  (he  Ant  nil^ 

Again,  becun  the  iDr&ce  lis  =1  orf*  ;  tbaiBfan  idi  ==  }ad' = -SfaSd' ,  h 
ths  conleiit,  ai  in  tha  %1  tnle.  AlMi  d  tiui«  w  t  ^r  '  dieidbra  |  wl'  so  {  c' 
-7-  ■'  B  '01688,  (he  3d  rale  far  die  cnntenL 

t  By  CDn>(.  3,  of  theor.  IIT,  G«m.  itappeu* 
dMitthe  ipiHric  ngtaem  m,  ii  aqm]  to  (he  difr 
fenocB  betweu  the  cjliadu  auo,  and  the  ccmk 

Bnt,  pnClinf  d  »  ai  orra  die  dbmetm  of  Aa 
^hanorcrlindai,  A=iTK  tiMbeighlof  die  «^ 
mtat,  r  ™  rK  die  radini  of  iti  bage,  and  a  j^ 
314161  (ben  die  ccntantof  dM  ccae  An  ii  » 
|al*  X  i  n  siV«'*  i  and  bj  die  rimilai  ccnea 
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4U  MENSURATION  Of  SOLtDS. 

doiiU«  the  bei^t  of  lb«  ve^mntt :  then  nnltiplj  tke  renuo- 
der  hj  thetqotre  of  the  height,  and  the  prvAoct  bj  the  deci- 
mal -3236,  for  the  content. 

Rdlb  II.  To  3  tiaies  the  aqnare  of  the  radias  of  the 
■egment't  base,  add  the  sqoare  of  iti  height ;  then  mattiplj 
the  turn  bj  the  hei|^t,  and  the  product  bj  -ktSi,  for  the  con- 
tent. 

Ei.  1.  To  find  the  content  of  n  ^Aeriul  tepataA,  of  t 
feat  in  height,  cot  from  a  sfdiere  of  I  feet  diameter. 

Ans.  4I'&S8. 

Ex.  {.  What  is  the  Mhdi^  of  the  segment  of  a  flpbere,  id 
heqiht  beii«  9,  and  the  fliameter  of  its  bate  20  f 

Jlns.  1795-4244. 


Jfott.  The  gteeial  rolei  lor  meemring  aD  Mrti  of  figvret 
hniog  been  now  detfrered,  we  Oiaf  Jtextonetei  to  ^^J 
them  to  the  MTeral  practical  oiet  in  life,  as  nlhnn. 


(]^}*MA*«aM^i  dMn(bnflM<XW*M— AiOOMBHI—Af^ 

And  ^ad*ft  ii  IB  ttic  cjGuler  aSlO. 

Thni  the  dWrnoc*  of  Ome  two  1b  f  sA*  — ioit'i  M'X  (3^— »). 
br^t^'nea^maiwn;  which  I*  tbe  fim  nih. 
Apm,  bwMua  wk' —  tmX'*  (c«r.  lo  dw^  97,  Oecm.')  or  r'  w  A  « — t) 

k*),wbidihaMUnl«. 

flw  CMteM  Cf  HOT  fiMWM  «f  KM  1^  b*  fc^dr**^  ** 


D,q,-Z.-dbvGOOglC 


LAND  SURVEYING. 

SECTION  I. 

NiSCaUFTIOH  AND  09:  OF  THE  iNSTRUMCNTS. 

1.  OF  THE  CHAIN. 

LAND  ia  neanind  with  a  cbain,  called  Oo&ter'i  Chain, 
from  its  inveBtor,  the  Icnsth  of  which  is  4  poles,  or  tt  jtfds, 
•r  66  feet.  It  couisli  of  100  eqiiBl  links ;  and  the  In^k  of 
each  liok  is  thfirefan  ff,  of  ■  ywd,  or  -ffy  of  h  foot,  or  7'9S 

.  iMti  ■■  ostiinjited  in  acres,  roods,  and  perches.  An  acre  is 
•^al  to  10  sqaare  chains,  or  as  nnah  as  10  chains  in  length 
and  1  chain  fn  breadth.  Or,  id  yards,  it  is  2tO  X  £2  3=  4840 
■qiare  vards.  Or,  in  poles,  it  is  40  X  4=160  sqaarc  pedes. 
Or,  in  links,  it  is  1000  X  100  =  100000  sqnare  links :  these 


into  40  parts  called  perches,  which  ate  square  poles,  w  the 
square  of  a  pole  td  &|  yards  long,  or  the  aqaare  of  ^  of  a  chain, 
or  of  U  links,  whi^  is  6X6  sqnare  links.    So  diat  tiie  divi- 


___■  of  land  nkeasnre,  will  be  thus : 

626  sq.  links  «  1  pcde  or  perch 

40  perches  ^=  1  rrrad 
4  roods  =  1  acre. 
fha  loi^Ui  of  lines,  measored  with  a  chain,  are  best  set 
down  in  links  >s  inters,  every  cbaio  in  length  being  100 
links ;  and  not  in  chains  and  decisoals.  Therefore,  after  the 
content  ia  ieond,  it  will  be  in  square  liokp ;  then  cnt  off  five 
of  the  fignres  on  the  right  hand  tor  decintals,  and  the  rest  will 
be  acres.  These  decimals  are  then  nraltiphed  by  4  for  roods, 
and  the  decimals  of  these  again  by  40  for  petcbu. 

Exam.  Suppose  the  length  of  a  rectaagular  piece  of  gronnd 
be  7M  links,  and  its  breadth  3Bfi  ;  ts  find  the  area  in  acres, 
roods,  and  perches. 

793  304920 

386  4 

3960  'igsso 

«336  .  40 

8376  

7*87300 

3-04980  

Ads.  3  acres,  0  roodE,  7  perches.  ^  <^ 
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I  OP  THE  PLAIN  TABLE. 

TaiB  iBstrnment  coDaiits  of  a  plane  rectangahr  board,  of 
anj  conreiiieDt  size  ;  the  centre  of  which,  wben  lued,  is  fixed 
by  meaDi  of  Mrews  to  a  tbree-legged  stand,  baring  a  ball  and 
aodtet,  or  other  joint,  at  the  top,  by  meana  of  which,  when 
the  les>  ■"B  ^^^  '"'  ^^  gr*u<Ml>  ^e  table  u  incliDed  in  «oy 
direction. 
To  the  taUe  belong  varioiu  parti,  as  folloiv : 
I.  A  frame  of  wiod,  made  to  fit  round  its  edges,  and  to 
be  taken  aff,  for  the  convenience  of  putting  a  ibeet  of  paper 
on  the  table.     One  side  of  this  frame  ia  uanally  divided  into 
equal  parte,  for  drawing  linei  arroM  the  table,  parallel  or 
perpeodicolar  to  the  sides  ;  and  die  other  side  of  the  frame 
u  divided  into  360  degrees,  to  a  centre  in  the  middle  of  the 
table  ;  by  means  of  which  (he  table  may  be  osed  as  a  theodo- 
lite, ^. 

S.  A  magnetic  needle  and  compiMs.  either  screwed  iote  die 
ride  of  the  table,  of  fixed  beneath  its  centre,  to  point  out  ike 
directiou,  and  to  be  a  check  on  the  sights, 

S.  An  index,  which  is  a  brass  two-Jbot  scale,  with  either  a 
•mall  telescope,  or  open  sights  set  perpetuhcDlBriy  on  the 
ends.  These  sights  and  oce  edge  of  the  index  are  in  tiie  aame 
l^ane,  and  tbtl  is  called  the  Hducial  edge  of  the  index. 

To  use  this  instrument,  take  a  she^t  of  paper  which  wiQ 
eorer  it,  and  wet  it  to  make  it  expnnd  ;  then  spread  tt  flat  o* 
the  table,  pressing  down  the  frame  on  the  edges,  to  stretch  it 
and  keep  it  fixed  there  ;  and  when  the  paper  is  become  drr, 
it  will,  by  contracting  agnin,  stretch  itself  smooth  and  flat- frooi 
any  cramps  and  onevenness.  On  this  paper  is  to  be  draws 
the  plan  or  fonn  of  the  thing  loeasnred. 

Thus,  begin  at  any  proper  part  of  the  ground,  and  make  a 
point  on  a  convenient  jrart  of  the  paper  or  table,  to  repre- 
sent that  place  On  the  ground  ;  then  fix  in  that  )H>iot  one 
leg  of  the  compasses,  or  a  fine  steel  pin,  and  apply  to  it 
the  fiducial  edge  of  the  index,  moving  it  round  (ill  throng 
the  sights  you  perceive  some  remnritiible  otyecl,  as  the  comer 
of  a  field.  &c. ;  and  from  tht  staltoo -point  draw  a  line  with 
the  point  of  the  compasses  along  the  fidncial  edge  of  the  in- 
dex, which  is  called  setting  or  taking  the  object :  theh  set 
another  abject  or  comer,  and  draw  its  line  ;  do  the  same  by 
another ;  and  so  on,  till  as  many  objects  are  taken  as  may  be 
thought  fit.  Then  measure  from  the  station  towards  as  many 
of  the  objects  as  may  he  necessary,  but  not  more,  taking  the 
requisite  offsets  to  comers  or  crooks  in  the  hedges,  laying 
the  measoret  dowo  on  their  mpectire  lines  on  the  table. 

Theft 
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Tfa«B  «t  any  coBV«iu«ot  phue  daeamred  to,  6*  the  tabl«  in 
the  Mine  pMition,  and  wt  the  objects  which  appear  from  that 
[dace:  and  n>  on,  u  before.  Atuf  thai  cootinue  till  thework 
ia  fioiihed,  Daeaminiig  such  linea  only  u  are  necestyy,  and 
deteminiiig  aa  maii;  M  ma;  be  by  iotereectiDg  lines  of  direc-, 
tien  drawn  from  difl'ereat  sutiona. 

Of  iluftiiig  ikt  Paper  on  the  Plain  7\ible. 

When  one  paper  ia  foil,  and  there  ia  occation  for  more  ; 
draw  a  line  in  any  manner  throu^  the  farthest  point  of  the 
last  station  tine,  to  which  the  work  can  be  conveniently  laid 
down  ;  then  take  the  sheet  off  the  table,  and  &x  another  on, 
drawing  a  Une  over  it,  in  a  part  the  most  convenient  for  the- 
rest  of  the  work  ;  then  fold  or  cut  the  old  sheet  by  the  Use 
drawn  oo  it,  apjdying  the  edge  to  the  hne  en  the  new  sheet, 
iBd,  as  they  lie  in  ihiit  poaition,  continne  the  last  station  line 
OD  the  new  paper,  plactng  on  it  the  rest  of  the  measore,  be- 
ginning at  where  die  old  sheet  left  off.*  And  so  on  from  sheet 
to  dif.et. 

When  the  work  is  done,  and  yon  woold  fasten  alt  the  sheets 
together  into  one  pi^ce,  or  rough  pUa,  the  aforesaid  lines  are 
to  be  iccurately  joined  together,  in  the  same  manner  as  when 
the  lines  were  tniuferred  Arom  the  old  sheets  to  the  new 
ones.  But  it  is  to  be  noted,  that  if  the  said  joining  lines,  on 
the  old  and  new  sheets,  have  not  the  siune  ioclination  to  the 
aide  of  the  table,  the  needle  will  not  point  to  the  original  de- 
gree when  the  table  is  rectified  ;  and  if  the  needle  be  re- 
qaired  to  respect  still  the  same,  degree  of  the  compass,  the 
easiest  way  of  drawing  the  lines  in  the  same  position,  is  to 
draw  them  both  parallel  to  the  same  sides  of  the  table,  by 
tneani  of  the  equal  dirisions  marked  on  the  Other  two  sides. 

3.  OF  THE  THEODOLITE. 

The  theodolite  is  a  brazen  circular  ring,  divided  into  360 
degrees,  &c.  and  having  an  index  with  sights,  or  a  telescope, 
placed  on  the  centre,  about  which  the  index  is  moveable  ;  aJso 
ft  compass  fixed  to  the  centre,  to  point  out  couraes  and  check 
the  sights  ;  the  whole  being  fiied  by  the  centre  pn  a  stand  of 
a  convenient  height  for  use. 

In  using  this  instrument,  an  exact  account,  or  field-hook,  of 
all  measures  and  things  necessary  to  be  remarked  it>  the  plan, 
must  be  kept,  from  which  to, make  out  the  plan  on  returning 
home  from  the  ground. 

Begin  at  such  part  of  the  ground,  and  atetunre  in  such  di- 
rections as  are  judged  most  conveoient ;  taki[ig  angles  or  di- 
rections to  object*,  and  measuring  such  distances  as  appear 
necessary. 
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aecMwry,  vndtr  die  nme  reatrictioiu  is  n  the  iim  of  the 
plaiatftble.  Anditbnfeitto  fix  the  tbesdolha  is  tbe  origi- 
tui  poritioB  It  every  itatien,  bj  meaim  otHonuti  back  ob- 
jects, u^  the  coiBpau,  exactlj  n  in  nuH  tbe  phia  td>le ;  re. 
KHtering  the  ■Dmt»«r  of  degreea  cut  of  by  the  index  wfaea 
£rected  to  each  object ;  and,  at  oa;  statioB,  piecing  die  index 
at  the  Mine  d^^^e  ai  when  the  direction  towardi  that  atatioa 
w«  taken  from  the  last  preceding  one,  to  fix  tbe  tbeodelitc 
tbm  in  tbe  orq;ind  poaitiea. 

The  best  method  of  laying  down  the  afores«d  lines  of  di< 
rectioB,  ii  to  deecribe  a  prett;  Urg<^  circle  ;  then  qoatter  it, 
end  ley  on  it  tbe  M«enl  nninht^rs  of  degreea  cat  off  by  the 
iodex  IB  each  direction,  and  dnm  ing  liees  fnm  the  centre  te 
M  theu  Burfced  poiau  in  tbe  circle.  Then,  by  meana  i^  a 
parallel  nler,  draw  Irofli  atation  to  alatim,  lines  perallcl  te 
the  afi>resaid  linei  drawn  from  tbe  ceMre  to  tbe  reapecdre 
point*  in  the  circumfereoce. 

4.  OF  THE  CROSS. 

The  croas  consists  of  two  pair  of  sigbts  set  at  right  angles 
to  each  other,  en  a  staff  batiqg  a  sharp  point  at  the  hotton, 
to  fix  in  the  ground. 

Tbe  cross  is  very  asefal  to  meaanre  small  and  crooked  pieces 
of  groand.  The  method  is,  to  measure  a  base  or  chief  line, 
Hsoalty  in  tbe  longest  direction  of  the  piece,  from  comer  to 
comer;  and  while  measnring  it,  finding  the  places  where 
perpendiculars  would  fell  on  this  line,  irom  tbe  several  cor- 
ners and  bends  in  the  boaodary  of  the  piece,  with  the  cross, 
}n  fixing  it,  by  trials,  on  such  parts  of  the  line,  as  that 
tUQOgh  one  pair  of  the  sight  both  ends  of  the  tine  may  ap- 
pear, and  tbrt^ngh  tbe  other  pair  tbe  corresponding  bends  or 
corners  j  and  then  measorii^  tbe  lei^ths  of  tbe  said  peipea- 
diculars. 

BSHARKS. 

Besides  tibe  fore-mentioned  instrument*,  which  are  nest 
commonly  nsed,  there  are  some  other* ;  as. 

The  perambulator,  osed  for  measoriag  road*,  and  other 
gteat  distances,  level  groond,  and  by  the  sides  of  rivers.  It 
has  a  wheel  of  t^  feet,  or  half  a  pole,  ia  circmnfereace,  by 
the-toniing  of  which  the  machine  goes  forward :  and  the  dis- 
tance measured  is  pointed  out  by  an  index,  which  is  moved 
EooBd  by  clock  work. 

Levels,  with  telescopic  or  other  rights,  are  nsed  to  find  the 

level  between  place  and  place,  or  how  much  one  place  is 

higher  or  lower  than  another.    And  in  meaBaria|  any  sloping 

or  obliqDi!  line,  either  ascendi^  or  deicending,  a  smaD 

pocket 
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pocket  terel  is  nteful  for  showing  liow  many  Uoks  for  each 
chaio  are  to  \n  deducted,  to  reduce  tbe  liue  to  Ibe  borizuulal 

An  ofi^et-itnff  is  ■Terjaneful  ioRlnmcat,  rormetMuriiigtbe 
oAet*  uu]  other  short  distuncc^ .  It  u  10  1)Dk>>  in  length, 
beiag  divided  aod  marked  at  eKb  of  tbe  10  Unkii. 

Ten  gnall  arrowi,  or  roda  of  iroo,  or  wood,  are  used  to 
mark  (be  end  of  every  chuin  le-ng(h,  in  meMuriDg  lines.  And 
Bometimen  pickete,  orstaret  nilb  flng*.,ereaet  up  a»  marks  or 
objecU  of  direction,     . 

Various  scales  are  also  used  in  protracting  and  DMasuriof 
OD  the  plan  or  paper  ;  such  as  plane  acalei.  Hoe  or  chords, 
protractor,  compasses,  redociog  acide,  paralld  and  perpeedi- 
culnr  rules,  be.  Of  plane  scales  there  shonld  be  Mveral 
aizea,  as  a  chain  in  I  inch,  a  chain  in  }  of  aii  inch,  a  cfaaiu  in 
^  an  inch,  tie.  And  of  these,  the  best  lor  nae  are  these  that 
are  laid  on  the  very  edges  of  the  ivory  Kale,  to  mark  off  dis- 
tances, without  compasses. 

SECTION  [l. 

THE  PRACTICE  OF  SUBTEYINC. 

This  part  cootaiM  tbe  flereral  worka  propR*  (o  be  done  in 
the  field,  or  the  ways  of  neaauring  by  all  tin  iiHtmmanti,  and 
in  all  lilnations. 


TV  Meaturt  a  tint  or  Dittattet. 

To  measure  a  line  on  the  groond  with  the  chain  ;  Having 
provided  a  chain,  with  10  small  arrows,  or  rods,  to  G>  one 
into  the  groond,  us  a  mnrfc.  at  the  end  of  every  chnin  ;  two 
persoDi  take  bold  of  tbe  chain,  one  at  eacfa  end  of  it ;  and  all 
Uie  10  arrows  are  taken  by  one  of  them,  who  goes  tbremoat, 
ai)')  "  called  (be  leader  ;  tbe  other  being  called  the  follower, 
for  dittinctioo's  sake. 

A  picket, t)r  statioR-stalfbeingset  np  in  the  direction  of.the 
line  to  be  measured,  if  there  do  not  ap|>eur  seme  marks  na- 
turally in  Ihiit  direction,  they  meanre  straight  towards  it.  the 
leader  6tiHg  down  an  arrow  at  the  end  of  every  chaio, 
srbich  the  follower  always  tikes  up,  as  he  comes  at  it,  till 
all  tbe  tea  arrows  are  used.  They  are  tbeu  all  relumed  !« 
the  leader,  to  use  orer  agsuo.  And  thus  the  arrows  are 
changed  from  tbe  one  to  tbe  other  at  erery  tO  chains'  length, 
till  tbe  whole  line  u  finished ;  then  the  nnmber  of  chaises 
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of'the  arrows  shows  Ihe  number  of  (ena.  to  iriiich  the  fol- 
lower, adds  the  nrrows  be  holds  in  his  hand,  ood  the  natober 
of  links  of  another  cbMin  over  to  the  mark  or  end  of  the 
Kne.  So,  if  there  have  1>een  3  changes  of  the  arrows,  and 
Uie  follower  hold  G  arrows  tnd  the  end  of  the  line  cut  off  45 
link*  uio  ,  ibe  whole  length  of  the  line  is  setdown  in  lioka 
thus.  3ei^. 

When  the  groand  is  not  level,  but  either  asceoding  or  de- 
scending;; at  every  chain  length,  lay  the  offset-staff,  or  Itok- 
fltsff,  dowQ  in  the  slope  of  the  chain,  on  which  Uy  the  small 
pocket  level,  to  show  how  maDy  links  or  parts  the  sLope  line 
ia  longer  than  the  tnie  lev«l  one  ;  then  draw  the  chain  for> 
ward  »o  many  links  or  parts,  which  redncea  the  line  to  the 
horizontal  direction; 


To  takt  AngUt  and  Bearingt. 

Let  b  and  c  be  two  objects,  or 
two  pickets  set  up  perfiendicular  ; 
and  let  it  be  required  to  take  their 
bearioBii  or  the  angles  formed  be- 
tween them  at  any  atation  a. 

1.  With  At  Plain  TWt. 

The  table  being  covered  with  a  paper,  and  fixed  on  its 
Btaad  ;  plant  it  at  the  statioD  a,  and  fix  a  fine  pin,  or  a  foot  of 
the  compasses,  in  a  proper  point  of  the  paper,  to  repre- 
aentthe  place  *  :  Close  by  the  side  of  this  pin  Iny  the  fiducial 
edge  of  the  index,  and  turn  it  about,  still  touching  the  pia, 
tin  one  object  a  can  be  seen  through  the  sights  :  then  by  the 
fidacial  ei^e  of  Ihe  index  draw  a  line.  In  the  same  manner 
draw  another  line  in  the  direction  of  the  other  objectc.  And 
it  ii  done. 

8.  H'itk  Iht  TheodoUU,  fyc. 

Direct  the  fixed  sights  along  one  of  Ibe  lines,  as  ab,  by 
turning  the  instrument  about  till  the  murk  b  is  seen  Lbrongh 
^ese  sights  ;  and  there  screw  the  instrument  fast.  Then 
torn  the  moveable  index  round,  till  through  its  sights  the  other 
mark  c  is  seen.  Then  the  degrees  cat  by  the  index,  on  the 
graduated  limb  or  ring  of  the  instrument,  show  tbfe  quantity  of 

'  3.  W^ 
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3.  Ifi'rA  (he  Magnetic  Kte^e  and  Compatt, 

Tarn  the  in^truaient  or  com[>ast>  so,  thut  ibe  north  end  of 
the  naedte  point  to  the  Sow er-de- luce.  Then  direct  the 
sighlfl  to  one  mark  as  b,  anil  note  the  degrees  cut  bjr  the  nee- 
dle. Next  direct  the  sights  to  the  oliier  Diark  c,  nnd  note  again 
the  decree!  cut  by  the  needle.  Then  their  sum  or  difference, 
as  the  case  znay  be,  will  gire  the  quantity  of  the  angle  mc. 

4.  By  Metuurtment  -with  the  Chain,  4-c. 

Heasnre  one  chain  length,  or  anj  other  lei^.  along  both 
direction!,  an  to  b  and  c.  Then  measure  the  distance  b  c,  and 
it  is  done— Thu  is  easily  transferred  to  paper,  by  making  a 
triangle  Abe  with  these  three  lengtbe,  and  then  measuring  the 
•i^e*. 


Tc  Survey  a  TriamguUr  Field  «ac. 
I.  By  tit  Otain. 


P     B 

HpTing  set  np  marks  at  the  comers,  which  is  to  he  done  in 
all  caaes  where  there  are  not  marks  naturally  ;  measure  with 
the  chain  from  a.  to  p,  where  a  perpendicular  would  fall  from 
the  an^e  c,  and  set  up  a  mark  at  r,  noting  down  the  distance 
AF.  Then  complete  the  distance  ii.  by  measuring  from  p  to 
1..  Having  set  down  this  measure,  return  to  p,  and  measure 
the  perpendicular  re.  And  thai,  baring  the  base  and  perpen- 
dicular, the  area  from  them  is  easily  found.  Ot  haTJng  the 
place  p  of  the  perpendicular,  the  triangle  is  easily  constructed. 

Or,  measure  all  ihe  three  side"  with  the  chain,  and  note 
them  down.  From  which  the  content  is  easily  found,  irr  the 
figure  is  censtnicted. 

2.  By  takifig  tomt  of  the  ^nglei. 

Measure  two  sides  ab,  ac,  and  the  angle  a  between  them. 
Or  measure  one  ride  ab,  and  the  two  adjacent  an^es  a  and  b. 
From  either  of  these  ways  the  6gure  ia  easily  planned  ;  then 
by  measuring  the  perpeodicolar  cr  on  the  plan,  and  muKi' 
slyinx  it  br  half  ab,  the  content  is  found. 
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nuWLEM  IT. 
To  MtatuTt  a  Fwtr-ndad  Fietd. 


JB  «I4  I  210  DC 
AF  36i     306  Br 


I.  fiy  lAc  CXoM. 


Measure  along  one  of  the  diogonala,  u  *c ;  aad  either  the 
two  perpendiculars  de,  bf,  u  in  the  l«st  problem ;  or  elic 
the  sides  as,  bc,  cd,  da.  From  either  of  which  the  figure 
may  be  planned  and  compnted  as  before  directed. 


Olhtrwiu  by  At  Ckun. 


Ap     no  I  352  re 
A«    746  I  696  «D 

AB    1110  I 


Mmsore  on  the  loogMt  aide,  the  diitances  ap,  A<t,  ab  ;  lod 
the  perpendicalar*  re,  «i>. , 

t.  fiy  Uiki»g  tome  o/"  the  AtgUt. 

Measure  the  diagODal  ac  (see  the  last  fig.  hut  one),  and  the 
aogjes  cab.  cad,  ACS,  acd.-— Or  measure  the  four  sidea,  and 
aaj  one  of  the  angles,  as  bad. 


Thna. 


37"  itf 


ACD     M     40 


Or  thus. 
AB    486 

BC     394 


BAD  ISO   3ff 


To  Sunty  any  Fitld  by  thi  Oiai*  only. 
HAriHo  set  up  marks  «t  the  comers,  where  Deceasar;,  of 
the  proposed  field  abcoefQi  walk  over  the  gronnd,  aad  con- 
stder  how  it  can  best  be  ditided  in  trian^es  and  trapeziuBM  ; 
and  meuure  them  separatelj,  as  in  the  last  two  ptobleaM. 
Thus,  the  following  figure  is  divided  into  the  two  trapeziama 
ABca,  asKF,  and  the  trian^  ocs,  Th^n,  ia  the  first  tra- 
pezium, begimuDg  at  a,  neamre  the  diagood  ac,  aad  Uk 

two 
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437 


two  petpeodicubM  om,  on.  Tbeo  tbe  biue  gc,  and  the 
perpendicular  oq.  LuQy,  tli»  di^^nal  or.  and  the  two 
perpradicnlitrspB.-oa.  All  which  tueasureti  write  against  the 
GorrupoDdiiq;  parti  of  a  roagh  figure  ilrawn  to  resemble, 
tbe  figure  Burreyed,  or  aet  them  down  in  aoy  other  rorm  you 
chooK. 

Thai, 


Am   135 

ISO 

ma 

An   4|( 

180 

DB 

AC   560 

cq    I5« 

130 

v> 

CO   440 

FO       837 

120 

oo 

rp   S8E 

80 

pB 

F*   620 

Heainre  all  the  lidei  ab,  bc,  ud,  DerBF,  fo,  oa  ;  andUie 
diagOD^  AC,  CO,  «D,  0F. 

Olhtnri—. 

Hanj  piecei  o(  land  may  be -very  well  lutreyed,  by  mea- 
■uring  any  bate  line,  either  witfaie  or  withont  them,  with  Ibe 
perpendiculan  let  fall  on  it  from  every  comer.  For  thejr  are 
by  those  meaoi  divided  into  several  triaoi^  and  trapezoids, 
all  whose  parallel  sides  are  perpendicular  to  the  base  line  ; 
and  tbe  sum  of  these  triangles  and  trapeEiams  will  be  eqnal 
to'tbe  figure  proposed  if  the  base  line  fall  withio  it ;  if  not, 
the  sunt  of  the  parts  which  are  without  being  taken  from  the 
sem  of  the  whule  which  are  both  within  and  without,  will 
leare  the  area  of  tbe  figure  proposed. 

In  piecei  that  are  not  veiT  lar^,  it  will  be  sufficiently  ex- 
act to  Bod  the  points,  in  the  base  line,  where  the  several  per- 
pendiculars will  fall,  by  means  of  the  cron,  or  even  I7  judging 
by  tbe  eye  only,  nnd  from  thence  meamring  to  the  corners 
for  the  lengths  of  the  perpendiculars. — And  it  will  he  most 
coaTenient  to  draw  the  line  le  as  that  M  the  perpendiculars 
ney  fidi  within  the  figure. 

Thnsv  in  the  following  fignre,  beginning  at  a,  and  measaring 
along  the  lineAo,tbediitweeiBad  perpendiculars  on  tbe  right 
and  left  are  ai  below. 

Ah 
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350  bB 

44(1 

70  cc 

i<l 

68ft 

320  da 

610 

SO  CE 

«!' 

990 

470  fF 

*a 

1020 
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PROBLEM  VI. 
Tb  Mtamrt  tht  Q^ttU. 
jihiklnHi  being  B  crooked  bedge,  or  brook,  be.  From  a 
measure  id  a  straight  directioo  aloDg  the  side  of  it  to  b.  Aod 
in  (neuiiring  along  this  line  u,  obserre  nhen  yoa  are  direct- 
Ij  opposite  any  beads  or  coroen  of  the  boundary,  ai  at  c,  d, 
e.  iic. ;  and  from  these  measure  the  perpeodicular  oAeta  cb, 
)li  &c.  with  the  offset  •staff,  if  they  are  not  very  large,  other- 
ivise  with  the  chain  itself;  and  thewarkis  done.  The  regis- 
r  tield-book.  may  be  as  follows  : 


0& 

left. 

Base  line  ab 

0 

®       A 

rh 

6S 

45     ic 

Ai 

84 

2'JO     Ad 

Pk 

70 

340     Ae 

fl 

98 

610     *f 

tm 

67    634     Ag       1 

Bn 

91  '  785     AB        1 

PROBLEM  VU. 

To  lurvty  amy  Field  with  tht  Plain  TMt. 

I.  FroiM  one  St^ion. 

Plant  the  table  at  soy  angle  as 
c,  from  which  all  the  other  aogles, 
or  marks  set  up,  can  be  seen ; 
turn  the  table  about  till  the  needle 
point  to  the  Bower-de-luce  ;  and 
there  screw  it  fast.  Make  a  point 
for  c  on  the  paper  on  the  table, 
and  lay  the  edge  of  the  index  to  c, 
tuning  it  about  c  till  through  the 
tights  you  see  the  mark  d  :  and  bj  the  ei^  of  the  index 
draw  a  dry  or  obscure  PiKe  :  then  measure  the  distance  en, 
and  lay  that  distance  down  on  tbe  line  co.  Then  tarn  the 
index  about  the  point  c,  till  the  mark  e  bs  sees  tbnMigh  the 

sights, 
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flights,  hy  whicb'draw  a  line,  and  measure  the  distance  to  e, 
laying  it  «n  the  liae  from  c  to  e.  Id  like  manner  determioe 
the  positions  oF-ca  and  c»,  by  turning  the  sights  succ 
to  A  and  a  ;  and  lay  the  lengths  of  those  lines  down, 
connect  the  points,  by  drawioi;  the  black  lines  cd,  se 
Bc,  for  the  honndaries  of  the  held. 

2.  From  a  Station  fPithin  the  Fidd., 

When  ill  the  other  parts  canaot  . 
be  leen  from  one  angle,  chooie  some 
place  0  within,  or  even  without,  if 
more  coovenient,  Jrom  which    the 
other  parts  can  he  seen.     Plant  the 
Ubie  at  0,  then  fix  it  with  the  needle 
north,  and  mark  the  point  0  on  it. 
.  Apply  the  index  successiTely  to  0, 
turning  it  round  with  the  sights  to 
each  angle,  a,  b,  c,  b,  e,  drawing 
dry  lines  to  them  by  the  edge  of  the  index  ;  then  measuring 
the  distance  oa.  ob,  &c.  and  laying  them  down  on  those  tines- 
Lastly,  draw  the  boundaries  ab,  bc,  cd,  pE,.EA. 
3.   By  going  R.)Und  the  Figure. 

When  the  figure  is  a  wood,  or  water,  or  when  from  some 
other  obstruction  you  cannot  measure  lines  ncro<>s  it ;  begin 
at  any  point  a,  and  meaaore  aroond  it  either  within  or  without 
the  figure,  anil  draw  the  directions  of  all  the  sides,  thas  : 
Plant  the  table  at  a  ;  turn  it  with  the  needle  lo  the  north  or 
flower-de-luce  ;  &x  it,  and  mark  the  point  a.  Apply  the  index 
to  A,  toniiog  it  till  yoq  can  see  the  point  b,  aiid  there  dmw  a 
tine  :  then  the  point  ■,  and  there  draw  a  hne  :  then  measure 
these  lines,  and  lay  them  down  from  a  to  e  and  b.  Next  move 
the  table  to  a,  lay  the  iodes  along  the  line  ab,  and  turn  the ' 
table  about  til!  you  can  see  the  mark  a,  and  screw  hH  the 
table;  in  which  posilioo  also  the  needle  will  a^n  point  lo  the 
flower-de-luce,  as  it  tvill  do  indeed  at  every  station  when  the 
toble  is  in  the  right  position.  Here  turn  the  index  about  b  till 
through  the  sights  you  see  the  mark  c  ;  there  draw  a  hne, 
nieasure  nc,  and  lay  the  distance  on  that  line  afler  you  have 
set  down  the  table  at  c.  Turn  it  then  again  into  its  proper 
position,  and  in  like  manner  find  the  next  tine  (d.  And  so  on 
qoite  an>and  by  e,  to  a  agwi .  Then  the  proof  of  the  work  will 
he  the  joining  at  a  :  for  if  the  work  be  all  right,  the  last  di- 
rection BA  on  the  ground,  will  pass  exactly  throi^h  the  point 
A  on  the  pnper ';  and  the  measured  distance  will  also  reach 
exactly  to  a.  If  these  do  not  coincide,  or  nearly  so,  some 
error  has  been  committed,  and  the  work  m-jst  be  examined 
uveritgain.  PROBLEM 
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To  5un>«^  a  Fitld  vUh  A*  TTwdetiU,  4^. 
1.  From  One  Point  or  Station. 

WtfEH  Blithe  angle!  cxn  b«  seeiiirom  one  point,  u  the  an- 
gle c  (&Mt  (ig  to  Ust  prttb.)  jplace  tlie  inatrament  at  c.  nod 
turn  it  ^bmit,  tl!t  throngh  the  fised  sight*  jon  see  the  imil  ■, 
and  till  re  tiv  iu  then  turo  the  moveable  index  ahoat  till  the 
nwrk  *  ^e  *eei]  throu^ii  the  eights,  aod  note  the  degrees  cut 
oo  tl»e  iiutrumeDl.  Next  turn  the  indei  inceeMive^  to  e  nai 
D,  Doling  the  degrees  cat  off  at  each  ;  wbich  give*  all  the  nt- 
gtes  BCK,  BCE,  Brn.  Lasll;  nxeiiDre  the  liocs  cb,  ci,  te,  co; 
and  enter  the  meagre*  in  a  ^eld-book,  or  rather  n^inst  the 
rorrei  ponding  parts  of  a  rough  figure  dmiva  by  gtww  to 
reKcmble  the  field.  - 

1 .  Front  a  point  WiMn  or  WiUuml. 

Plant  the  iuetniment  at  0  (Iwt  fig.)  aiid  turn  it  aboat  till  tba 
fixed  HghtB  point  to  any  object,  as  a  ;  and  there  acrcw  it  bat. 
Then  bim  the  moveable  index  roxutd  till  the  sig^t*  point  «nc- 
CMsivelj  to  the  other  point*  f.,  d,  e,  b.  noting  the  de^teei  cut 
off  ut  each  of  them  ;  which  gives  all  the  as^es  ronkd  the 
point  n.  Laxtlj  measure  the  distances  oa,  ok,  oc,  oa,  OE, 
noting  them  down  tn  bffore,  and  the  vrotb  it  done. 

3.  By  going  Sovad  tht  FiM.   . 

By  Bemariog  round,  either 
within  or  without  the  field,  pro- 
ceed thn*.  Havingsel  up  marics 
at  B,  c,  &c.  near  the  comers  as 
tunal.  plant  the  instrument  at 
any  point  a,  and  turn  it  till  the 
fixed  index  be  in  the  d>rection 
AB,  and  there  screw  it  f»st :  then 
torn  the  moveable  index  to  the 
direction  hw  \  nnd  the  degree* 
cut  off  will  be  the  angle  a.  Heasore  the  liae  a 
the  ininiiDeDt  at  b.  mm)  there  in  the  tame  manner  observe 
the  aogle  A.  Then  measore  tcand  observe  the  angle  c. 
'i'hen  metunre  (he  distance  co.  and  tnke  the  angle  d.  Then 
measere  dk,  and  take  the  angle  e.  Then  meaiure  ep,  and 
take  (he  HDgle  w.     And  lastly  measure  (he  distance  r*. 

To  prove  the  work;  add  all  the  inward  angles  a,  b,  r, 
&c.  togiather ;  for  when  the  work  is  right,  their  sum  will  be 
equal  to  twice  w  many  right  angles  as  the  figure  has  sides, 
wanting  4  right  ftnglei.  But  when  there  is  an  angle,  ax  r, 
that  bends  iowardi,  and  you  HMwure  the  eitemel  an^; 

which 
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SimVETINe.  44} 

which  if  lui  than  two  ri^t  aogjei,  inbtnct  it  fiwn  4  rigl^t 
^n^ea,  or  360  degreei>  to  gire  the  iateroal  aogje  grevtsr  t£u) 
a  Mmicircle  or  180  degrae<. 

Instead  of  obacrviog  the  ioteroal  anglea,  we  rnvf  take  the 
external  an^ea,  fonned  witbont  the  6gan  bj  producing  the 
iidei  farther  out  And  in  this  case,  wbeothe  work  it  right, 
their  e^m  altogether  will  be  equal  to  360  degrees.  But  wfaen 
one  of  them,  as  r,  runs  inwards,  subtract  il  from  the  fum  of 
the  rest,  to  leare  360  degrees. 

VBOniMS  tx. 
To  Survey  *  FKeld  vith  Crooked  H§dga,  ^t. 

'VflT^  anj  of  the  instrumeDtii,  meaiure  the  lengths  an4 
positions  of  imBg^Dary  lines  raoning  as  near  Uie  sides  of  the 
field  as  jroo  can  ;  and,  in  going  along  tbem,  measure  the  off- 
seta  in  the  manner  before  taught ;  then  you  will  have  the  plaa 
on  the  paper  in  using  the  plain  table^df-awlng  the  crooked 
ftedges  trough  the  ends  of  the  off-sets  ;  but  in  surveying  with 
the  theotlolite,  or  other  instrument,  set  down  the  ineB«are3 
properly  in  a  field-book,  or  memorandum -book,  and  plan  them 
Uler  returning  from  the  field,  by  laying  dtfwn  all  the  lines  an^ 
.angles. 


So,  in  surveying  the  piece  abcds,  set  np  marka  a,  h,  c,  d, 
dividing  it  ao  as  to  have  ai  few  sides  as  may  be.  Then  bei^ 
at  any  station,  a,  and  meMora  the  lines  ah,  be,  cd,  da,  taking 
titeir  positions,  or  the  angles  a,  b,  c,  d ;  aad,  in  going  along 
Ae  tinea,  measure  idl  the  ofieta,  aa  at  m,  n,  o,  p,  lie.  aloBg 
every  station-line. 

And  this  is  dona  either  within  the  field,  or  wiUiovt,  aa  may 
be  moat  convenient.  When  there  are  obstnictioM  within,  al 
wood,  water,  hiUa,  ice.  then  mewore  witho«,  as  in  the  »cxt 
following  figure. 

Vol..  I.  57  PftORLf^ 
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ntOBLEHX. 
r«  .Sbrtcy  a  niM.  M- M}  olW  7Uv>  if  7W  Stotww. 

ThU  ii  per&raoed  by  dioocing  two  atadooi  from  wbiofa  A 
the  flttria  tad  otgects  can  be  bmb  ;  tbea  BMaturingtbe  die* 
tutce  betmeD  the  itatiow.  end  St  each  Matioo  taking  the.  mi^ 
frnned  bj  creij  ol^t  (nm  tbt  Matwa  liM  or  dUtanca. 

The  two  tUtioM  may  be  Ukea  «ther  withio  the  boanda.  at 
ID  one  of  the  ndea,  or  in  ttia  diiectiM  of  two  of  the  otyecta, 
or  quite  at  a  diitsDce  and  witbostthe  boawbf^theolyectoar 
part  to  be  lorveyed. 

In  tbii  nunncr,  not  only  grontidi  m^  be  anrreyed,  witbont 
erea  entering  tbcm,  bat  a  map  may  be  taken  of  the  principd 
ptrta  of  a«aon^,  or  the  chief  placet  itf  a  town,  or  any  part  ot 
«riTCrorcoaat»nrreyed,oranyotberiDacceMibleob}ecti:  by 
tek^  two  •tetiona,  on  two  towers  or  two  hUb,  or  sneh-like. 


PROBLEM  XL 
To  StirMy  a  Large  Etftt. 
Ir  te  «at«le  be  rery  lance,  and  contain  afreet  wnber  ni 
^•Ida,  k  OBBOt  wdl  be  dene  by  anrreying  aU  the  fieUi 
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vn^,  md  than  pntdng  dnna  toaadwr ;  nor  cut  it  b«  do>e  b]r 
takiBg  bU  tha  bo^m  and  bomdariei  dnt  cbcIom  it.  For  u 
Aam  cims,  aof  null  em»n  wiH  be  m  rnnch  incnatcd,  a>  to 
nttdtrit  rerj  aoch  diitorted.     But  proceed  M  below. 

I.  WBlkeTertli«ertitet*ro«rllireetiBe«,iD«rd«rt(>geta 
^rfectidea  ftf  it,  or  till  70a  oui  keep  ttte  figsre  of  it  ^vttf 
well  in  MiDd.  And  te  belp  yow  maaorj,  drmr  ■■  eye-dnoghl 
ofitoD  pmper,  or  stleaatM  Ibe  priDdpol  puH  of  it,  to  gnd* 
^n ;  icttiog  the  nanee  within  11m  fielda  in  that  dn^^t. 

f .  CbooH  two  or  aor«  eaunent  pbee*  in  the  wlelecfbr 
■tntiaiii,  from  which  dl  the  prindpel  parta  of  it  can  be  aeea : 
■electing  tfaeie  itatiow  ae&r  diatut  from  one  another  u  e«a- 
Tenient. 

9.  Take  snch  an^ea,  between  tba  ttationi,  aa  jron  tbink 
necenary.  and  meatare  tba  diitancea  from  ttatioB  to  Mation, 
■IwaTi  in  a  right  line :  tbese  things  mutt  be  done,  till  jov 
get  ai  manj  aiiglea  and  linei  ai  are  luffioient  for  detarmining 
all  the  point!  of  ataUoo.  And  in  mefuart^  any  of  these  atalion- 
distances,  maik  accaratelj  where  tbeie  hnea  OKot  with  aaj 
bedgea,  ditches,  roada,  lanea,  patba,  riroleti,  tic. ;  and  where 
anj  remarkable  object  i*  placied,  bymeaaurii^iudittanccfrom 
the  station-line ;  and  where  a  perpendicalar  from  it  cata  that 
line.  And  thus  as  jnra  go  along  any  main  station-line,  taka 
<Aets  to  the  ends  of  nil  hedges,  and  to  nj  pond,  hooae,  milt, 
bridge,  be.  noting  every  thing  down  that  ii  renarkable. 

4.  Aa  to  the  inner  parts  of  the  estate,  they  maat  be  deter* 
BMtted,  in  like  manner,  by  new  station-lines  ^  for  after  the 
main  stations  ara  determined,  and  etery  thing  adjoini^  ta 
them,  then  the  estate  mast  t»e  subdiTided  into  two  or  thre* 
parts  by  new  station-lines  ;  taking  inner  Stations  at  proper 
places,  where  yon  can  hare  tbe  belt  Tiew.  Heaanre  tiieM 
•tation-hnes  a*  yon  did  the  first,  and  ail  their  iateraectioM 
with  hedges,  and  ofbets  to  snch  objects  as  appear.  Then 
iroceed  to  snrrey  the  adjoining  fields,  by  taking  the  aa^ai 
hat  the  sides  make  with  the  station- line,  at  the  intenectiona, 
and  measuring  tiie  distances  to  each  corner,  from  the  inter- 
MctioDS.  For  the  station-lines  will  be  the  base*  to  all  th« 
fbtare  opentions ;  the  situation  of  all  parts  being  entirely 
dependent  on  them ;  and  therefore  they  should  be  taken  of 
aa  great  lei^h  aa  possible  ;  and  it  is  best  for  them  to  ran 
along  some  of  the  hedges  or  boandaries  of  one  or  more  fields, 
or  to  pass  tbroncb  some  of  their  angles.  Alt  thiags  being 
determined  for  these  slatinos,  yon  mnat  take  more  inner  sta- 
tiona,  and  continue  (o  dlride  and  anbdivide  till  at  last  yon 
come  to-sii^e  fields ;  rtpeatiog  the  same  work  fcr  the  inner 


s; 
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Mtioiu  u  fiir'tiie  outer  ones,  till  sUudone;  iBdclDM  tU 
*oik  u  often  u  jos  can,  and  in  u  feir  linea  M  pomMe. 

5.  An  eitate  taaj  be  bo  rituated  that  the  whole  csMiot  b« 
nmeTed  bother ;  t>ecaase  one  part  of  the  eatate'cauot  b« 
•een  from  another.  In  tfiis  case,  yon  majr  dinde  it  inte  three 
or  fonr  parti,  and  aarrey  the  parts  sepanildjr,  atif  thef  were 
Imda  belongi^  to  different  peraons;  andat  last  join  them  to- 
gether. 

6.  Aa  it  b  nece4Emi7  to  ptotTact  orlaj  down  the  work  b> 
*»D  proceed  in  it,  yda  nnst  hare  a  aeale  of  a  doe  length  to 
do  it  bj.  To  get  such  a  scale,  meaaure  the  whole  lenj^  of 
the  estate  in  cfaaina ;  then  cansider  how  nony  iocbes  Iod^ 
the  map  is  to  be  ;  and  from  these  Will  be  knowo  bow  many 
chains  you  mast  htve  in  an  inch  ;  then  make  the  scale  ac- 
cordio^y,  or  choose  one  already  made. 

PROBLEM  xn. 
To  auroty  a  ComUs,  or  large  TVact  vf  Load, 

i.  Choose  two,  three,  or  foor  eminent  places,  for  station* ; 
fuch  as  the  tope  of  high  bills  or  mouotaina,  lowers,  or  chnrch 
Ifteeplei  which  may  be  seen  from  one  aiiotber  ;  from  which 
itiDst  of  the  towns  and  other  places  of  note  may  also  be  seen  ; 
uid  so  as  to  be  aa  far  distant  from  one  another  as  possible. 
On  these  places  raise  beacons,  or  long  poles,,  with  flap  of 
different  colours  Syiog  at  them,  so  as  to  be  visible  &oni  all  the 
oiher  stations. 

2.  At  all  the  places  which  yon  would  set  down  in  the  map, 
plant  l<»ig  poles,  vith  flags  at  them  of  several  coloura  to  dis- 
tinguish the  places  Irom  one  another  ;  flxing  them  on  tfae  tops 
pf  church  steeples,  or  the  tops  of  hooses  ;  or  in  the  centres 
of  sm^ler  towns  and  villages. 

,  These  marks  then  being  set  up  at  a  convenient  number  of 
places,  i»i  such  as  may  be  seen  from  both  stations ;  go  ta 
one  of  these  stations,  and,  with  an  instrument  to  take  an^es, 
standiDg  at  that  station,  take  all  the  an)tles  between  the  other 
Station  and  each  of  these  marks.  Thon  go  to  the  other 
station^  and  take  all  the  angles  between  the  first  station  and 
l^ach  of  the  former  marks,  setting  them  down  with  the  others, 
•each  against  its  fellow  iritb  the  same  colour.  Yoa  may.  if 
COOTeoient,  also  take  the  angles  at  some  third  slati'oa,  srhich 
may  serve  to  prove  the  work,  if  the  three  line«  intersect  in 
thu  point  wherie  any  mark  stands.  The  marks  mnSt  stand  till 
the  observations  are  finished  at  both  stations ;  and  then  thej 
bay  be  taken  down,  and  set  up  at  new  places.  The  same 
operations  miiat^be  performed,  at  both  stations,  for  these 
be^  )flK^  1  and  the  like  Dtt  oOers.    The  iaitrument  for 

taking 
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ta^iag  lili^  ubM  be  an  exceeding  good  eae,  made  oa  put'' 
^Me  with  teleacopic  sights,  and  of  a  good  length  of  radius. 

3.  And  thoi^  it  be  not  alwolut«Ij  necessary  to  measure 
ui;  difltance,  becaoie,  a  elatianarj  line  being  lud  dona  fron 

'  I,  all  the  other  linee  irill  be  proportiooal  to  it ;  yet  it 
to  meaaore  aome  of  the  linea,  to  accertaiQ  the  dia- 
e  of  places  id  milea.  and  to  know  how  many  geometrical 
milei  there  are  in  anj  lei^jtb  g  ai  also  from  thence  to  make  a 
icale  to  meaiere  uij  distance  in  milea.  in  measuring  any  dis- 
taace.  it  wiH  not  be  eiact  enongh  to  go  along  the  hi^  roads  ; 
wUcb  by  reaaen  of  their  turnings  and  windings,  hardly  erer 
lie  in  a  right  line  between  the  atatioas ;  which  msst  caasa 
•ddtesa  redactions,  and  reqaire  great  trouble  to  make  it  a  right 
line  ;  £ir  which  reason  it  can  never  be  eiact.  But  a  better 
WW/  is  to  neafenre  in  a  straight  line  with  a  cbaini  between  sta- 
tion and  station,  over  hilli  and  dales,  or  level  fields,  and  all 
•bstaolee.  Only  ia  case  of  water,  woods,  towns,  rocks,  banks, 
&c.  where  we  cannot  pass,  such  parts  of  the  line  must  be 
measured  by  the  methods  of  inaccessible  distances  ;  and  be- 
tides allowing  for  ascents  antt  descentsj  when  they  are  met 
widi.  A  good  compass,  that  shows  the  bearing  of  the  two 
atatioas,  will  always  direct  ui  to  go  straigfat,  when  the  two 
Italions  cannot  be  saen  ;  and  in  the  progress,  >f  we  can  go 
fltraigbt,  offiiets  may  be  taken  to  any  remarkable  places,  like- 
wise notiiig  tbe  intenectioit  of  the  stalion-Une  with  all  roads, 
riTen,&c. 

4.  From  all  tbe  stations,  and  in  tbe  whole  progress,  we 
tnnst  be  very  p^ticolar  in  obserping  lea-coast,  rirer-moutbs, 
lawns,  caitles,  hoases,  churches,  mills,  trees,  rocks,  sands, 
toads,  bridges,  fords,  ferries,  woods,  bills,  mountains,  rilli, 
brooks,  parks,  beacons,  sluices,  floodgates,  locks.  Sic.  and  in 
general  every  thitag  that  is  remarkable. 

5.  Afler  we  have  done  with  the  first  and  main  station -lines, 
which  command  the  whole  county  ;  we  must  then  take  inner 
stations  at  some  places  already  determined  ;  which  will  divide 
the  whole  Jnto  several  partitions  :  and  from  these  stations  we 
must  determine  the  places  of  aa  many  of  tbe  remaining  towns 
As  we  can.  And  if  any  remain  in  that  paKi  we  most  t^e  more 
Stations,  at  some  places  already  determined,  from  which  we 
may  determine  the  rest.  And  thus  go  through  all  the  parts 
of  the  county,  taking  station  after  station,  tiH  we  have  deter- 
mined the  (rtiole.  And  in  general  the  station-distances  must 
always  pass  Ihroogh  such  remarkable  points  as  hare'been  de- 
^rmined  before,  by  Uie  former  stations. 


D,q,-Z.-dbvGOOglC 


44«  unto 

PROBtiHZIIL 

ThSttrvty  a  Tpvi»  or  Oily< 

Thi>  loaj  Iw  done  with  boj  of  the  inatnuMiita  ftr  bkug 
toglca,  but  beit  of  all  with  the  plaio  tablft,  where  ■varj  Bii< 
nut*  part  i>  drawn  while  to  light.  Inten)  of  the  comimwi 
■arrejipg  or  GoBter**  chaia,  it  will  be  beat,  iortUi  poipaa«,* 
to  bare  a  chaio  66  &et  long,  divided  into  60  liski  of  one  feet 
each,  and  an  oflaet-stuff  of  10  feet  loBg. 

Begin  at  the  ineetiDg  of  two  or  mors  -of  the  ftmdp^ 
|treet«,  throufcb  which  we  can  have  the  loi^eat  proipecti,  W 
get  the  longe«t  •talJoB-ltna  :  there  haviog  &nd  tite  inatm* 
vent,  draw  linos  of  direction  along  thoae  itieets,  oaing  two 
tuen  as  marks,  or  poles  set  in  wooden  pedestals,  or  perbaf* 
tome  reoiarkable  places  in  the  booses  at  the  fiir^r  ends,  m 
window",  doors,  comers.  Sic.  Heesnre  thes<«  lines  with  lbs 
chain,  taking  offaets  with  the  staff,  at  aU  comers  of  sti««tB, 
.  bending?,  or  windings,  aod  to  dlmiarfcaMe  tfaiDg»,as  cbarchet* 
SHirkeU,  halls,  colleges,  etmneot  houses,  be.  Then  reaso** 
the  instniment  to  another  stattoo,  alor^t  one  of  these  l**^  I 
and  there  repeat  the  same  process  as  befiM«.  And  h  db  liB 
the  whole  is  fiojabed. 


Thoa,  fix  the  instmraeat  Dt  A,  and  draw  lines  m  thediiec* 
tiuD  of  all  the  streets  oMeting  there  ;  then  measora  ab,  notii^ 
the  street  on  the  lefl  at  m.  At  the  second  statiwi  a,  draw 
tbe  directions  of  the  streets  meeting  tliore ;  and  measarA 
from  a  to  c,  noting  the  places  of  the  streets  at  d  and  o  ss  joa 
pnss  b;  them.  At  the  third  station  c,  take  the  direction  of  all 
the  streets  meeting  there,  and  meaaare  co.  At  o  do  the  sasM, 
and  measure  di  noting  the  place  of  the  eroas  streets  at  r. 
And  in  this  manner  go  through  all  the  principal  streets.  Thia 
done,  proceed  (o  the  smaller  and  iotennediate  streets  ;  and 
lastly  to  the  luies,  alleys,  courts,  jards,  and  erer;  part  that 
it  ma;  be  thought  proper  to  represent  in  the  phm. 
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dXIT. 

TV  lay  down  dit  Pla*  of  any  iSiirocy. 

Ir  tha  inrve;  wu  tak«n  with  tb«  plain  table,  we  faan  a 
roagh  plan  of  it  alraadjf  on  tbe  paper  which  covered  the  table. 
Sot  if  the  aorTejr  war  with  anj  other  inatruineot,  s  pLii  of  it 
H  to  IM  dnwn  ftom  the  meuores  that  were  taken  in  tbe  >ur> 
Tc;  ;  nod  &f*t  of  all  a  roa.Kh  plaa  ou  paper. 

To  ^  this,  you  maat  have  a  aet  of  proper  iaMrameots,  for 
lejiDg  down  both  lines  aod  anglei,  Itc. ;  aa  Kulea  of  varioui 
■ixe*  (the  more  of  them,  aud  the  more  accurate  tl>e  better), 
acaiet  «f  ohordi,  protractor*,  perpend icolar  and  parallel  ra- 
(era,  be.  Dtagonal  acalei  are  beat  for  the  lioei,  becaafte  thej 
extend  (o  three  ligaret,  or  cbaiaa,  and  links,  which  are  lOO 
parta  of  chains.  But  in  using  the  diagonal  ncnte,  a  pair  of 
compaise*  moil  be  employed,  to  take  off  the  leuglha  of  the 
principal  iinei  very  accnrataly.  But  a  scale  with  a  thio  edge 
oivided,  is  much  readier  for  laying  down  the  perpeDdicoixr 
offiteU  to  crooked  hedges,  and  for  markiOK  the  places  of  those 
offseU  on  tbe  station-line  ;  which  is  done  at  only  one  applica- 
tion of  the  edge  of  the  scale  to  that  lioe.  and  then  pricking  off 
ell  at  once  the  distances  along  it.  Angles  are  to  be  laid  down 
either  wi&  a  H»od  scale  of  chords,  which  is  perbapti  the  meet 
accurate  way.  or  with  a  laige  protractor,  which  is  much  rea- 
der when  many  angles  are  lo  be  hud  down  at  one  point.  M 
they  flre  pricked  off  all  at  once  round  tbe  edge  of  the  protractor. 

In  general,  all  lines  and  aoglei  must  be  laid  down  on  the  plan 
■a  the  same  order  in  which  they  were  measured  in  the  field, 
and  in  which  they  are  writtec  in  tbe  field-book  ;  laying  down 
first  the  angles  for  the  position  of  linee.  next  the  lengths  of 
the  lines,  with  the  places  of  the  oflsets,  and  then  the  lengths 
of  tbe  oQsets  thenuelves,  all  with  dry  or  obscore  line*  ;  then 
a  black  ITne  drawn  through  tbe  extremities  of  aH  tbe  o&ets. 
will  be  the  hedge  or  bounding  line  of  tbe  field.  Uc.  AAer  the 
principal  bounds  and  lines  are  laid  down,  and  made  to  fit  or 
dose  properly,  proceed  next  to  the  smaller  objects,  till  yo« 
bate  entered  ercry  thing  that  ought  to  appear  in  the  plan,  as 
boasaa,  brooks,  trees,  hills,  gates,  atilei,  reads,  lanes,  mills, 
bridges,  woodlands,  be.  luy. 

The  north  side  of  a  map  or  plan  is  commonly  placed  np- 
^rowst,  and  a  meridian  is  some  where  drawn,  witfi  the  com- 
paw  or  flower-de-lace  pointing  north.  Also,  in  a  vacant  pari, 
a  scale  of  equal  parta  ar  chains  is  drawn,  with  the  title  of  the 
map  in  coaapicnous  characters,  and '  embelltsfaed  with  a  cora- 
perbeent  Hills  are  shadowed  to  distingtiish  them  in  tbe  map. 
Colour  the  beigta  witb  different  coloun ;  represent  bitU 
grouiHW 
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gronndi  by  brokan  hilb  and  ? aUeji ;'  draw  mif^  dotted  lioM 
for  foot-patbi,  and  double  odm  for  hone  or  carnage  ro^ds. 
Write  the  name  of  each  field  and  remarkable  place  within  it, 
«Dd,if  foa  choose,  its  content  in  acres,  roods,  and  perches. 

In  a  rery  inige  estate,  or  a  county,  draw  vertical  and  horir 
'  Kontnl  lines  through  the  map,  denoting  the  spaces  between  them 
bj  letters  placed  at  the  top,  and  bottom,  and  sides,  for  resdilj 
finding  any  field  or  other  object  mentioned  in  a  table. 

in  mapping  counties,  and  estates  that  hare  aaeTen  gronodi 
of  biDs  and  Talleys,  reduce  all  oblique  lines,  measured  up-hill 
and  down-hiil,  to  horisoatal  straight  lines,  if  (bat  was  uot  done 
during  the  Eurrey ,  before  they  were  entered  in  the  field-book, 
by  making  a  proper  dlowunce  to  shorten  them.  For  which 
purpose  tbere  is  commonly  a  smdl  table  engrareu  in  soaM  of 
the  iMtmmeats  for  sarreyiog. 

THE  NEW  METHOD  OF  SURVEYISG. 

pROBt£H  XT. 

To  Survey  and  Plan  by  lft«  A'em  JIh&od. 

In  the  fimner  method  of  measuring  a  large  estate,  tlie  ac- 
curacy of  it  depends  both  oa  the  correctness  oi  the  instrir 
meats,  and  on  the  care  in  taking  the  aog^.  To  avoid  the 
errom  incident  to  such  a  multitude  of  angles,  other  metho<b 
have  of  lafe  years  been  used  by  some  few  skilTu)  surveyors : 
the  most  practical,  expeditious,  and  correct,  seeias  to  be  the 
following,  which  is  performed,  without  takingaogleB,  by  mea- 
suring with  the  chwD  only. 

Choose  two  or  more  eminences,  as  grand  stations,  and  mea- 
sure a  principal  base  line  from  one  station  to  another ;  noting 
every  hedge,  brook,  or  other  remaricable  object,  as  yon  pass 
by  it ;  measuring  also  aadi  short  perpendicular  lines  to  dw 
bends  of  hedges  as  m^  bs  near  at  hand.  From  the  extremi- 
ties of  this  base  line,  or  firom  any  convenient  ports  of  the 
same,  go  off  with  other  Iraes  to  some  remarkable  ntgect  situ- 
ated towards  the  sides  of  the  estate,  without  regardiif  the 
angiles  they  nuke  with  the  base  line  or  with  one  another ; 
still  remembering  to  note  every  hedge,  brook,  or  other  object, 
that  yon  pass  by.  These  lines,  when  laid  down  by  inter- 
BectiooB,  will,  witb  the  base  line,  form  a  grand  triangle  ob 
the  estate  i  severd  of  which,  if  need  be,  being  thus  mea- 
sured and  laid  down,  yoit  may  proceed  to  form  other  amaller 
triangles  and  trapezoids  on  the  sides  of  the  former  i  and  so  on 
till  yon  finish  with  the  enclosures  individouDy.  By  wUcb 
means  a  kind  of  skeleton  of  the  estate  may  first  be  obtained, 

and 
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IUhI  dtt  dBftf  liD«a  «enre  u  tbe  boM  of  ntdi  trimglw  «4 
trapezoids  m  art  DecMiar;  to  fiU  npall  th«  interior  pdrte. 

The  field-book  is  ruled  into  three  colitniit,  bs  uoa).  la 
the  middle  one  are  set  down  the  distaocei  oa  th*  chaio-li&e, 
at  which  ai^  mark,  ofiset,  or  other  obvervation,  ii  made  ;  and 
in  the  right  and  left  band  columM  are  estered  the  ofiieti  and 
obcervsUoQS  made  on  the  right  anii  left  hand  rupeetiraly  of 
the  Qhain-Une ;  sketching  on  the  sides  the  shape  or  resem- 
bioBce  of  the  fences  or  boandaries. 

It  is  of  great  adTanlage,  both  for  breritjr  and  perspicnitf, 
to  begin  «l  the  bottom  ofthe  leaf,  and  write  apwardc  {  denot- 
ing the  crossing  of  fences,  by  Jines  drawn  across  the  middle 
cotunut,  iw  only  a  part  of  such  a  line  on  the  right  and  left  op- 
posite the  figures,  to  avoid  confuiien;  and  the  comers  of 
fields,  and  other  remarkable  turns  in  the  fences  where  ofiseU 
are  taken  to,  by  lines  jwmng  in  the  manner  the  iWoces  do  ;  a* 
■rill  be  best  seen  by  comparing  the  boek  with  the  plan  annex* 
cd  to  the  field-book  fi>llowiag,  p.  460. 

The  letter  in  the  lel^rband  corner  at  the  beginning  of  every 
line,  is  the  mark  or  place  measured /rom ;  aad  that  st  the 
right  hand  comer  at  the  end.  ia  the  mark  measured  to  :  Bet 
when  it  is  not  conreuient  to  go  eiactlyirom  amark,  thefdace 
measured  from  is  described  ivch  a  dittanee  from  otia  mark 
towards  atMhtr ;  and  where  a  farmer  mark  is  oot  measared 
to,  the  esact  place  is  ascertaiDed  by  saying,  turn  to  the  right 
t>T  \%H  hand,  tuck  a  dittamee  to  tvck  a  murk,  it  being  always 
anderatood  that  those  distances  are  taken  iq  the  chain-line. 

The  characten  used  are,  f  for  hum  to  the  right  hand,~\  for 
(nm  to  tht  left  hand,  and-^ptaced  over  an  o&et,  to  show  that 
it  is  not  taken  at  right  angles  with  the  chain-line,  but  in  tha 
direction  of  some  straight  fence ;  being  chiefiy  used  when 
crossing  their  directioas ;  which  ia  a  better  way  of  obtaining 
their  true  places  than  by  offsets  at  right  angles. 

When  a  line  is  measured  whose  position  is  determined, 
either  by  former  work  (as  m  the  case  of  producing  a  givei) 
line,  or  measuring  from  one  known  place  or  mark  to  another) 
or  by  itself  (asio  the  third  side  of  the  triai)g]e),'it  is  called  a 
fatt  lint,  and  a  double  line  across  the  book  is  drawn  at  the 
conclusion  of  it ;  but  if  its  position  is  not  determined  (as  ia 
the  second  side  of  the  triangle),  it  is  cidled  a  ioote  line,  nod  a 
ningte  line  is  drawn  across  the  book.  When  a  line  becomes 
determined  in  position,  and  is  afterwnrds  continued  further,  a 
double  line  half  through  the  book  is  drawn. 

When  a  loose  line  is  measured,  it  becomes  ab*olutely  ne* 
ceaaary  to  measure  some  other  line  that  will  determine  its 
position.     Thus,  the  first  line  ah,  or  bh,  being  the  base  of  a 

Voi:.  I.  6B  ,  triaBgle. 
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triangle  is  aiwvft  dctemunetl ;  but  *^  pmition  o/the  leccmd 
•ide  kj,  dou  not  become  deteniHDCcI,  till  the  third  aiitjb  » 
tneaauced  ;  then  the  position  of  both  is  detenDined,  and  the 
triangle  may  be  conetriKted. 

'  At  the  beginning  of  a  line,  to  fii  a  loose  line  to  the  mark 
or  place  meainred  'from,  the  sign  of  lurniag  to  the  right  or 
left  hand  must  be  added,  as  at  A  in  the  second,  andj  in  tbs 
third  line  ;  otMrwiie  a  itraogpr,  when  lading  down  the  irork, 
nay  «■  «asily  conatruct  the  triangle  hjb  on  the  wrong  tide  of 
the  line  ah,  ai  on  the  right  one  ;  but  this  error  cannot  be 
ftllea  into,  if  the  sign  above  named  be  fiarefully  observed. 

In  choosing  a  line  to  fix  a  loose  one,  care  must  be  laken 
that  it  does  not  muke  a  very  acute  or  obtuse  angle  ;  m  in  the 
(rinagle  far,  by  the  angle  at  ■  being  very  obtnse,  a  Bmall  de> 
Tiationfrom  truth,  eren  the  breadth  of  a  point  at /)  or  r  would 
make  the  error  at  a.  when  cotiBtrticted.  tery  coniidemble  ; 
bat  by  construoting  the  trian^/iBf,  such  a  deviation  is  of  do 
coQse(|nenc«. 

Where  the  words  leave  <ff  are  written  in  the  field-book,  it 
,  signifies  that  the  taking  of  oSaets  is  from  thence  d is r!oii tinned  ; 
and  of  course  something  is  wanting  between  that  and  the  neit 
o&et,  to  be  aflerwards  determined  by  measuring  soma  other 
line. 

The  field-book  for  this  method,  and  the  plan  drawn  frota 
it,  are  contained  in  the  four  follDWj'ng  pages,  engraren  on  cop- 
per-plates ;  sDSwerable  to  which,  the  pupit  is  to  draw  n  ptaa 
from  the  measures  in  the  field-bonk,  of  a  lar^r  size,  viz.  to 
a  scale  of  a  double  size  will  be  convenient,  aoch  a  scale  being 
also  found  on  mtwt  instruments,  tn  doing  this,  begin  at  the 
commencement  of  the  field-book,  or  bottom  of  the  first  page 
and  draw  the  first  )me  o^  in  any  direction  at  pleasure,  and 
then  the  next  two  sides  of  the  first  triangle  M;  by  sweeping 
iotaraecting  arcs  ;  and  so  all  the  triangles  in  the  same  man- 
ner, after  each  other  in  their  order  ;  and  aflerivards  setting 
the  perpeodicular  iind other  ofTsets  at  their  proper  places,  aud 
through  the  ends  of  them  dmwing  the  bounding  fences. 

JVofs.  That  the -field- book  begins  at  the  bottom  of  the  Gnt 
page,  and  reads  up  to  tlie  top  ;  hence  it  goes  to  the  bottom  of 
the  Dcxt  page,  and  to  the  top  ;  and  thence  it  passes  frum  the 
bottom  of  the  third  page  to  the  top  which  is  the  end  of  the 
field-book.  The  several  murks  measured  to  or  from,  nre  here 
denoted  by  the  letters  of  the  alphabet,  fintt  the  small  ones  a, 
6.  c,  J.  &c.  and  after  them  the  capit;ils  A,  B,  C,  D,  &c.  Bat. 
Instead  of  these  letters,  some  surreyora  use  ' 
order,  1,  2,3,4,  &c. 
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OF  THE  OU)  KIND  OF  FIELD-BOMt 

tn  Hrveying  wUb  the  fiaia  tuble,  ■  field-book  is  not  nsed, 
U  eT«rj  thing  is  dmwa  on  the  bible  imiKediatelj'  when  it  ia 
vetoured.  But  in  Biir*eving  with  Ibe  theodolite,  or  any  «ther 
instrument,  some  kind  of  u  field-book  muil  be  oaed,  to  write 
down  in  it  a  register  or  account  of  all  that  i<  doae  aod  occurs 
relalire  to  the  survey  in  hud  '. 

Tjiis  book  every  one  contriTea  and  rulei  as  be  thinks  fittast 
for  hi^elf.  The  follotfing  is  a  Bpecimenof  aform  which  bat 
been  formerly  used.     It  is  ruled  into  three  colnmas,  as  below. 

Here  Q  1  i»  the  tirst  ttation,  where  the  angle  or  bewing  is 
JOh"  25'.  On  the  left,  at  73  links  in  the  distance  or  priiici|ml 
line,  ia  an  offset  of  9i  ;  and  at  610  an  o&et  of  24  to  a  croH 
hedge.  On  the  right  at  0.  or  the  begioaing,  an  ofiset  i5  to  tha 
•oiner  of  the  field  \  »t  S48  Brown's  boundary  bed^  com' 
mences  ;  at  610  an  offset  35  ;  aod  at  954.  the  end  of  the  first 
line,  the  0  denotes  its  termioatiDg  in  the  hedge.  And  so  ob  . 
jbr  the  other  atations. 

A  tine  is  drnwn  aader  the  work,  at  the  end  of  erery  station 
Hoe,  to  prerent  coofuBion. 

Tm-'n  of  thi!  Fitia-Book. 


Stations, 

Offsets  and  remarks 

Bearings, 

O&ets  toA  Remarks 

•D  the  leit. 

aod 
DisUoces. 

on  the  right. 
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Then  Uie^lu,  on  a  null  icftk  drmni  (nm  tbe  above  field- 
booki  wfll  be  w  in  the  following  dgtin.  Bat  the  pupil  nwy 
draw  t  plan  of  3  ot  4  times  ttie  rize  on  his  pnper  book.  Thd 
dotted  linef  denote  the  9  cbatn  tfr  measured  lines,  and  the 
l^tck  Udc*  the  bouddnriet  en  the  right  end  left. 


taut  Mae  Bkilfbl  nirreyors  dow  make  ns'e  ot  a  difierent 
method  for  the  field-book,  namely,  begiaoiog  at  the  bottom 
ofthepag«  and  writing  apwarda;  sketching  aUo  aneatbouDd- 
itirj  on  citiMr  band,  retembling  the  parte  near  the  meatared 
ItDCi  as  ther  pass  along  ;  an  example  of  which  will  be  givcD 
fortiter  «ir,  m  tbe  SMthod  vf  sttrveyi^  a  largd  estate. 

In  smailer  sorreTs  an!  measarementi.  a  good  way  of  set- 
ting doTtti  the  won,  It,  to  draw  by  the  eye  on  a  piece  of 
paper,  a  figure  reselbbling  that  which  la  to  be  meamred  ;  and 
80  writing  the  dimensions,  as  they  are  fooad,  against  the  cor- 
respondiag  parts  of  thefigure.  And  this  Inetbod  mny  be  prac- 
tised to  a  considerable  exteot.  eren  is  the  larger  surreys. 

Aoother  specimen  of  a  field-book,  with  its  plan,  is  as  fol- 
lows ;  being  «  single  field,  surveyed  with  the  chain,  and  thei 
theodolite  for  taking  angles ;  which  the  pnpil  will  tikewiee 
draw  of  a  larger  size.  f 
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SECTION  ni. 

OF  COMPUTING  AND  DIVIDING. 

HKHSLEMXVL 
Ta  Ctmputt  Ae  Contenu  ^  Fitfdt. 

1.  C»MriiTB  Ae  conteotfl  of  tbe  6gurefl  as  dividfid  into  tri- 
angles, or  trapeziums,  b^  the  proper  rules  for  these  tigurei 
laid  down  in  DneaBuring ;  muluplytng  tbe  perpendicalara  b^ 
the  diagoD^s  or  ba?es,  both  b  linlia,  and  divide  by  S ;  the 

iiuotient  ia  acres,  after  hsTing  cut  off  five  tigures  on  tbe  right 
or  decimals.  Then  bring  these  decimals  to  roods  and  percheSi 
by  multipljing  first  by  4,  and  then  bj  4U.  An  example  of 
which  is  given  in  the  deBcriplion  of  the  chain,  p^.  429. 

2.  In  small  and  separate  pieces,  it  is  asual  to  compute  their 
contents  from  the  measures  of  the  lines  taken  in  aurreying 
them,  without  makisg  a  correct  pfsn  of  them. 

3-  In  pieces  bounded  by  very  crooked  and  wiDding  hedges, 
laeasnred  by  ofisela,  all  the  parts  between  the  oflsets  are  most 
accurately  iDMsared  separately  as  small  trapezoids. 

4.  Sometimes  such  pieces  as  that  last  mentioned,  are  com-  ^ 
patedbj  finding  a  tnean  breadth,  by  adding  aft  the  oSsets  to- 
l^ther,  and  dividing  the  som  by  tbe  nnmber  of  them,  account- 
tn)t  that  for  one  of  them  where  the  boundary  meets  (he  sta- 
tion-line, (which  iucreases  the  namber  of  them  by  1 ,  for  the 
divisor,  though  it  does  not  increase  tbe  sum  or  quantKy  to  Iw 
divided)  ;  then  multiply  the  length  by  that  mean  breadth. 

5.  But  in  larger  pieces  andwhole  estatat,  consisling  of  mnny 
fields,  it  is  the  common  practice  to  make  a  rough  plan  of  tbe 
whole,  and  fnoin  it  compute  the  contents,  quite  independent 
of  the  measnroa  of  the  linel  aai  angles  that  were  taken  in 

torveyii^ 
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•arreying.  For  then  new  linei  are  drawn  in  tin  fieUa  on  Htm 
plan,  to  m  to  divide  tbein  into  trspeziuoff  and  Inaogles,  ibe 
bues  ind  perpendicuhn  of  which  ure  nteasored  ontlie  plan 
by  i«e«is  of  tbe  «cale  from  which  it  War  drawo,  and  M  multi- 
pli'»]  logptber  for  the  conteDts.  In  ibis  way,  the  work  i«  rery 
eipeditiooaly  dooe,  and  sufficiently  correct :  for  »Rch  ditaen- 
sion*  are  taken  ai  nfford  the  moat  euy  method  of  calculation ; 
andaioonganiimberof  p-irts.thovtiikeDaiid  applied  to  a  icale, 
tboagh  it  be  likeJy  that  «atae  of  the  parts  will  be  taken  a  small 
inttler  too  little,  and  otfaere  too  great,  yet  they  will,  on  the 
whole,  ia  all  probabilily,  very  nrarly  balance  one  another, 
tmd  give  a  tofficienliy  accurdte  result.  Afler  alt  the  fieldi  and 
particnlHr  parts  are  thna  computed  aeparately,  and  added  alt 
tiM;«tti.er  into  one  sum:  calcnlale  the  whole  estate  independent 
of  the  fields  by  dividint;  it  into  lai^  and  arbitrary  triat^es 
andtrapesEiunis,  and  add  these  all  legetber.  Then  if  this  ann 
be  e<|iial  to  the  former,  or  nearly  bo.  the  work  is  r^t ;  but  if 
the  rams  have  any  considerable  difference,  it  is  wrong,  and  they 
nuiBt  be  examined,  and  re-computed,  till  ther  nearly  agree. 

6.  But  tbe  chief  art  in  eom)>oting,  cnnaisU  in  finding  tihe 
Motents  of  pieces  bounded  by  corred  or  very  irregular  line*,- 
or  in  redacing  <iuch  crooked  sides  of  fieldi  or  boandaries  to 
■tmight  lines,  that  shall  inclose  tbe  same  or  equal  area  witk'  - 
those  GTOokijd  Fides,  and  so  obtain  the  area  of  the  curved 
fignre  b^  means  of  the  right- lined' one,  which  wilt  commonly 
be  a  trapezium.  Now  Ibis  reducing  the  crooked  sides  to 
Itraigbt  ooea,  is  very  easily  and  accurately  performed  in  this 
manner : — Apply  (he  straight  edge  of  a  thin,  clear  piece  of 
laolhoni-bora  to  the  crooked  line,  which  is  to  be  reduced,  in 
snch  a  maoacr,  that  the  jmall  parts  cat  off  irom  the  crooked 
fi^re  by  it.  may  be  equal  to  those  which  are  taken  in  :  which 
eqaality  of  the  parts  included  aod  excluded  you  will  presently 
be  able  to  judge  of  very  nicely  by  a  little  practice  :  then  with 
a  pencil,  or  point  of  a  tracer,  dntw  a  line  by  the  itraigbt  edge 
of  the  horn  Do  the  same  by  tbe  other  tides  (IT  the  field  or 
'  figtire.  So  shall  you  have  a  straight-sided  figare  equal  to  the 
curved  one  ;  the  content  of  which,  being  com^ted  as  before, 
directed,  wilt  be  the  content  of  the  crooked  figure  proposed. 
Or,  insteitd  of  the  straight  edge  of  the  honi,  a  horse  hair, 
•r  fine  thread,  may  be  applied  across  the  crooked  sides  in  the 
same  manner :  and  the  easiest  way  of  using  the  thread,  is  to 
■tring  a  small  slender  bow  with  it,  either  nf  wire  or  cane,  or 
whalebone,  or  such  like  slender  elastic  matter  i  for  the  bow 
keeping  it  always  stretrhed,  it  can  be  easily  and  neatly  appli- 
ed wiUi  one  hand,  while  the  other  is  at  libertyto  make  two 
narks  by  the  side  of  it,  to  draw  the  straight  line  by. 
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-  EXAMPLE. 

Thus,  let  it  be  required  (o  find  the  cootents  of  th«  nine 
figure  u  in  Prob.  ii,  page  441,  to  a  scalic  oT  4  chatos  to  an 
inch. 


Draw  tb«  4  dotted  fltrafgbt  lines  /tp,  bc,  cd,  DJt,  cullii^off 
eqgal  qoaotitiea  on  botli  lidea  ot  tbem,  which  thej  do  «■  near 
«s  the  ejEC  cm  jnd^  :  toia  tbecrokedfijcure  reduced  to  aa 
eqaiviileet  right-lined  ene  of  4  Eutes,  aacu.  Tlien  draw  the 
diagODBl  BD  which,  by  n|  plying  a  (trofier  acale  to  it,  meanrea 
Su'lipOK  1^50.  Also  the  perpi'ndicular  or  neurest  liislance 
from  A  to  this  diagonal,  meMurea  456  ;  aod  the  distance  of  e 
from  it,  ir  4S&. 

Then,  half  the  turn  of  456  and  4?8,  mnlliplied  bj  tbe  dia- 
gonal 1266,  givea  £6516"  square  litiks,  or  6  ucres,  2  roode, 
8  perches,  the  coateot  of  tbe  trapeziiun,  or  of  the  imgiiUr 
crooked  piece. 

At  a  general  example  of  this  pmctlce.  let  the  contents  be 
computed  of  all  the  fields  vcpnrHtelj'  in  the  foregoing  plm 
in  page  452,  and  by  adding  tbe  content^  altogelber.  the  vhole 
■um  or  content  of  the  eatnte  wit!  be  fouod  nenrly  equal  to 
I(>3^  acrea.  Then,  to  pi  ore  the  work,  dinde  the  whole  plan 
into  two  parts,  by  a  peocil  line  drawn  acrotis  it  any  wuy  necir 
the  middle,  as  from  the  corner  I  on  tbe  right,  to  the  corner 
near  t  on  the  left;  then  by  computing  these  two  large  parta 
separately,  tbeir  t»m  tttust  be  nearly  equal  to  the  Ibnner  sua, 
when  the  work  i*  alt  ri^t. 

PROBLEM  xvn. 

To  Tranafer  a  Plan  to  AnoOter  Paptr,  *<:. 

ArTea  the  rongh  plan  is  completed,  and  a  fiiir  one  is  want- 
ed :  tbift  may  be  done  by  any  of  the  foltowisg  methods. 

fint 
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Fint  Method. — \aj  the  nmgb  plan  OB  the  cleas  p^ter^ 
lceei>ing  tliem  always  preised  flat  and  cloee  together.  \tj  we^^ 
laid  oil  them.  Then,  with  the  point  of  a  fine  pin  or  pricker, 
pricit  through  all  the  corners  of  the  plan  to  be  copied.  Take 
tbem  a«undei,  and  connect  the  pricked  poiob,  on  the  dean 
paper,  with  linei ;  and  it  i<>  done.  Thia  method  i»  eslj  to  be 
prac^aed  in  plans  of  soch  figures  as  are  imall  umI  tolsrebly 
regular,  or  boaoded  hy  right  lines. 

Sttmd  .Hefftoil.— Rub  the  back  of  the  rough  pho  orer  witt 
black-lead  powder ;  and  (ay  this  blacked  part  on  the  clem 
paper  on  which  the  plan  i»  to  be  copied,  and  in  the  proper 
position.  Then  with  the  blunt  point  of  loine  hard  substance, 
as  brass  or  such-)ike,  trace  over  the  lines  of  the  whole  phn  ; 
pressing  the  tracer  so  much,  as  that  the  black  lead  (Utder  the 
Uoes  may  be  transferred  to  the  clean  paper  ;  after  which,  take 
off  the  rough  pUn,  and  trace  over  the  leaden  marks  with  com- 
moDJiik,  or  with  Indian  ink— rOr,  instead  ofblacking  the  rongfa 
plan,  we  may  keep  constantly  a  Uacked  paper  to  lay  between 
the  [dans. 

Third  Mtihod  — Another  method  of  copyiDg  plans,  u  hy 
means  of  squares.  This  it  performed  by  dividing  both  endir 
and  side«  of  the  plan  which  is  to  be  copied  into  any  coBreni- 
ent  number  of  equal  parts,  and  cnnnecting  the  correspDnditig 
points  of  division  with  lines  ;  which  will  divide  the  plan  into 
8  number  of  small  squares.  Then  divide  the  paper,  on  which 
the  plitn  is  to  be  copied,  into  the  same  naiM>er  of  sqaanw, 
jeach  equal  to  tbe  former  when  the  plan  ia  to  be  copied  of  the 
same  size,  but  greater  or  less  than  the  Others,  in  the  propor- 
tion in  which  the  plan  is  to  be  increased  or  dimirtisbed,  whan 
of  a  different  size.  Lastly,  copy  into  tbe  dean  squarea  the 
parts  contained  in  tbe  corresponding  squares  ef  the  old  plan  ; 
and  yea  will  bare  the  copy,  either  ^  the  same  size,  or  greater 
or  leas  in  any  proportion. 

Fourili  Method. — A  fourth  method  is  hy  the  instrument 
called  a  peotagraph,  which  also  copies  (he  plan  in  any  size 
required. 

Fifth  Method, — Bat  tbe  neatont  method  of  any,  at  leaat  ia 
copying  from  a  feur  plan,  is  this.  Procure  a  copying  frame 
or  glass,  made  ip  this  manner  ;  namely,  a  Uirge  square  of  the 
best  window  glass,  set  in  a  broad  frame  of  wood,  which  can  btt 
raised  up  to  any  angle,  wbea  the  lower  side  of  it  rests  on  » 
table.  Set.  this  frame  np  to  auy  angle  before  you,  iiicing  « 
strong  light ;  fii  the  old  plan  and  clean  paper  together,  tritli 
terera]  pins  qiiite  around,  to  keep  theip  together,  the  cleaq 

paper 
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Cp«r  b^ng  Inid  vpperBoit,  woA  over  tit6  &c«  of  tfat  plaa  to 
G«jpi«d.  Lay  tttem,  with  ths  back  of  the  old  plan,  ob  the 
l^iM ;  namely,  that  part  wbich  ya  intend  to  begin  at  to  copy 
IGrH ,  and  hj  meuM  o(  the  light  ahiniDg  throu^  the  papers  - 
yoa  will  rcry  diitinctly  pe'rcetTC  every  line  of  the  plan 
thrau|^  the  cImd  paper.  In  thi«  state  theD  trace  al)  the  finet 
act  the  paper  with  a  pencil.  Haring  dnwn  that  part  whicb 
coTera  the  glan,  dUe  uotber  part  over  the  glan,  and  co^ 
it  in  the  same  maiiDer.  'i'heo  another  port.  And  ao  oa,  tiU 
the  wfaide  is  copied,  Tbea  take  them  asunderi  aod  trace 
all  the  pencil  lines  over  wrth  a  fine  pen  aod  Indian  ink.  or 
■ritfa  comoMS  ink.  And  thai  yoq  ma^  copy  the  ^it  pfaff 
tritboot  ii^uiisg  it  in  the  least. 


OF  ARTIFICERS'  WORKS, 

TIlUB£ft  HEASURIKG. 


1.  OF  THE  CARPENTEE'S  OR  SUPINO  BUUE. 

THE  Carpenter's  or  Sliding  Rule,  ii  aa  inalranent  mack 
Bsed  in  measuring  of  timber  and  artificer*' warka,  both  fol 
taki^  the  dimeaeioiu,  and  computing  the  contents. 

The  insbiiment  c«nsii(e  of  two  equal  piecei.  each  a  foot  in 
length,  which  are  connecteJ  together  by  a  folding  joint. 

One  side  or  fitce  of  the  rule,  is  divided  ioto  inches,  and 
eighths,  or  balT-qsarteri.  On  the  same  iace  also  are  several 
plane  scales,  divided  into  tweldh  parti  by  diagonal  lines  ; 
■rhicb  are  oaed  in  planiting  dimensions  that  are  taken  ia  feet 
and  iDchee.  The  edge  of  the  rale  is  commonly  divided  de- 
eimally,  or  into  teotliB  ;  namely,  each  foot  into  ten  equal  porta, 
and  each  of  these  into  ten  parts  again  :  so  that  by  means  of 
this  last  scale,  dimensions  are  taken  io  feet,  tenths,  and  hun* 
dredths,  and  mvitiplied  as  common  decimal  oumherS)  which  it 
the  best  way. 

On  the  one  part  of  the  other  iace  are  fi>nr  lines,  martted 
A,  B,  G,  D ;  the  two  middle  ones  b  aod  c  being  on  a  slider, 
■vhich  runs  in  a  groove  made  in  the  stodi.  The  same  numt 
bers  serve  for  both  these  two  middle  liaaii  tbe  «ne  being 
nbovc  the  Qumbeni  ud  the  other  below. 

Vol.  1.  69  These 
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4»s  bricklati:R8'  wore. 

These  foar  liou  aT«  logantbmic  omea,  and  the  three  t,  *, 
Ct  which  ore  all  equl  tu  one  RDother,  are  double  Knei.  ■• 
Cbey  proceed  twice  over  from  1  to  lO.  The  other  or  loweat 
JiD6,  D,  ii  a  singje  one,  proceeding  from  4  to  40,  It  ii  ales 
eiQed  the  girt  line,  from  iu  u»e  id  Eompntii^  the  costeoti 
«f  treea  and  timber  ;  and  on  it  ai«  marked  wa  at  IT- 1&,  and 
AS  at  18' 95,  the  wine  and  ale  fage  points,  to  make  tbie  in- 
ttrament  aerfe  the  porpoM  of  ■  gaging  role. 

On  the  other  part  of  this  bee,  there  is  a  Uble  of  uie  Tahw 
*f  a  load,  or  aO  cabic  feet,  of  timber,  at  ail  piices,  from  6 
pence  to  2  ihilUnga  a  foot. 

When  I  at  the  beginning  of  any  line  a  acconnted  t,  tbe« 
the  I  h)  the  middle  will  be  10,  and  the  tO  at  the  eod  100  ; 
Irat  when  one  at  the  beginning  ii  counted  10,  then  the  4»e  ia 
the  middle  ii  100,  and  the  10  at  the  end  1000 ;  and  so  on. 
And  all  the  amidler  di*iuoiii  are  altered  propoitiooaUj. 


II.  ARTIFICERS'  WORK. 

AariFicULS  compute  the  cootenta  of  their  worb  by  acvetd 
diferent  meat  li  res.     Aa, 

Glazing  and  moaonry,  by  the  loot ;  Paiatitig,  plaateriag, 
paving,  be.  by  the  yard,  of  9  aqaare  feet ;  flooring,  par- 
titioning, roofing,  tiling,  &c.  by  the  iquare  of  100  aqaare 
feet: 
A&d  brickwoit,  either  by  the  yard  of  9  aqaare  feet,  or  by 
the  perch,  or  aquare  rod  or  pole,  containing  279}  aqaare 
feet,  or  30}  aquare  yarda,  being  the  aquare  of  the  rod 
or  pote  of  16}  feet  or  5^  yarda  long. 
Aa  tfaia  number  272}  ii  tronbleaome  to  divide  by,  the  }  k 
(rfl^n  omilted  in  pnctice,  and  the  content  in  feet  dinded  only 
1^  the  212. 

AU  workt,  whether  auperikial  or  aoUd,  are  computed  by 
the  mlea  proper  to  the  figure  of  them,  whether  it  be  a  trU&- 
l^e,  or  rectai^e,  a  paraUeiopiped,  or  any  other  figur«. 


III.  BRICKLAYERS'  WORK. 

Bbicxwoxk  it  eatimated  at  the  rate  of  a  brick  and  a  half 
^lick.  So  that  if  a  wall  be  more  or  leaa  than  thia  atandard 
diiekneaa.  it  mut  t>e  reduced  to  it,  aa  follows : 

Halliply  the  anperficia)  cootenl  of  the  wall  by  the  nnmbw 
of  lniriinGkiuiUMtluckiNW]«iiddindetbepnidact  by  3. 

Tbft 
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th»  JioieiirioiM  of  a  boiUmg  may  be  taken  by  meMariog 
lialf  round  on  the  oadide  and  half  round  it  on  the  inaide  ;  the 
•nm  of  tbeie  two  gives  the  compaw  of  the  wall,  to  be  multi- 
jUkA  by  the  height,  for  the  content  of  the  material*. 

Chimneys  are  conmonty  measnied  as  it  they  were  icdij,' 
deducting  only  the  vacnit}'  from  the  hearth  to  the  mantle,  on 
account  of  the  trouble  of  them.  All  windows,  doorx.  &c.  ar« 
to  be  deducted  out  of  the  contents  of  the  walls  in  which  they 
m  placed. 


Exam.  1.  How  many  yards  and  rods  of  standard  brick* 
work  are  in  a  wall  whose  length  or  comimss  is  ^7  feet  3  in- 
ches, and  height  S4  feet  6  inches  ;  the  wall  being  H  bncks 
or  6  half-bricks  thick  ?  Ans.  8  rods.  n|  yards. 

EuM.  2.  Reqoired  the  content  of  a  wall  62  feet  6  inches 
long,  and  14  feet  8  inches  high,  and  3^  bricks  thick  ? 

Am.  l69-7fi3yard«. 

Exam.  3.  A  triangnlar  gable  is  raised  t7|  feet  high,  on  an 
•nd  wall  whose  length  is  24  feet  9  inches,  the  tbieknese  being 
a  bricks  ;  required  the  reduced  content  ? 

Ans.  SS-08^  yards. 

Exam.  4.  The  end  wall  of  a  house  is  28  feet  10  inches 
long,  and  65  feet  8  inches  high,  to  the  tiaves  ;  20  feet  high  is 
S^  bricks  thick,  other  20  feet  high  is  2  bricks  thick,  and  the 
vemaining  16  feet  8  inches  is  U  brick  thick ;  ab^ve  which 
is  a  triangnlar  gable,  of  1  brick  thick  ;  which  rises  42conrses 
•fbricks.of  whjch  every  4  courses  make  a  foot  What  is  the 
whole  content  in  standard  measure  7        Ads.  253-626  yardt. 


\V.  MASONS'  WORK. 

To  masonry  belongall  sorts  of  stone-work  ;  and  the  measure 
made  use  of  is  a  foot,  either  saperficial  or  solid. 

Walla,  columns.  l>locks  of  stone  or  marble.  &c.  are  measured 
hy  the  cubic  foot ;  and  parements,  slabs,  cfaimney- pieces,  &c 
by  the  superficial  or  sqaare  foot. 

Cubic  or  solid  meaaore  is  used  for  the  materials,  and  square 
■leaanre  for  the  workmanahip. 

In  the  solid  inaasure,  the  true  length,  breadth,  and  thick- 
Ress  are  taken,  and  multiplied  continually  tt^ther.  In  the 
■uperficial,  there  must  be  taken  the  length  and  breaM  of 
every  part  of  the  projection  which  is  seen  without  the  gene* 
ral  upright  fiK«  of  the  baildiog. 

EKAMFUC 
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4G0       CiARPENTEftS*  ANO  JOWBRB'  WORK. 

EXAUnES, 

tiXAU.  1.  Required  Ue  solid  ctwtent  of  a  waU^  63  feet  % 
iocbei  long,  U  fe«t  S  incbca  high,  sod  2  feet  Hack  1 

Ah.  I310{feet. 

ExtM.  t.  Whst  M  the  aolid  content  ef  B'watf,  the  le^tk 
being  24  feet  3  iochea,  height  10  feet  9  iscbee,  and  2  feet 
iidck'i  Ans.  68l'S7fifeet. 

'  ExAK.  3.  Required  the  reltie  of  a  marble  slab,  M  8*.  per 
foot ;  the  lengtb  being  6  feet  7  inches,  and  breadtir  I  fiwt  10 
inchei?  Ans.  41.  It.  1(^. 

£xAM.  4.     In  a  cbimney -piece,  inppose  the 
lenicth  of  the  mantle  and  slab,  each  4  feet  6  iocbes 
Weadth  of  both  together         -        3         2 
iengthof  each  janib         -         -         4'         4 
breadth  of  both  together  -         1  9 

Required  tbfrsnperfidal  content  ?        Ans.  S!  feet  10  inches. 


V.  CARPENTERS*  AND  JOINERS*  WORK. 

To  this  branch  belongs  all  the  wood-work  of  a  botase,  sucb 
M  flooring,  partitiooiiig,  roofing,  &c. 

Lai^  Wd  plain  articles  are  Hsually  measured  bj  the  square 
foot  or  yard,  Ik.  ;  bqt  enriched  tnouMiDgs,  and  some  olbei 
wlicleSt  are  oflea  estimated  by  running  or  lineal  measare ; 
tod  some  tbi^  are  rated  by  the  piece. 

In  measnnng  of  Joists,  take  the  dimensitMU  of  one  joist, 
and  mgltiply  its  content  by  the  namber  of  them ;  coMidenDg 
that  each  end  is  let  into  the  wall  about  f  of  the  tbickDesa,  m 
It  oagbt  to  be. 

PartUioia  are  meaeiiTed  from  wall  to  wall  for  one  di- 
DMDsion,  and  from  floor  to  floort  as  far  a>  fhey  extend,  for  tht 
•ther. 

7%<  mtatute  of  Cinitring  for  Ge/Iors  is  found  by  makiBg  a 
Btring  pass  over  the  surface  of  the  arch  for  the  breadth,  and 
taking  tbe  length  of  the  cellar  for  the  length  :  but  ingraiii 
centeriog.  It  is  usual  to  allow  double  roeasure,  on  acconnt  of 
their  eitraordinaiy  trouble. 

In  Ro^ng,  the  dimensions  as  to  let^h,  breadth,  and  depth, 
are  taken  as  in  flooring  joists,  and  the  cmtentt  computed  tb* 
lame  way. 

/»  FtooT-boarding,  take  the  Kngth  of  the  noM  for  one  A> 
iMension,  and  the  breadth  for  the  other,  to  multiply  together 
for  the  content. 

For  SlMf-eaiHi  take  the  breadth  of  ell  tbe  ateps,  by  thaking 
a  ItM 
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a  Uba  jiy  doM  aver  tbem,  from  tbe  top  to  th«  botton,  and 
aniltipi;  the  lenftk  of  tbia  line  b^  the  length  of  a  steit,  for 
ti>e  wlwlfl  wea.— By  th«  length  at  •  itep  ii  mMot  the  tength 
of  the  front  tad  thv  retoim  at  tbe  two  eaili ;  uad  by  the 
teeadtli  ia  to  be  imdentoad  the  gjrta  of  its  two  outer  aar&sea, 
«r  Um  tre«d  ni  riaer. 

For  Ac  Bahutradt,  take  the  whole  length  of  the  upper  part 
•f  the  hand-rail,  and  girt  over  ite  end  nil  it  meet  the  top  of 
the  Dewel  post,  for  the  one  (UmenBina  ;  and  twice  tbe  length 
of  the  baluster  on  the  landing,  with  the  girt  of  tbe  hand-rail, 
ibr  the  other  dimeniion. 

For  fTnt'iucottn^,  take  the  compass  of  the  room  for  the  one 
diraeBSioo  ;  and  the  height  from  the  floor  to  the  ceiling,  mak- 
iMg  the  string  ply  close  into  all  the  mouldings,  ibr  the  other. 

For  Doors,  take  the  height  and  the  breadth,  to  multiplT 
them  together  fer  the  area. — If  the  door  be  panneled  on  both 
■idea,  take  double  its  measure  for  the  workmunahip  ;  but  if 
-  cme  aide  only  be  panneled.  take  the  area  and  it«  half  for  the 
workmanship  ~—For  ike  Surrounding  Arekilrave.  ^it  it  aboat 
the  uppermost  part  for  its  length ;  aad  measure  over  it,  as  far 
•s  it  can  be  leen  when  the  door  is  opett,  for  the  breadth, 

Winiow-Atitltn,  Battt,  be.  are  measured  in  like  manner. 

Id  measariagof  Joiners'  work,  the  string  is  made  to  pTy 
dote  into  all  the  mouldings,  and  to  erery  part  of  the  noiii 
srer  which  it  passes. 


Euji.  1.  Heqnired  the  content  of  a  floor,  48  feet  6  inches 
long,  and  X4  feet  S  inches  broad  f  Ana.  II  sq.  76^  feet 

Eu«.  i.  A  floor  betng  36  feet  3  inches  long,  wad  16  feet  8 
inches  broad,  bow  many  squares  are  in  it  7 

Ana.  6  sq.  98f  feet. 

EzAit,  3.  How  manf  squarei  are  there  in  173  feet  10  inch- 
es in  length,  and  10  feet  7  inches  height,  of  partitioning  ?    - 
Ans.  18-3973  squares. 

Exam.  4.  What  cost  the  roofing  of  a  bouse  at  10*.  6i.  a 
■qnore )  the  lei^  within  the  walls  being  &t  feet  S  inches, 
and  tbe  breadth  SO  feet  6  inchea ;  reckoning  the  roof  |  of 
the  flat  r  Ans.  ISU.  lb.  ll|il. 
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EuH.  5.  To  bow  macb,  at  6t.  per  squre  yard.  MMoria 
die  waiDwotiog  of  a  room  ;  the  bei^t,  taking  in  the  comixM 
and  moaldiogi-  being  1%  feet  6  incbea,  and  tbe  wiwle  compMS 
83  feet  8  incbea  ;  also  the  three  window-ihutten  are  each  7 
feet  8  iocfae*  bj  3  feet  6  incbes,  and  the  door  7  feet  bj  3  feet 
6  iochei ;  tbe  doon  and  ebntten,  being  woi^ed  on  both  lideiy 
are  leckooed  woA  ud  half  work  t 

Aos.  aa.  i2f.  2^ 


Vl,  SLATERS'  AND  TILERS'  WORK. 

In  dieie  articles,  tbe  content  of  a  roof  is  finrod  by  mnlti- 
rijing  the  length  nf  the  ridge  by  tbe  prt  over  from  eare*  to 
eaves  ;  making  aUoWHOce  io  tbii  girt  for  the  donble  row  of 
■lales  at  the  bottom,  or  for  how  much  one  row  of  ilatM  or 
tiles  is  laid  orer  another. 

When  the  roof  is  of  a  trae  pitch,  that  is,  fanning  a  right 
kngle  at  top  ;  then  the  breadth  of  tbe  building,  with  its  batf 
added,  is  tbe  ^rt  over  both  sides  nearly. 

In  angles  formed  in  a  roof,  mnoing  from  tiie  ridge  to  thft 
eaTCS,  when  the  angle  bends  inwards,  it  ia  called  a  Ttdley  ; 
but  when  oatwitrda,  il  is  called  a  hip. 

Deductions  are  made  for  chimney  sbaAs  or  window  bslei. 

EXAllFLES. 

Exiu.   I-  Reqnired  the  content  of  a  slated  roof,  tbe  length 

beilV  45  feet  9  inchec,  and  the  whole  girt  34  feet  3  incbea  t 

Ans.  174^  yards. 

EiAM.  2.  To  how  mach  anwnnta  tbe  tiling  of  a  bonse.  at 

S6t.  6d.  per  square  ;  tbe  length  being  43  feet  10  inches,  and 

the  breadth  on  tbe  flat  27  feet  b  inches  ;  also  tbe  earea  pro- 

jecting  19  incbea  on  each  side,  and  the  roof  of  a  true  pitch  i 

Am.  34^.  8a.  6}4. 


VII.  PLASTERERS'  WORK. 

PLiBTEiteiig'  work  is  of  two  kinds ;  namely,  ceiling,  which 
is  plastering  on  laths ;  md  rendering,  which  is  pbwterit^  ea 
naUa :  which  are  measored  separately. 

Tke 
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-  The  GMtentfl  on  Mtimated  either  bj  the  foot  or  the  yard, 
or  the  «<]uarfl,  of  100  feet,  lorkhed  mouldii^,  be.  ere  rated 
tj  mnniog  or  tinea)  measare. 

fiwbctioitf  Kr«  KiBd*  for  chimneys,  doon,  windows,  ftc. 


Exam.  1 .  How  many  yards  contaJnfl  the  ceiling  which  is  43 
feet  3  iocfaea  loagt  and  S6  feet  6  inches  broad  ? 

Ana.  132^. 
'.  EsiM.  2.  To  how  mnch  ampnnts  the  ceiling  of  a  roooi,  at 
lOd.  per  yard;  the  length  being  21  feet  8  inches,  and  the 
breadth  14  feet  10  inches  *  Ans.  II.  9f.  Sjd. 

Exam.  3.  The  Jength  of  a  room  is  18  feet  6  inches,  tha 
breadth  12  feet  3  inches,  and  beight  10  feet  6  inches  ;  to  how 
much  amounts  the  ceiling  and  rendering,  the  former  at  Bd,  and 
the  latter  at  3d.  per  yard  ;  allowing  for  the  door  of  7  feet  by 
3  feet  8,  and  a  fire-place  of  b  feet  sqaare  ? 

Aqs.  II.  ISt.  3id. 
E»K.  4.  Required  the  quantity  of  plastering  in  a  room, 
the  length  being  14  feet  5  inche«,  breadth  13  feet  2  inches, 
and  beight  9  feet  3  inches  to  the  nnder  side  of  the  cornice, 
which  ^rts  8^  inches,  and  projects  5  inches  from  the  wall  oa 
the  apper  part  next  the  celling  ;  deducting  only  for  a  door  f 
jieet  by  4  ? 

Au.  63  yards  Bfeet3^  inches  of  reodoring 
18  fi        6  of  ceiling 

39      QH  of  cornice. 


VIU.  PAINTERS'  WORK. 

Paiittehs'  work  is  compnted  in  square  yards.  Erety  part 
is  mf  amred  where  the  colour  lies ;  and  the  measaring  line  is 
forced  into  all  the  mealdiogs  and  comers. 

Windows  are  done  at  so  much  a  piece.  And  it  is  otaa)  to 
allow  doable  measure  for  carved  mouldings,  &c. 


Exam.  1.  How  many  y^s  of  painting  contains  the  room 
which  is  65  feet  6  inches  in  compass,  and  12  feet  4  inches 
faigh  ?  Ans.  89}^  yards. 

SsAx.  2.  The  leogth  of  «  roem  being  SO  feet,  its  breadth 
14  feet 
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14  feet  '6  iaehca,  lod  be^ht  10  feet  4  inclws  ;  htm  wattty 
frit  of  JMuitiDg  are  is  itf  dedactin;  a  fir«-|)lKe  of  4  feet  bj 
4  feet  4  iaches,  and  tm>  wbdaws  eacli  fr  i^et  by  3  Heet  9 
incbea  ?  Jiat.  73^  yards. 

ExAH.  3.  What  cott  the  puDting  of  a  room,  at  6d.  per 
jard  ;  ita  length  beiog  24  feet  6  iocfaei,  its  breadth  16  feet  3 
iDches,  and  height  18  feet  9  iocbea  ;  alio  the  door  u  7  ieet  by 
3  feet  6,  oaA  the  window- Bfaotten  to  two  window*  each  7  feet 
9  b J  3  feet  6 ;  but  the  brealu  of  tbe  windows  theawelves  era 
8  feet  6  inches  high,  and  1  foot  3  inches  deep  ;  inclading  ako 
the  window  cills  or  peats,  and  the  soffit*  above,  the  dimeDsinw 
of  which  are  known  from  the  other  dimeuioDs  ;  bat  <led(>ct- 
ing  the  &n-f]an  of  &  feet  by  6  feet'6  ? 

Ans.  Si.  St.  tOfd, 


IX.  GLAZIERS'  WORK. 

Gi.AziEas  take  dieir  dimensions,  either  io  feet,  inches,  and 
parts,  or  feet,  tenths,  and  huadredtba.  And  thejr  compote 
their  work  in  square  feet. 

In  taking  the  length  and  breadth  of  a  window,  the  cross  ban 
between  the  squares  are  included.  Also  windows  of  rorfnd 
or  oval  forms  are  measured  as  square,  measuring  them  to  their 
greatest  length  and  breadth,  on  account  of  the  watte  in  cut- 
ting  the  glass. 


Exam.  I.  How  many  square  feet  contains  the  window  wbtcb 

is  4-2&  feet  long,  and  3-7&  feet  broad?  Ads.  lit. 

Exxn.  X.  What  will  the  glaEing  of  a  triar^le  skj-l^at 

come  to,  at  tOtl.  per  foot ;  t^  base  beittg  18  feet  6  inctw^ 

and  the  perpendicular  faei^t6  feet  9  inches  1 

Ads.  II.  ISt.  i;<;. 
ExAH.  3.  There  is  a  house  with  three  tiers  of  windows, 
three  windows  in  each  tier,  their  common  breadth  3  feet  1 1 
inches: 

now  the  height  of  the  first  tier  is  7  feet  10  inche* 
of  die  secoDd       6         S 
of  the  third  6         4 

Required  the  expense  of  glazing  at  lid.  per  foot  ? 

Ans.  131.  III.  lOW- 
Ezlii. 
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roOUBBItS*  WOR^  i^ 

Kttx.  4.  Rcqoind  tha  expsuM  •T  glwiDg  lb«  vMom  tf 
f  bovM  «t  \3d.  a^t ;  tlwre  being  tlire«  itoriM,  snd  tfac* 
inxlw*  in  wch  Mary  ^ 

'    Um  height  of  th«  loirer  tiw  li  T  feet  9  incfaef 
oftfacisiddle  B        S 

of  the  upper  t  3} 

iiad  of  ao  oral  wiBJpw  orer  the  deor   I        10^ 
the  common  breadth  of  all  the  wiodom  heiiig3leat9inclieil 


3(.  PAVERS'  WORK. 

p4.VKRt'  wodt  ii  done  b;  the  Mnave  vard.    Andlha  coatwt 
M  fouqd  hj  multipljing  the  Uogthhy  the  bnaadth. 


Beam.  I.  What  «oft  tlw  paring  a  jfoot-po^,  at  3*.  4d.  « 
jard  ;  the  length  being  36  feet  4  incbei,  tmd  breadth  ft  feet 
dincbei?  Ana.  Bl.  1:  md. 

Exam.  S.  Wfaatcosttbeparingacoqrt.  at  Si.Si.  per  yard  ; 

the  length  being  «7  feet  10  inchea,  and  the  breadth  14  feet  9 
tnchca  ?  Am    7(.  ii.  5j<i. 

Eram.  3.  What  will  be  tfae  aipeole  of  paving  a  rectanga- 
]ar  conrt-jard,  whose  length  la  S3  feet,  aod  breadth  46  feet ; 
in  which  there  is  laid  a  foot-path  of  6  feej  3  inches  bmad, 
running  the  whole  length,  widi  broad  stones,  at  3i.  a  yard; 
ttte  rest  beiiu;  pared  with  pebbfei  at^.Sd.  a  yard? 

-  Ans.  40(.  6i.  lOJd. 


XL  PLUMBERS'  WORK. 

PLBMBEiti*  work  is  rated  at  so  nnch  a  pobad,  ut  ebe-  by 
.  4lie  hnndre^  weight  of  112  poanda. 

Sheet  lead,  used  in  roofing,  gntterii^.  &c.  if  troet  6  (o  10 
]b.  to  the  aqnare  feot.  And  a  pipe  of  aa  ioch  bore  is  commoa- 
jy  IS-or  14  lb.  to  the  yard  in  length. 


Ekah.  1.  How  mach  weighs  the  lead  Wbieh  NiSdiTeetfi 
•Vol.  I.  60  ,      inchei 
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466  TOIBER  HeASDRmO. 

iocbet  Itag,  and  S  feet  S  iMibM  broad,  «t  8flb.  to  the  sqwv* 
foot?  Ans.  lOSiy^lb, 

Exam,  t.  What  coit  the  corering  aad  mattering  a  roof  witih 
laad,  at  18i.  the  ewt;  the  length  of  the  foof  b«iDg 43  feet, 
and  breadth  or  girt  over  it  32  feet ;  the  gottcrti^  57  feet  long, 
■nd  2  feet  inde ;  the  femnr  9-831  lb.  and  the  latter  7-.T7S  lb. 
to  the  square  foot !  Adi.  1161. 9>.  )^ 


XII.  TIMBER  MEASURINO. 


To  find  tAo  Arta,  or  SuptijUial  Content,  of  a  Board  or  Ftcaik. 

HciTifLT  the  length  by  the  inean  breadth. 

Jfou.  When  the  board  is  upering,  Hdd  the  breadths  at  the 
two  ends  togeUier,  and  take  half  the  suin  fbrthe  meaa  breads 
Or  else  take  the  meao  breadth  in  the  middle. 

By  A<  Sliding  Rd*. 

Set  12  OQ  ■  to  the  breadth  ia  iuchei  on  a  :  tbep  agaiait  tb« 
length  in  feet  oa  s,ia  the  content  on  a,  in  feet  and  fraction' 
parts; 


EiiK.  I.  What  is  the  value  of  a  plank,  at  l^d.  per  foot. 

whose  length  is  12  feet  6  inches,  and  mean  breadth  1 1  inchea  f 

Ads.   It.  U. 

ExtN.  2.  Required  the  content  of  a  board,  whose  lenglk 

is  1 1  feet  S  inches,  and  brettdth  1  foot  10  incbee  ? 

Ans.  20  feet  6  inches  8". 
ExAjf.  3.  What  if  the  Tahie  of  a  plaok.  which  is  12  feel  9 
inehei  long,  and  1  foot  3  iaches  broad,  at  iyt.  a  foot ! 

Abb.  St.  Sjd. 
EsM.  4.  Required  the  value  of  5  oaken  planks  at  3d.  per 
fitot,  each  t^  them  beini;  ir^  feet  long  ;  end  their  several 
breadths  as  follows,  namely,  two  of  l.sj.  inches  in  the  muddle, 
one  of  14^  inches  in  the  midille.  and  the  two  remaining  ones, 
each  18  inches  at  the  broader  end,  and  lU  atlhe  narrower? 
Ans.  II.  fo.  9fl. 
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TIMBER  HKASURIKG. 


Tojutd  tkt  SoHd  ConitiU  of  Squartd  or  Faur-iidtd  Timbtr. 

UvLTiFi.T  the  mean  breadth  bj  tbe  mean  tbickiieM,  and  the 
frodlict  agab  hy  the  lenstb,  tor  the  content  nearly. 

By  the  SUtUng  BiU. 

en  D  i 

Aa  length  1 12  or  10  :  :  quarter  girt : :  Boliditj;. 

Thai  ii,  u  the  lesgtb  in  ieet  on  c,  ia  to  1 2  oo  d,  ithen  the 
aaarter  ^irt  a  in  inchesi  or  to  tO  on  d,  when  it  ia  in  tenthi  of 
Ket;  BOM  the  quarter prt  on  D,  to  the ccuilent  one. 

A'dte  I .  If  the  tree  taper  regalarly  fron)  the  one  end  to  the 
ether;  either  take  the meao  breadth  andtbickneaa  iothemid' 
die,  or  take  the  dimensiona  at  the  two  ends,  and  half  their 
turn  trill  be  themean  dimensiona  ;  which  multiplied  as  above, 
win  pre  the  content  nearly. 

3.  irthe  piece  do  not  taper  regularly,  bathe  meqiially  thi<j: 
in  aome  parts  and  uiall  ia  others ;  take  sereral  £ffereot  di- 
meniiioni,  add  them  all  together,  and  diride  their  ram  by  the 
VDmher  of  them,  for  the  mean  dimeniioos. 


ExAil.  I.   The  length  of  a'  piece  of  timber  ii  18  feet  6 

inches,  the  breadths  at  the  greater  and  leia  end  1  foot  6  ischea 

ukI  1  foot  3  inches,  and  the  thickneas  at  the  greater  and  less 

end  I  foot  3  inches  and  ]  foot ;  required  the  solid  content  T 

Ane.  88  feet  7  ieches. 

ExiK.  I.  iVhatiathecontentoftbepieceoftimber, whose 
length  ia  24|  foet,  and  the  meap  breadth  and  thickness  each 
^04  foet  ?  A&s.  26^  Aet. 

Exiw.  3.  Required  the  content  of  apieceoftimber.whoae 
length  ii  20-38  feet,  and  its  ends  unequal  squarea,  the  sidea  of 
the  greater  being  18^  inches,  and  the  side  of  the  leas  9} 
inches  ?  Ans.  29*7662  feet. 

Exam.  4.  Required  the  content  of  the  piece  of  timber, 
whose  length  is  37-36  foet ;  at  the  greater  end  the  breadth  is 
1-7B,  aad  thickness  l-CS ;  ud  at  ue  iess  end  the  breadth  ia 
1-04,  attdthidtaepiO'Vl  feet?  Ans.  41-278  foet. 
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TiiiBEii  MEAstmise. 


'hfimiOuScliiHisofltomdvr  VnupMnd  TimJier. 

VoLTiPLV  the  iqimre  of  the  quarter  pt^,  vt  of  \  of  th% 
Aeait  circanference,  bj  Ibe  leog^,  for  tbe  coBtent. 

J^  Hu  Sliding  Rule. 

A»  the  leogQi  npon  c  :  1 2  or  10  npOo  o  :  : 
quarter  gift,  in  IHliior  lOtha,  on  o  :  content  «d  c. 

Jfoli  t.  Wfaeo  the  tree  it  tapering,  take  the  arao  JliiDen^ 
tionaa  iritbe  feraerproblemi,  either  bj  girting  it  in  Ibe  mid- 
dle, for  tfai  niera  girt,  or  at  tbe  ttro  ends,  and  take  half  tb« 
toai  of  tbe  tim  ;  or  by ^rting  it  in  seTeral  places,  tben  addti^ 
aH  tbe  Kirta  togetber,  and  Jividiog  the  sum  by  tbe  number  of 
tbtim,  for  tbe  mean  girt  But  nbcn  the  tree  is  very  irr^o- 
lar;  lUTid^  It  into  ie?eRd  lengths,  twd  Ind  tbe  content  of  eacit 
part  aeparutelj. 

2.  Tbb  rulie,  which  it  cMomOotf  ated,  gives  the  answer 
timit  i  leM  than  tte  tmc  q«an&j  to  tito  (tee;  or  nearlj  wlial 
the  oaaidUy  wovM  ba,  after  the  tree  is  heated  square  in  ibti 
toaal  waj  i  10  tbM  it  sewis  iatCBdad  to  mhe  m  aUowaiici 
far  the  squaring  of  tbtf  tc«e» '      , 

EuK.  1.  A  piece  of  round  tikiber  being  ft  fcctfiioches 
long,  and  ift  tbean  qaartcr  firt  42  inches ;  what  ia  the  co*r 
tKnt  t  Am.  1  lOi  feeL 

-Exam.  8.  Tbe  length  of  a  tree  if  U  feet,  its  ^  at  tb4 
tiiicker  end  14  feet,  uid  at  the  smaller  end  %  feet^  required 
the  content  T  .  Ads.  96  feet. 

Exam.  3.  What  is  the  content  of  a  tree,  i^Ose  mban  ^zt 
ii3-l£feetj«Bd  length  I4feet  SincheaT 

,  Aas.  8-9»tfeet 

EXAJI.  4.  Required  tbe  content  of  a  tree,  whose  leaglh  il 
17^  foef,  which  girts  in  five  different  places  as  follows,  naflKlj-L 
in  tbe  first  place  9-43  feet,  in  tbe  secnid  7-9«,  in  the  third 
6-  lb,  in  tbe  fourth  4-74,  and  in  the  fiftb  3- 16  T 

Aitt.  4t-fil9fiM. 


COSlG 
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CONIC  SECTIONa 


t.  Come  flBCTieirt  an  the  figure*  made  hj  a  plan^  cottiag 
a  cone. 

t.  AocordiDe  to  the  (Ufferent  poa'Uions  of  the  cutting  pUne^ 
there  arue  five  different  figurua  Or  leclioiiB,  Duaelj.  h  ti-ian- 
*te,e  circle,  an  ellipsis,  an  b^-pefbola,  and  a  pftDittola :  the 
fliree  Iwt  of  which  onl;  are  peculiarly  called  Conic  Sections, 


ii  If  the  catting  pkne  peu  thcongh 
Ibe  vertex  of  the  cone,  and  asjr  part  of 
tiie  base,  the  aectkn  will  oridently  be 
a  triangle ;  at  tab. 


4.  If4he  plane  cnt  the  cone  paiallel 
to  the  ba«e,  or  make  ho  ai^e  with  iti 
the  section  will  be  a  circle ;  at  amb. 


6.  The  section  dm  ia  an  ellipse 
llhea  the  cone  is  cut  obliqnelj  throogh 
both  lidM,  or  when  the  plane  is  inclin* 
<ed  to  the  bate  in  a  less  mgle  than  the 
aide  of  the  cone  ia. 
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470  dome  SECTION^ 

6.  Th*  sectiooif.ajMraboh,  wben 
the  aone  is  cut  by  a  plnne  parallel  to 
the  side,  or  wfaen  die  cottii^:  plane aod 
the  side  oT  the  cone  make  eqniJ  an^es 
trith  the  base. 


7.  The  section  is  an  fayperiiola,  trhM 
the  cnttii^  ptaoe  makes  a  greater  angle  . 
with  the  tMse  thaa  the  side  of  the  eooe 


8.  Aod  if  all  tfae  sides  of  the  cob« 
be  coDtiaaed  through  the  veri^,  ibnn- 
ing  an  opposite  eqaa]  cone,  aoA  the 
plane  be  also  contiaued  to  cot  the  op- 
posite coae,  this  latter  section  will  be 
the  opposite  hjrperboU  to  the  fbhser; 
as  dse. 


9.  Tfae  Vortic^  of  any  sectioQ,  are  the  points  wliere  ^ 
entting  plane  meets  the  opposite  sides  of  the  cooe,  or  the 
•ides  of  the  terticle  triangolar  section  ;  as  i  and  a. 

HcDce  the  eltipee  and  tfae  Appasite  hyperbolas,  hare  each 
two  vertices ;  bot  the  parabola  oolf  one ;  unleas  we  coosidec 
the  ether  as  at  an  infinite  diatance. 

10.  The  Axis,  or  Transverse  IKanieter,  of  a  conic  fectiod, 
is  the  line  or  distance  am  between  the  vertices. 

Hence  the  axis  of  a  parabola  is  infinite  in  IcDgtb,  Ah  beiny 
miy  ft  part  of  it 
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DEFINITIONS. 

Hyperbolu. 


11.  The  Ceatre  o  »  the  middle  of  the  aiis. 

Heoce  the  centre  of  a  parabala  is  uifiiut«')j  distant  froo)  th« 
»ertex.  And  of  an  eUi|i»e,  the  axis  aod  centre  lie  within  the 
CHr»e  J  but  of  it  hyperbola,  without. 

12.  A  Diameter  is  anj  riaht  line,  ai  ab  or  m,  drawn 
thrtnigh  the  centre,  add  termipated  on  each  «ide  by  the  curre  ■ 
■nd  the  eztremitiea  of  the  diameter,  or  ita  iotenectioiu  with 
the  cure,  are  iti  Teitkas. 

Hence  all  the  diameters  of  a  pandiola  are  parallel  to  the 
Mia,  and  iDfinite  in  length.  And  ben<!«  also  every  diameter 
of  the  ellipae  and  hyperbola  have  two  vertices  ;  bnl  of  the 
parabola,  only  one ;  lyilesa  we  oonsider  the  other  aa  at  an  ia- 
finite  distance. 

.  13.  The  CoDJBgate  to  any  diameter,  is  the  Une  drawo  throurt 
the  centre,  and  parallel  to  the  tangent  of  the  curve  at  the  ver- 
tex of  the  diameter.  So.  fo,  parallel  to  tb«  tangent  at  b,  is 
the  conjugate  to  oe  :  and  m.  parallel  to  the  tangent  at  a  « 
the  conjugate  to  la.  ' 


14.  An  Ordinate  to  any  diameter,  is  a  line  pandlel  to  ita 
coBjnpte,  or  to  the  tangeat  at  ia  vertex,  and  terminaled  by  the 
diameter  and  carve.  So  db,  tt,  are  onlinales  to  the  axis  ab  - 
and  MH,  jio,  oidinates  to  the  diameter  ni.  ' 

Hence  the  ordinates  of  the  alia  are  perpendicalar  to  it. 

16.  AnAbsciasisapartofanydiametercoiUainedbetween 
its  vertex  and  an  ordinate  to  it ;  as  ax  ar  »k,  or  nii  or  bb. 

Hence,  in  the  ellipse  and  hyperbohi,  every  ordinate  ha*  two 
determinate  abscisses  ;  bat  id  the  parabola,  only  one  -  the 
other  vertex  of  the  diameter  being  infinitely  distant. 

16.  The  Parameter  of  any  diameter,  is  a  third  proportional 
,to  thatdiameter  and  ita  conjngate. 
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CONIC  SECTIONa. 


17.  Tbe  Focnsistbe  point  iv'the  udi  when  Aaord 
ii  eqaal  to  lialftbe  panimeter.  A^  K  and  l,  where  ox  or  Kg, 
»  equal  to  the  serot-  pnrameter.  The  nanw  focos  being  gires 
tb  tbu  pvint  from  (be  peculiar  property  of  it  meDtianed  ia  the 
coro).  to  theor.  9  iu  the  Eflipse  and  tiyperbola foUowing, and 
to  theor.  6  in  (he  Pnrdbola. 
Heace,  tlie  ellipte  end  hyperbole  haye  each  two  fbci ;  bM 
'  <h«  parabola  odI/  ooe. 


le.  If  DAK,  raa,bet«oappoutehyperholaa.barifi(a»6r 
their  lint  or  tranwerae  axis,  and  ab  for  their  aecood  or  coor 
jugitte  Axit.  And  if  dae.fbg,  be  two  other  omMMile  hjperbo* 
bu  having  tbe  swae  nie«,  but  in  the  coutrarjr  order,  namely, 
ah  their  first  axia,  noA  am  their  second  ;  then  thieae  two  iaUn 
corvei  die.  fbg.  are  caUed  the  coirjugate  hypeibotas.to  the  twe 
fiinoer  dak,  'bo,  and  ew;h  pur  of  oppoMte  cair^  nuabuUj 
conjugate  to  the  other. 

19.  And  if  tansenti  be  dratrn  to  the  four  rerticei  of  th« 
cnrvei,  or  eitfeaiitiea  of  the  axes,  formiof  the  inscribed  recti 
aiiRle  HiXL  ;  the  dia^nals  Bcx,  rcL,  of  tfaii  rectangle,  trt  call- 
ed tbe  Bsytoftotet  of  the  curves.  And  if  these  aaymptotei 
iaternect  at  right  angtos.  or  the  inscribed  rectangle  be  a  H<| Dare, 
•r  tbe  two  axea  ab  and  ab  be  equal,  then  tt*  hyperbola*  erf 
Mid  to  be  right-aDgled,  or  equilateral. 


'The-  rectangle,  inicribed  betw«eB  tla  lour  coqji^ite  hj- 
perbolitf,  ie  aiiailar  to  a  rectangle  circumscribed  about  «> 
«Hipse,  bj  drawing  tangenU,  iu  bke  mmner.  to  the  finir  cz- 
trentiiiea  of  the  two  axea  ;  and  the  asjmptOtM  or  diagooalt 
in  tbe  hyperbola,  are  analogous  to  those  in  the  ellipse,  cot- 
ting  this  carve  in  similar  points,  and  making  that  pair  of 
conjugate  diameters  which  are  equal  to  each  other.  Also, 
the  whole  fi^re  formed  by  the  Ibur  hyperbolas.  i»,  h  at 
were,  an  ellipse  turned  inside  out,  cut  open  at  the  extre- 
mities D,  K,  T,  o,  at  the  said  equal  conjugate  diAmeters,  aof 
those  fonr  points  drawn  out  to  an  infinite  diitaoce  ;  tbe  car- 
rature  being  turned  the  contrary  vny.  bat  the  axes,  and  the 
rectangle  pauiog  throngfa  their  eztremitiea,  QOBtinuii^  fixed. 

Of 
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Of  THE  ELLIPaE. 


OF  THE  ELLIPSE. 


The  square*  of  du  Ordjoata  of  the  Atii  are  to  each  other 
u  the  Rectfti^les  of  their  Abiciwea. 

Lit  iTB  be  s  place  paiiiiig  through 
the  axi*  of  the  cone ;  aqib  aoother 
eectioo  of  the  oene  perpei>dicalar  to 
die  plane  of  the  former ;  ab  the  azi> 
of  thu  elliptic  KctioD  ;  BDdtkj,  ri,  or- 
dmates  perpendicular  to  it.  Then  it 
wilIbe,Ba  vn*  :bi*  : :  at  .fb  ;  iB  .  hb. 

For,  throng  the  ordinatei  lo,  hi, 
imw  the  circular  lections  xol,  min, 
pandkl  to  the  base  of  the  cone,  having  xl,  mx,  for  their  dia- 
meters, to  which  re,  hi,  are  ordlnates,  as  well  ai  to  the  axis 
pf  the  ellipse. 

Now,  by  the  similar  tijaog^  atl,  abh,  and  an,  bhh,  * 

it  ii  AP  :  AH  :;  Ft.  :iiK, 


hettce,  taking  the  rectangles  of  the  corresponding  terms, 
it  i*,  the  rect.  af  .  ra  :  ah  .  bb  ::  kf  .  fl  :  mb  .  bx. 

Bat,  bjthe  circle,  kf  .FL=:re*,  and  xh  .  hh  =  m* ; 
Therefore  the  rect.  *r  .  ra  :  ah.vb  ;:  re"  :  nt>.  *«.  x.  c. 


As  the  Sqoare  of  the  Tranarerse  Axis  : 
Is  to  the  square  of  the  Conjugate     :: 
So  is  the  Rectangle  of  the  Abscisses  : 
To  the  Square  of  their  Ordinate. 

L.  I.  CI 
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That  it,  Aft*  :  ab*  or 

AC*  :  KG*  ::  AS  .  DB  :  !«*• 


For,  br  theor.  1,  ac  .  cb  ;  ai>  .  >»  ::  «■  :  be*  ; 

Bnt,  if  c  be  tiie  centre,  tken  ac  .  cb  =  ac*,  sod  e«  n  the 

flemt-coDJogate. 
Therdbre  ac*  ;  ad   .  BB  : :  ac* :  M*'.; 

or,  b;  peTmatalki&,  ac*  t  ac*  ; :  ad  .  db  i  t>K*  ; 
or,  I^  qnadrnpiii^,  ab*  t  ab*  : :  ad  .  db  :  mt* .  «.  c  d- 

ab* 
G)ro/,OrbTdiT.AB: — ;:  ad  .  M  or  eA*~cD*  :  de*. 

'  AB 

tbatit,  AB  :p  ;:  AD  .im  or  cA*-n>*  ;  db*  ; 

wben  |>  U  the  paniweter  ■ — ,  li^  tlw  defiBition  of  (L 

Thri  i*)  As  the  transvene, 
Ii  to  its  parameter. 
So  is  the  rectan^  of  the  abiciMM, 
to  the  aqaare  of  tiieir  orffinate. 

TBIXHSM  IS. 

Al  the  Sqnare  of  the  Conjugate  Aik  : 

Ifl  to  tbe  Sqnare  of  the  Tnuurerse  Axti  ; : 

Se  u  the  Rectangle  of  the  AbscineB  of  Ae  Cosjogate,  or 
the  Difference  of  the  Sqnarei  of  the  SHsi-^ODJngate  B>d 
Diatance  of  the  Centre  from  anj  Ordinate  of  that  Azii  : 

.    To  the  Square  of  their  Ordinate. 


Thatk, 
CB*  t  CB*  ;:  «d .  db  or  M*  ••-cd*  :  dt*. 


For,  draw  the  ordinate  in  to  tbe  tnnavene  ab. 
Then,  by  theor.  8,  ca*  :  ca*  ; ;  dk*  :  ad  .  db  or  oa*  —  co*, 

or ca*  :  CA*  ;;  cd*  :oa*— -da*.. 

But ca*  :  CA*  ::  ca*  :  Ca*, 

th«reC  b; anbtr.  -  ca*  :ca*  ::  oa*— «A*  or  ad  .  db:  ds*. 

4<  E>  n. 
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flbfof,  J.  If  two  «irclM  be  deKiibad  on  the  two  axes  u 
diMnfitan.  Um  eoe  ioBcnbed  wkhiii  tha  clUpM,  aod  the  other 
drcMiKribed  eboet  it  t  thea  w  eidiBate  in  the.ctrde  will  be 
to  the  correfpoDiUitg  onUoitc  ui  tlw  eUipee,  h  the  axis  of  this 
ordinate,  i*  to  the  other  aiii. 

That  ia,  GA  ;  ca  : :  DO  :  m, 
■nd  ca  :  ujk :  ;  dg  ;  ds. 
For,  bj  the  natnre  of  the  circle,  ad  .  m  n  m*  ;  thereC  bj 
the  oatare  of  the  ellipse,  a*  -.  ca*  :  i  ut .  jm  or  do*  :  dk*, 
or  C4  :  ca  :  ;  D< 
In  like  manner     •    -    ca  :  o*  : :  d| 
Abo,  by  equality,      -    do  :  m  or  ci 
Therefore  ego  is  »  cootinued  atrail^t  line. 

Carol,  t.  Heoce  also,  as  the  ellipse  and  drcle  are  naade  up 
of  the  aame  number  of  corresponding  ordinatea,  which  are 
all  in  the  same  proportion  of  the  two  axes,  it  follows  that 
the  areas  of  the  whole  circle  and  ellipse,  as  also  of  any  like 
parts  of  them,  are  jo  the  same  proportion  of  the  two  axes, 
or  as  the  a^aare  of  the  diameter  to  the  rectan^e  of  the  two 
•zee  i  that  is.  the  areas  oS  the  two  cin^es,  and  of  the  ellipse, 
are  as  the  square  of  each  axis  and  the  rectangle  of  the  two ; 
and  therefore  the  dlipae  t>  a  meas  proportional  between  the 
twocndea. 


The  Square  «f  the  Distance  of  the  Focus  from  tilte  Centre, 
is  MpMl  to  the  D^erettce  of  the  Sqnarea  of  the  Semi- 
axes  ; 

Or,  the  Square  of  the  Distance  between  the  Foci,  is  equal  to 
the  Difiereace  of  the  Sqoarea  of  the  two  Axes. 


For,  to  the  fi>cas  r  draw  th«  opfaata  fk  ;  which,  bj  the 
definition,  will  he  fte  semi-psnoBeter.  Then,  bj  the  natwre 
of  the  com  CA*  ;  ea*  : :  u*  -^w*  ;  ra*  ; 

and  by  the  def.  of  the  para,  ca'  i  ca*  ; :       ca*       :  vx*  ; 
therefore  c«'=c*»  — cf*  } 

and  by  addit.  andsnbtr.         cf>=ca*  —  ca*  ; 
«r,  by  doaUiiq;,      •        -    fi*  ■*>»»  —  aW  }  *.  a.  n. 
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Cont.  1.  The  tm  •eai-wm,  and  tiw  fiieal  dittaace  from 
the  centre,  are  the  ndet  of  a  right-sD^ed  triangle  cta  ;  and 
the  dUtaoce  fa  from  the  focoa  to  tfae  eitrenity  of  the  cttBjo- 
gote  aiii,  is  =  AC  the  ■emi-irsiurerK. 

Carol.  2.  The  conjugate  lenu'axu,  ca,  is  a  meao  propor- 
tional  between  At,  fb,  or  iMtween  xf,  fa,  Uie  distaiices  of  ei* 
ther  focoi  froiu  the  two  rerticeB. 

For  ca*  =  ca»  —  cf'  =  (ca  +  cf)  ,  (ca  —  gf)  ^  at  .  fb. 
THE0RE»T. 

The  (om  of  two  lines  drawn  from  the  two  Fod  to  iwet 
at  any  point  in  the  carve,  is  aqud  to  the  Transrene 
Atif. 

That  is, 
FE  +  fe  =*A 


For,  draw  ao  parallel  and  equal  lo  ca  the  seini>e<»yiigBte  ; 
and  join  ca  meeting  the  ordinate  i>«  in  h  ;  aUo  take  ci  a  4th 
proportional  to  ca,  cf,  cd. 

Then,  hj  tbeor.  2,  ca*  ;'  as*  :  :  ca*  —  cd*  :  dk*  ; 

and  by  sim.  tri.        ca*  :  ao*  : ;  ca*  —  cd*  !  Aa*  — bB*  ; 

congequeatly.  i»e*=ao*  —  d8*  ^  oa*— dh*. 

Alio  FD  =  cF<ncD,Bnd  fd'  ^cr*— ?cf.'cb+cd'  ;■ 

and,  Iw  right-angled  triangjei,  f«*^fd*  +  he*  ; 

there&re  rt*  =  cf*  +  ca*  -  *<=*■  -  cd  +  cd»  —  m" . 

But  by  theor.  4,  cf*  +  ca*  =  ca», 

and  by  aupposition,     tew  .  on  a=  2ca  .  ci ; 

ttieref.  fb*  =  ca*  —  2ca  .  ci  -4*  en*  —  nii*- 

Again,  by  lupp.  ca''  ;  en*  : :  cf*  or  ca*  —  ao*  :  Ot*  ; 

and,  hj  Bim.  tri.  ca*  :  «d*  ;  ;  ca*  —  ao*  :  CD*  —  bb*  ; 

therefore      -     ci*  =^t>*  -.  dh*  ; 

coDseqnently      pa*=cA*  — «ca  .  ci  +  <"■• 

And  the  root  or  side  of  this  sqoare  iBWK^ct.—ci^u. 

In  the  nme  manner  it  it  found  that  fa  =  ca  +  ci  a  bi. 

Conseq. by  iddit.  wu-^  fk  =  ai  +  hia=  a.  «.  *.  d. 


ebr«I. 
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C^ref.  1.  HcDM  ci  or  ca— h  is  a  4tb  praportiaml  to  c*, 

•F,  CD.  '  ^ 

Corat.  2.  ADdA— fe^Scc;  thatiB.tbediffcrctiM betweea 
tir»  Ubm  drawn  frmn  tha  foci,  to  mj  ptuni  ia  the  cnrre,  is 
doable  the  4th  pn^rtiood  to  ca,  cv,  cp. 

Coni.  3.  HcBce  u  derirad  the  common  method  of  de- 
Kribing  ttua  cnrrs  medunkall;  b;  points,  or  with  « thr«>d 
thu: 

In  Dm  traoTene  take  the  foci  r,  f,  „ 

and  any  point  i.  Then  with  Ibc  ra> 
dii  Ai,  Bi,  and  centres  w,  t,  describe 
arcs  intertecting  in  a,  which  will  be ' 
a  point  in  the  ctura.    In  like  roan- 


d;  other  points  will  he  fbond  in  the 

eure.    Than  with  a  steady  hand 

tbe  cnrre  line  may  be  drawn  through  all  the  points  of  Inter-' 

section  K. 

Or,  take  a  thread  of  the  \Kagfh  as  of  the  traosTerse  axis, 
and  6i  its  two  ends  in  the  feci  r,  f,  by  two  pins.  Then  cany 
a  pen  or  pencil  roand  by  the  thread,  keeidng  it  always  strctcb- 
eo,.  and  its  point  will  trace  ont  the  carf  e  line. 

THBCHtOC  VI. 
If  from  any  Point  i  in  the  Axis  |m»daced,  a  Line  il  be  drawn 

tonchii^  the  carre  in  one  point  l  ;  and  the  Ordinate  lh 
.  he   drawn ;  and  if  c  be  the   Centre  or  Middle  of  ab  : 

Tken  shall  om  be  to  ci  as  the  Sqnue  of  a»  to  the  Square 

•f  u. 


Thai  is, 
;ei : ;  am*  :  ai'. 


For,  from  the  point  i  draw  ai^  other  line  ikr  to  cut  the 
carve  in  two  points  a  end  b  ;  from  which  let  fidl  the  perpen- 
Acalars  nn  and  ho  ;  and  bis«ct  BO  in  a. 

Then,  by  theo.  1 ,  ad  .  ns :  as  .  on :  db*  :  ott* , 
and  by  sim.  triani^eB,  in>  :  is*  -.  :  na*  ;  oh*  ; 
dieref.  by  equality,  as  .  db  :  ao  .  on  :  :  I0*  :  lo*. 
Bnt  np  =  «■  +  «»  AC  +  CD  ^  A«  +  dc— co  «  ten  +  ao, 
and  OB  —  c«— co  =  AC— co^4D  + DC— CO  ^ton  +  Anj 
Aeref.  ad  .  Zcx  4*  'd  .  ao  :  ao  .  Sea  +  ad  .  ao  :  :  id*  :  lo*, 
and,  by  dir.  bo  .  Sen  :  lo*  —  id*  or  do  .  2ix  :  :  ar  .  Sea  +- 
AB  .  40  :  ID* ,  or 
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or    •    ScK  :  2n  : :  AS  ■  >»  +  iM  .  IQ  :  id**  ' 

or     AD  .  2«  :  AD  .  iiK  !  :  *i»  :  SoK  +  *o  .  *o  :  ir."  ; 

UteieC  bydif.  cr  i  i«,i :  lo  .  *•  :  u>«— *»  s  ut^ 

ud,  by  conip.  m  :  ic  •- :  a»  .  «  :  i»*  -*»  .  id+u, 
or  .  cK  :  a  :  :  «»  •  AO  :  "■■ 

Bat,  wben  the  Hwr  ih,  by  wrotfing  ■»Wit*«  point  i,  codm 
into  the  pwiUon  of  the  tangent  il,  then  the  points  e  and  V 
neet  in  the  point  l,  and  the  poirti  »,  K, «,  eaiacide  with  the 
point  M ;  and  ihet  the  iMt  pnpertiM  becoaea  «  :  «  : : 
AM"  :  Ai*.     4.  K-  »■ 


If  a  TuMent  and  Ordinate  be  drami  iron  aaj  Pwnt  is  the 
Carre,  meeting  the  Traiuvene  Axis ;  the  Seai-tiaaireiM 
will  be  B  Sfeap  Proportional  between  the  Distances  «f  <k» 
said  Tw*  latenectieiui  fran  the  Ceatrc 


That  is, 
A  is  B  mean  proportional  be- 
tween CO,  and  cT  ; 
rcD,  CA,  CT.  are  oontiiMieil 
prepoctioiMJ*' 


For,  by  (faeor.  6,  cd  ;  ct  : 
thatii,  CD  ;  CT  : ;  (ca — on)*  :  (€T — ca)», 

or  -         CD  :  CT  :  ;  cn»+CA*  :  ca*+w*> 

ud         -         CD  :  DT  ;  :  eD«+c**  :  CT» — C»", 
or  -         CD  :  DT  :  :  cd'-J-ca*  :  (ct+ct)  .  or, 

or  -         CD>  :  c»  .  DT  :  I  cd»-|-ca*  ;  cd  .  dt+CT  .  dt, 

hence     -         cs*  ^  ca>  :  :  cd  .  dt  :  ct  .  dt, 
and         -         cd=  :  ca»  :  ;  cd  :  or, 
therefore  (fli.  78,  G^«m.)  cd  :  ca  ; :  ca  :  ci.        a>  «.  ». 

Qtrol,  Since  ct  is  always  ethird  propoTtiood  to  tfn, ca ; 
if  the  poiBtB  D,  A,  remain  constant,  then  «31  tfie  point  T  be 
constant  also  ;  and  therefore  all  the  tangenta  wiH  meet  in  ttts 
point  T,  which  are  drawn  from  the  point  e,  ef  ereiy  el^M 
described  on  the  same  ssis  u,  where  ttey  ere  ort  by  the 
coniMD  •idiiwie  DEB  drawn  from  tbe  point  d. 
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[f  there  be  toj  Taoj^nt  meetiDg  Foot  Perpendicvkra  to  the 
Axi*  dnwn  fron  dieae  fourPotnta,  namelj,  the  Centre,  the 
two  Extrcaatie*  of  the  Axis,  and  ihe  Point  of  Contact ; 
thoae  Foar  Ferpeddicakn  »iU  be  Proportionali. 


Thath, 

AO  :  DK  :  :  CR  :  BI. 


Fop,  by  tb«or.  7,  tc  :  *c  ; ; 
iberaf.  by  «Ut.  ta  ;  ad  ; : 

Mtd  by  corap.  TA  :  n  ; : 

aiidl^  lim.  tri.        ao  :  ds  :: 

Carol.  HeB(»  ta,  to,  tc«  *■  ?  aw 
and       TO,  *K,  TH,  Ti  S 
Fortheaean  as  ab,i>k,  cH,Bi,by  si 

THEOREMS 

If  ttiere  be  any  Taignt,  and  two  U 
to  the  PoiBt  of  Coatut ;  dfeae  tn 
Ami^  with  the  Tangent. 


Thatb, 
the  ^FET^^fte. 


For,  draw  the  •rdinate  dk,  and  fe  parallel  to  n. 


By  cor.  1.  theor.fi, 

Cl 

cd: 

:cF 

CA-FE, 

and  by  tbeor.  7, 

CA 

CD  : 

:  or 

ca; 

therefore 

CT 

CF  ■ 

-  CA 

ca-fb; 

>Bd  by  add.  and  sob. 

TF 

Tfi 

;PE 

2cA  — FiorfEbyth.  5. 

But  by  simp.  tri. 

TF 

Tf: 

:  re 

fei 

therefore 

fi;=fe,  and  conaeq.        ^e=^fBe. 

But,  because 

FE  ifl  parallel  to  fe,  the  Ze=Z"T ; 

therefore  the 

^F 

T=i 

CfKK. 

q.  E.  D. 
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Carol.  As  opticiauB  End  that  Oie  aorie  of  incidence  ia  eqnt) 
to  the  an^e  oi  reUection,  it  appears  from  this  (heorem,  tlut 
mys  of  light  issuing  from  tbe  one  feciis,  and  ineetiDg  the  cure 
in  every  p^int,  will  be  reffectcd  into  lioea  drawn  front  tboM 
points  to  the  other  focas.  So  the  ray  &  is  reflected  into  fe. 
And  this  ia  the  reason  nhj  the  points  r,  f,  vn  called  Uie  foci, 
or  burning  points. 

THBOREU  X. 

All  the  Puallelogrami  circUaiicrib«d  Aoat  an  Ellipse  are 
equal  to  one  another,  and  each  equal  to  the  Rectangle  of 

the  two  Aies. 


That  is, 
the  parallelogram  r^ns— 
the  rectan^ft  ab  .  ah. 


Let  E<9,  eg,  be  two  conji^ate  diameten  panHe!  to  .tks 
sides  of  the  paraJI«logram,  and  dividing  it  into  four  less  and 
eqn^  peraUelogTBOtt.  Also,  draw  the  or£aates  ua,  de,  and 
cK  perpendicular  to  rii  ;  and  let  the  axis  ca  produced  meet 
the  udes  of  the  parallelogram,  produced  if  oeceasary,  in  t 
and  t. 

Then,  by  theor.  7,  ct  :  ca  : :  ca  ;  cd, 

and  ct  :  cA  : :  CA  :  cd  ; 

tberef.  by  equality,  ct  :  ct  ;:  cd  :  cd  ; 
but,  by  sim.  triangles,  ct  :  ct  : ;  td  :  co, 
tberef.  by  equality,  tb  :  cd  : :  cd  :  en, 

and  the  rectangle ,  td  .  dc  is  =  the  square  cd*. 

Again,  by  theor.  7,  cd  :  ca  ::  ca  ;  ct, 

or,  by  division,  cd  :  ca  : :  da  :  at, 

and  by  compositiou,         cd  :  os  : ;  ad  :  dt  i 
Gonseq.  the  rectangle      gd  .  DT~cd*  3=  ad  .  oB*. 
But,  by  tbeof.  S,  c**  :  ca»  ::  (ad  .  db  or)  cd*  :  dk*, 

therefore  .  ca  :  ca  : :  cd  :  oa  ^ 


»  Carol,  Because  id*  =  a: 
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(le: 


Id  like  iiHiDaer, 


3ot,  b;  tbeor.  7, 

Iheref.  b;  equality, 

Bnt,  by  aim.  th. 

therefT  by  equality, 

and  the  rectangle  ck  .  ca  ^  ci  .  ca. 

But  the  rect.        ck  .  ce  =  the  paratlelogram  ckp*, 

theref.  the  reel,  ca  .  cb  =  the  parallf^logritm  cefs,     ^ 

ooDseq.  the  rect.  as  .  eb  =  the  parallelogram  r%R*.   «,  i 


THEOREM  Xr. 


The  Sam  of  the  Squares  of  erery  Pair  of  Conjugate  Diune- 
ten,  ii  equal  to  the  tame  constant  ^Qsotity,  namely,  tba 
Sum  of  the  Squares  of  the  two  Axei. 


That  is, 
A»"  +  ab»  =  Ko*  +  eg"  ; 
where  iQ,  eg,  are  any  pair  of  ci 


For,  draw  the  ordinates  id,  ed. 
Then,  bj  cor.  to  tbeor.  10,  o**  =3  en'  ^-  cd*, 
and     •         -         -         -  ca*  =i>i:»4-de"  ; 

therefore  the  ton      ca'  -f*  (^  ^  '^  +  db*  +  cd*  +  4e*  ■ 
But,  by  right-aagled  As,     cm'  =ci>*  +db', 
and     ....  ce»  =a  cd*  -f*  di"  ; 

therefore  the  sum      ck»  +  ce»  =  cd»  +  »■*  +  cd'  4"  d*'  ■ 
coDseqaently  ca»  +  ca*  =t  <x'  +■  cb*  ; 

MT,  kj  doubUDg,  Ai*  -i-  «b«  =  Be"  +  eg* .  «•  ■•  i>- 

THEOREM  xn. 

The  difference  between  the  Semi-traosFerse  tod  a  Line  drawn 
from  the  Focus  to  any  pt^t  in  Uie  Cnrre;  ii  equal  to  a 
Fourth  Proportional  tp  the  Semi'transTerse,  the  distanc* 
from  the  Centre  to  the  Focds,  and  Distance  from  th« 
Centre  to  the  Ordinate  belon^ng  to  that  Point  of  th« 
Corye. 


Vol.  L 


That 
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That  i>, 
AC  —  FE  ==  01,  or  tm  se  Ai; 
and/E  —  AC  »:  CI,  or  /s  —'  at. 
Where  ca  :  cr  : :  cb  :  ci  the  4th 
proportional  to  ca,  cp,  cd.. 


For.  draw  ag  parallel  and  equal  to  ca  the  sead'COOJo^te  ; 
uiid  join  CO  nieettng  the  ofdinate  dc  in  a. 
Then,  by  tbeor.  *  C4»  ;  ao*  ;;  ca»  —  cd»  ;  db*  : 
and,  by  sim.  Iri.     ca»  i  ao»  ;:  ca»  —  co*  :  »o»  —  oa'  ; 
cooEequently         db»=ao»  —  dh' =ca*  — dh*. 
Also  sn  =QF  ai  cb,  and  fd*  =:  cp*  —  Scf  .  Gd  +  cd*  ; 
bat  by  right-angled  triangles,  fd' +  i>E*=rx*  ; 
therefore  fe»  =;  cf»  +  co*  —  8cf  .ma  +cn*  —  db'. 
But  by  theor.  4,         ca»  +  cF  =  C4«  ; 
and,  by  supposition,  2cp   .  co  =  2ca  .  ci; 
theref.  fb"  =  cA»  —  2ca    .   ci  +  en*  —  dh»  ; 
But  by  supposition,  ca»  :  cb»  : ;  er'  orcA*  —  40'  :  ci"  ;   " 
and,  by  aim.  tri,         ca*  :  cd»  ;  :  ca*  —  *«*  :   cd»  — dh*  ; 
therefore    -     -     -    ci*  =  cd'  —  dh*  ; 
consequently  -     -     Fe'  =  cA"—  2ca  .  ci  -(-  ci*. 
And  the  root  or  side  of  this  square  is  fe  ^  ca  —CI  =  At. 
In  the  same  manner  is  foundyE  =  ca  +  c<  ^  ">•         «■  ■-  >>- 

THEOREM  XlU. 

If  a  Line  be  drawn  from  either  Focns,  Perpeadicnlar  to  a 
Tangent  to  any  Point  of  the  curve  ;  the  Distance  of  their 
UitersectioQ  from  the  Centre  will  be  eqoal  to  the  Semi- 
transTepae  Axis. 


That  i8,if  FP,Ji> 
be  perpendicular  to 
the  tangent  TFp, 
then  shall  cp  wi  cp 
be  each  equal  to  ca 
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Fnr,  tbnnii^  tibe  point  of  contact  e  draw  re,  aiid/E  meet- 
ing FP  produced  in  o.  Then,  the  Zoce=  jl  rtr,  being  each 
equal  to  the  /Lfv.f,  and  the  angles  at  f  being  right,  and  the  tide 
pe  beiog  common,  the  two  trianglee  qkp,  t%y  are  eqaal  io  all 
rcBpecta,  and  se  ob=fk,  and  of =fp.  Therefore,  since  rp=> 
iFo,  and  Fc=^r/,  and  the  angle  at  f  common,  fbe  side  cp  will 
be  =jl/<i  or^AB,  that  is  er— cAorcB.  And  in  the  aame  man- 
ner Cp^^=CA   or  CB^      ((.   E.  D. 

CoT^.  I.  A  circle  -described  <m  the  tntneverae  axis,  as  a 
diameter,  will  pass  through  the  points  p,  p  ;  becaate  all  the 
lines  hi,  ct,  cp,  cb,  being  eqnal,  wiU  be  radii  of  the  circle. 

Carol.  8.  cp  if  paraUel  to/e,  and  op  parallel  to  fe. 

Gtrol.  3.  If  at  the  intersections  of  any  tangent,  with  the 
dfeumBcribed  circle,  perpendlcolart  to  the  latent  be  drawn, 
the;r  will  meet  the  traasrerse  axis  in  the  two  foci.  That  is, 
the  pei^ndiGnl[uvPr,^giTe  the  foci  F,/. 

VHEmsuxiv. 

The  eqaal  Ordiuates,  or  the  Ordinates  at  equal  Distances 
fr«n  the  Centre,  on  the  opposite  Sides  and  Ends  of  an  El- 
lipse, hare  their  KztremitieB  connected  by  one  ilight  Line 
psssiog  throDf^  the  Centre,  and  that  Line  is  bisected  by  the 
Centre. 

•o=sca,  or  the  Ordinate  de=7ob  ; 
=CH,  and  KCB  will  be  a  nght  line. 


For,  when  cd=co,  then  also  is  itK^aB  by  cor.  S,  tb.  ]. 
Bat  the  ^&=Zo,  being  both  right  angles  ; 
therefore  tbe  third  side  gei=ch,  and  the  ^dcb^^och, 
wai  cmseqaeittly  icb  is  a  right  line. 

Coroi. 
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Qtnl.  I .  And,  conyendy;  if  kcs  be  a  ri^t  Una  p        _ 

throu^the  ceDtre ;  thea  eboll  it  be  bisected  bj  die  ctatre^ 
or  have  cc=ca ;  alevsE  wi^  be  — bB,  and  CD=£a. 

Carol.  2.  Heoce  also,  if  twotttngeiilB  b«  di^wn  to  the  two 
endi,  E,  u  of  any  diameter  eh  ;  they  will  be  parallel  to  eseh 
other,  mi  will  cut  the  axis  at.etjuat  anglea,  aod  at  equal  dk- 
taocea  from  the  centre.  For,  the  two  cd,  ca  being  equal  U> 
the  two  cc,  CB,  the  third  proportiooats  ct,  cs  wiH  be  cqiMl 
also ;  then  the  two  sides  ck,  ct  being  equal  to  the  two  ca, 
cs,  and  the  included  angle  ect  equJ  to  the  included  aiwlc 
Bc>,  all  the  other  correipotiding  paMa  are  equal :  and  so  nw 
^T=^s.  and  TE  parallel  to  He. 

Carol.  3,  Aod  hence  the  four  tangenU,  St  the  four  eitrwm- 
ties  of  any  two  conjugate  diameters,  form  a  parallelograoa  cir* 
comscribing  the  ellipse,  and  the  pairs  of  epposite  lidea  are 
each  equal  to  the  correspouding  paivlW  coii)iigate  diamet«ca. 
For,  if  the  diatneter  »k  be  drawn  parallel  to  the  tangent  tk  or 
H3,  it  will  be  the  cnnjngate  to  ch  by  tb*  d^nittoa  ;  aod  tlie 
tangents  to  t,  h  will  be  parallel  to  each  otber,  and  to  the  dia- 
meter EH  for  the  tame  reason. 

THEOREM  XV, 

If  two  Ordinatea  xd,  td  be  drawn  frow  ^a  Ektremitiet  b,  t 
of  two  Cenjugate  Diaotetere,  and  TangeDts  be  drawn  to 
the  same  Extremities,  and  meeting  the  Asia  produced  io  T 
and  h; 

Then  shall  cnbe  a  mean  proporttanal  between  erf,  A, 
end  cd  a  mean  proportional  betfreen  en,  dt. 


Fer^byaieor.  7,  .  „ 

and  by  the  same,  cd:  ex  :  :  qA 

theref.  by  equality,  on  :  ci  t  :  en 

Bat  by  sim.  tri.  or  :  cd  :  i  cr 

theref.  by  equality,  cotfsdiicd 

Id  like  maaner,  c^ :  ov : :  o» 
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C«ro/.   1.  HeoccGD  :  cd  :  :  oi  :  CT; 

Cbro/.  S.  Hence  ahft  gd  ;  cd  :  :  ife  :  t>E. 
Abd  the  rectangle  cd  .  vE=crf  .  &,  or  acds^s^ci/c. 
Carol.  3.  Alfo  ciI'=cd  .  dt» 
and  ci>'=^cd  .  dit. 
Or  cd  a  mean  proportional  belireea  cd,  dt  ; 
and  CD  a  msan  proportional  between  cd,  dn. 

•  mBOREM  XVI. 

Tbe  uune  Figore  b«iog  coutmctcd  as  in  the  lait  Theorem, 
««ch  Ordinate  will  divide  the  Axia,  cad  tbe  aeou-SKis  added 
to  Ae  external  Part,  m  tbe  aame  Ratio. 
(See  the  last  fig.] 

That  U,  DA  1  DT  :  r  —  ■ 

and  dA  :  da  :  : 
For,  by  theor.  7,  cd  i  ca  : : 
and  by  dir.  n:  ca  t : 

and  by  cooipi     ■    cd  ;  db  :  ; 

or, da  :  DT  :  ;  w? :  DB. 

In  like  maooer,    dA :  da  : :  dc  :  ds.  d.  e.  p. 

Cvnl.  1.  Hence,  and  from  cor.  S  to  tbe  la>t,  it  i*, 

edl=CD  .  DT=AD  ,   DB=C4*— CD*, 

CB*=CD  .  dii=EAd  .  daiscA*  — cd'. 
Corol.  t.  Hence  also,  cA*=cD»+cd*, 
and  co'^DB*-}-d«*. 
Corot.  3.  Further,  becauso  ca>  :  ca*  :  :  ad  .  di  or  cd*  :  dc*  , 
therefore  ca  :  en  :  :  cd  :  db. 
likewise  ca  :  ca  : :  cs  t  d«. 


If  from  any  Point  in  the  Carre  tbare  be  dnwn  as  Ordinate, 
and  a  Perpendicnlaf  to  tbe  Curve,  or  to  the  Tangent  at  that 

Kiint :  Then,  the 
itt.  on  the  Trans,  between  the  Centre  and  OnHnate,  cd  : 
Willbeto  theDist.  fd  :: 
Ass<|-oftbeTrani.  Axil: 
To  sq.  of  the  Conjggate. 

That  is, 

••A*  :  c«"  :  :  DC  :  nr. 
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For,  by  dieor.  «,  ca"  s  «i»  :  :  »d  .  BB  :  M, 
Bot,  by  rt.  an^ed  A",  the  rect.  td  .  dp=db»  ; 
aod,  by  car.  1,  theor,  16.  cd  .  dt=4d  - 1 

thereiore     -     -     ca«  :  «i*  :  :  Td  .  bc  :  td  .  n 
or      ..''.  AC*  '.ca*  :  -.ttc,  :  dp. 


THiX)It£M  XmL 

ff  there  be  Two  Tii^entB  drawn,  U»e  One  to  the  Eitienuty 
of  the  TraM?er«e,  aod  die  other  to  the  Eztreoi^  of  ray 
other  diMtteter,  each  meetipg  the  ofliert  diuneter  prodoo- 
ed  ■  the  two  Tangential  Triangles  mfonned  will  be  eqnaL 


That  is, 
the  triai^e  cET=the 
triai^e  CAD.     . 


For,  draw  the  ordinate  us.    Tbw 
By  fiioi.  trisnglei,  f  d  :  ca 
but,  by  theor.  7,    cd  :  ca 
theref,  by  equal,   ca  :  ct 

The  two  tri»ii^e*  cet,  cait  hare  then  the  angle  c 
and  the  sides  abont  that  angle  Teciprocally  proportional ;  thue 
triangles  are  tbereforeeqaal,  Dunely,  the  Ackts^cah. 

Carol.  1.    From  each  of  the  eijnal  tri.  okt.oaii, 
take  the  oomnon  f  pace  cAP£, 
and  there  renuiu  the  external  A'at^'ApRb. 

Carol,  i.    Alio  from  the  equal  tnang^a  car,  cab, 
take  the  common  triangle  cu>( 

and  there  renwins  the  ATBD=trapez.  abed. 

THEORIH  ZIS. 

The  game  being  inpposed  ai  in  the  lait  Propoaidon ;  then  any 
Lines  k<i,  40,  drawn  perdlel  to  the  two  TangentB,  ahaU  alio 
cut  off  eqqal  Spacu.    That  ia. 


L;,q,-z.=  [jvGoOg[c    , 


OF  THE  ELLIPSE. 


and  A  xjg^sitnpez.  Anhg,' 


Ftvdnwtbe  orduiate  dk.    Theo 
Tlw  tbree  aiio.  triaoi^  or,  com,  can, 
ate  to  each  other  m        ca>  ,  cd*  ,  go*  ; 
th.  bydir.  ^etr^.  AnD:tnp.  AHHo  :  :ca>-cd*  -.ca'-^cq'. 
But,  by  thear.  1,         dm*  i  <i<t*  : :  ca*  ~cd*  :ca*  -^cg*^, 

thererb7eqa.tnp.AiiCD:tnp.  AKHo: :  am*  :o4>. 

bat,braim.  Ai)  tri.TKD  :tri.   K^a    : ;  de*  :oV; 

tberef  bj  eqnali^,  aheo  :  tcd    :  :  akho         :  k«g. 

Bui,  t^  cor.  <,  (hwr.  18,  tka  trap,  amid  ^  ^  ted  ; 
and  therefore  the  trap,  abho  ^  ^  k%«. 
In  like  maooerthe  trap,  mhg  b  ^  b^^.     ^,  e.  d. 
Cont.  I .  The  three  spaces  akho,  teho,  x^o  are  all  equal. 
Conl.  i.  From  the  eqnds  arho,  140, 
take  the  equals  ahI^,  xfg. 
and  there  Kamnaghaa'^gq^a. 
Cont.  3.  AndfrMn  the  eqoaltgftlia,  2^40, 
take  the  common  space  ^i-ea, 
a»d  there  remaios  the  A  i.<ih  =  A  t,^. 


Carol.  4.  Azain  from  the  equals  k<o,  tehu, 
tue  the  commtw  space  klbo, 
and  there  remains         tslksb^l4h. 

Kn 

Conl.  S.  And  wfaea, 
b;  the    lines    x«,    am, 

moTiog  with  a  parallel 
motion,  s«  comes  into 
the  position  ik,  where    ' 
ex  is  the '  coDJupte  to 
CA ;  then 

the  triangle  kv  heconea  the  triai^e  lac, 
and  tbe  space  ahho  becomes  the  triangle  axc  ; 
and  therefore  the  A  lac  :=  a  arc  s  a  tec. 

Corot.  6.  Also  when  the  lines  x«  and  b«,  b;  morinc  with  a 
parallel  motioe,  come  into  the  position  ce,  me, 

,  the 
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the  triangle     l^h  becomes  the  triangle  ecu, 

and  the  apace  tcle  becomes  the  triangle  tec  ; 

and  theref.  the  i^  cck  =  A  tic  =*  ^  abc  e  A  mc. 


Any  Diameter  biRctB  all  its  Double  Ordinatea,  or  the  Lines 
drawn  PanBel  to  the  Tangent  at  ita  Vertex,  or  to  ita  Con- 
jugate Diamctw. 


That  ii(  if  qg  be  parallel 
to  the  tangent  te,  or  to  ce, 
then  flhall  1,4  =  Lf- 


For,  draw  «a,  f&  pe^tMidicnlar  t«  the  tmuvene. 
Then  by  cor.  3,  theor.  19,  the  A  !:■«■  =  A  Lffc  ; 
hot  these  triangles  are  alio  eqaiat^nlar  ; 
eoouqnently  their  like  aidei  are  eqoa],  or  i^  ^  Lf . 

Carol.  Any  diameter  dirtdes  the  ellipse  into  two  eqnal 
parta. 

For,  tbe  ordinate!  oo  each  aide  being  e^nal  to  each  other, 
nnd  .eqval  in  aninber  ;  all  the  ordinatea,  or  the  area,  on  one 
side  of  the  diameter,  ii  equal  to  bU  the  ordinatei,  or  dte  area, 
on  the  other  aide  of  it. 

I,  THEtsm  XXL 

Aa  the  Sqnare  of  any  Diameter  : 
.la  to  the  aqaure  of  its  Conjugate  : 
So  is  the  Rectai^e  Of  any  two  AbadMM  : 
To  the  Square  of  their  Ordtnate. 


That  it,  GE>  :  c*  :  : 

For,  draw  the  tangent 
Tt,  and  prodnce  the  or- 
dinate %L  to  the  trani- 
Tene  at  x.  Also  draw  _ 
(tH,  eu  perpeodicnlar  to  T  E. 
the  tntarerse,  and  meet' 
ting  Eo  in  B  and  m. 

Then  similar  triMiglea 
being  ai  the  square*  of  their  lika 


a  or  CM.*  —  ci' 
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by  sim.  triangles,  Ackt  ;  Aclk  :  :  ce*  :  «l>  ; 

or,  by  dirUioD,       Acbt  :  trap,  telk  :  :  ce*  :  ce*— cl*. 

A^Q,  by  Bim.  tri,  Aceii :  AL«n  :  :  ce*  :  l«*. 
Bot,  by  cor.  5,  theor.  19,  the  Amm^Acbx^ 
and,  by  cor.  4,  theor.  19,  the  A(-4fl^rap>  tklx  ; 
theref.  by  equality,  ce*  :  ce*  ;  ;  ce*  — ct*  :  l**, 
or         -         -  OB*  :  CO*  :  :  Ei. .  LO  :  tq,'  ■        ft.  k.  r. 

Coral.  1.  Tbe  aqaares  of  the  ordioatei  to- any  diameter, 
are  to  one  anotber  as  the  recianflei  of  their  respective  ab- 
scisses, or  as  the  diSerence  ef  the  squares  of  the  semidiame- 
ter  and  of  the  distance  between  the  ordinate  and  centre.  For 
tbey  are  all  in  the  same  ratio  of  ce*  to  c<* . 

Carol,  t.  The  above  f^ing  the  same  property  as  (bat  ht- 
longing  to  tbe  two  axes,  all  the  other  properties  before  laid 
down,  for  the  ases,  may  be  understond  of  any  two  conjugate 
diometerB  whatever,  asing  only  tbe  oblique  oHiuHtea  of  these 
diameters,  instead  of  the  perpendicular  ordinates  of  the  axes  ; 
namely,  all  the  properties  in  theorems  6,  7,  8,  14,  \b,  16, 
18  and  19,  * 

THEOREM  XXn. 

If  aay  Two  liQes,  that  any  where  intersect  each  other,  meet 
the  Curve  each  in  Two  Points  ;  then 
The  Rectangle  of  the  Segments  of  the  one  -. 
Is  to  the  Rectangle  of  the  Se^enU  of  the  other  ; ': 
As  the  Square  of  the  Diam.  Parallel  to  the  former : 
To  the  Square  of  the  Oiam.  Parallel  to  the  latter. 


That  is,  if  ca  and  cr,  be 
Parallel  to  any  two  Lines 
tn%,pHq\  tbeo  shall. 
CR*  :  cr*  :  :  PH  .  B4  -.pn  .sq. 


For,  draw  tbe  dituneter  che,  and  tbe  tangent  te,  and  ita 
parallels  pb,  ai,  hh,  meeting  the  conjugate  of  tbe  diameter 
OK  in  the  points  t,  k,  i,  h.  Then,  becanse  similar  triangles 
are  as  the  squares  of  tfaeir  tike  sides,  it  is. 


,  I. 


&:t 
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bf  rim.  tiiaac^,    ca*  :  op*  :  :  Acni  :  A«»t 

aod      -    •     -     -    cK*  :  GB*  :  :  agki  :  Aohm; 

theref  by  dinaioD,  cB*  :  or*  —aa*  :  :  cri  :  epbm. 

Again,  h^  nm.  trt.  cs"  :  ca*  : :  Acte  :  ^cmh  ; 

mi  bjr  divisioD,      cc*  :  os*  —  cB*  .*  :  A<m ;  tksh. 
Bat,  b;  cor.  B,  th«or.  IS,  dia  A  cti=  Acie, 
■Bd  bjcor.  t,the«r.J9,  TCHca=KPHa,  or  tSBa^KrHif  ; 
tberef  by  eqo.  cb*  :  cit'  — ch*  :  :  cb>  :  op*  —  am*  or  ra  .  m%. 
In  like  tnanDer  ce*  :  ite*— ch*  :  :  cr*  :  pm  .  aq, 
Theref.  by  «qa.  en*  :  cr*  :  :  pb  .  ■« :  />b  .  n;.  «■  i.  ». 

Cont.  1.  In  lite  maoBer,  if  >ny  otber  Ubm  /a'{^,  panlld 
to  cr  or  to  pg,  meet  vsft ;  uboa  the  rectsn^ea  pb'«,  p'u'^ 
•M  also  in  the  larae  ntio  of  ck*  to  or*  ;  therefiir«  red. 
nni :  p»7  :  :  pb'«  :  p'a'ft'. 

Aho,  if  another  tine  p'Aq.'  be  drawn  parallel  to  fq  or  cr  ; 
becuue  tbe  rectanglu  rW  p'tig  am  stiU  in  the  same  rali«, 
therefore,  in  gener^,  the  rect.  PHt  -.puq  : :  p'Aft'  •■p'h^'. 
m 

That  i^  the  rectanglefl  of  the  part*  of  tiro  parallel  linea, 
are  to  one  another,  at  the  rectangles  of  the  parti  of  two  other 
parcel  linei,  any  where  inleraecting  the  former. 

Cbml,  9.  And  when  any  of  (he  lines  only  tooch  die  cnrre, 
kutead  of  culling  it.  the  rectangles  of  sach  becoioe  sqaam, 
and  the  general  property  still  attends  them. 


That  ia, 

en* : cr* : ;  tb 

or  cK 


Corvl.  3.  And  hence  tb  :  re :  :  te  :  t». 
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The  Sqntres  nf  the  OnUnatet  of  the  Asm  are  to  ttch  othM 
8B  the  Rectangiea  of  tiieir  A'"" — 


through  the  vertei  t 
the  opposite  coae*  ;  agih  an- 
other lection  of  them  perpen- 
dtcnlar  to  the  plane  of  the  for- 
mer ;  AB  the  axi>  of  the  hjper- 
boUc  lection*  :  and  ro,  hi,  ordi- 
natn  perpendicaUr  to  it  Then 
it  win  be,  W  ro'  :  hi*  ; :  at  .  fb  i 

AH  .HB. 

For,  through  the  ordioatei  fo, 
Bt,  draw  the  circular  sectioiiB 
KOL,  HiH,  parallel  to  the  base  of 

the  cone,  having  Xl,  mh,  for  their  diameters,  to  which  ro,n, 
are  ordinates,  as  well  to  the  axil  of  the  hjrperbola. 

Now,  bj  the  similar  trianglei  afl,  ahh,  and  mtt,  bom, 
it  it  A*  :  AS  ::  FL  :  hn, 
and  BB  ;  HB  ::  KF  ;  MH; 

bence,  taking  the  rectanglei  of  the  corresponding  terms, 

it  is,  the  rect.  af  .  fb  :  ah  .  an  ::  kf  .  fl  :  hr  .  hb. 
Bat,  by  the  circle,  xf  .flssfo*,  and  mh  .  an  =  bi*  ; 
Therefore  the  rect.  at  .  fb  :  ah  .  hb  ; :  ro*  :  et*.    4.  k.  d. 

THEOREM  II. 

Ai  the  Square  of  the  tranirerse  Ani : 
Is  to  the  square  of  the  Coojogate     : : 
So  is  the  Rectangle  of  the  Abscisses  : 
To  the  Square  of  their  Ordinate. 


That  is,  AB*  :  ab*  or 


D,q,-z.-dbvGoogle 


461 


CDKIC  SECTIONS. 


For.byfliew.  1,ac  .cb  :*I>.  bb  ::ca»  :  DB«  ; 

Bnt,  if.  o  be  th«  centre,  tken  ic  .  cb  =  *c» ,  and  ca  is  the 

Bcim-CQnj. 
Therefore  »c»  ;  ad    .  ob  ; ;  ac» :  de»  ; 

OT,^y  perontation,  Ac>  :  mc*  ■.;  it>  ,  db  ;  db*  ; 
or,  by  doubling,        ab'  ;  ab*  :;  »d  .  db  :  b£*.  «,.  E.  d. 

.  ab» 

Cor(d.Owbyaiv.M: —  ;;  ui .  db  or  cd'— ca"  :  m», 

that  ii,  AB  :  p  r:  AD  .  DB  or  cd*  — ca*  :  de»  ; 

where  p  is  the  parameter ,  by  the  defiuticHi  of  it. 

That  is.  As  (be  traDSTeree, 
U  lo  its  parameter. 
So  ii  the  rectangle  of  the  abscisses, 
To  tiie  square  of  their  ordioate. 


THEOREitI  JU. 

As  the  Square  of  thp  Conjugate  Axis 

To  the  Square  of  the  Trjosverse  Axig  ',: 

The  Sam  of  the  Squares  of  the  Semi-coDJugate,  and 

Distance  of  the  Centre  from  any  Ordiaatc  of  the  Ajub  ; 

The  Square  of  their  Ordinate. 


That  ii, 
ta*  ;CA»  :;  ca'+cd'  rdt'. 


Vox,  draw  the  ordinate  xd  to  the  tran«rerse  ib. 
ThcHiby  theor.  1,  en"  :  ca'  ; 

But ca«  ;ca"  : 

theref.  by  compos.   ca»  ;  c*»  ::  ca»+cd*  :  dt". 
(n  like  manner,        ca'  4  ca'  :  :  ca'  -f-cn*  :  ne* .  %.  k.  d. 

Carol.  By  the  la»t  tbeor.  c*':  c«»:  1  cd*  — ca»;  de*, 
and  by  thig  theor.  ca':  ca*:  :  cd'+ca':  ne*, 
therefore      -     -     DE»;De';  :  cd*— ca»:cd«+ca*. 
'  ia lik« maaiter,         de':dE*: :  cd*— ca':cd':4-ca*. 
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THEOItEH  IV. 

Ybe  Square  of  the  Distaiice  of  the  Pocaa  frMn  the  Centre, 
is  equal  to  the  Sum  of  the  Squares  of  the  Semi-axei. 

Or.  the  Square  of  Ifae  DUtance  between  the  Foci,  ii  eq^ial  to 
the  Sum  of  the  Squares  of  the  two  Axes. 


That  11, 
ct*  =c**  +ca',  or 


For,  to  the  fbcw  r  draw  the  ordinate  tt. ;  which,  bj  the 
definition,  will  be  the  semi- parameter.  Then,  by  the  nature 
of  the  curve  -         -     ca»  :  ea'  ; ;  cf»— c**  :  fe«, 

and  by  the  def.  of  the  para,  ci*  :  ca'  : :       ca*       :  fe*  ; 
therefore  -         -     ca*^cF'  — c*"  j 

and  by  addition,       •         •     cf'=cai  +  ca*  ; 
or,  by  doubUog,      -        -     rf^=AB*+ah'j  «.  k.  o. 

Carol.  1.  The  two  semi-Axei,  and  the  foc»l  distance  from 
the  centre,  are  the  lides  of  a  right-aegled  ttiangle  ca«;  and 
the  distance  Aa  is  =  cf  the  focal  distance. 

Coral.  2.  The  conjugate  semi-axes,  ca.  is  a  mean  propor- 
tiosal  between  At,  pb,  or  between  ^f,  fs,  the  distances  of  ei- 
ther focus  from  the  two  rertices. 
For  ca'  =  cf*  —  c»*  =  cf  4  o*  •  cf  —  ca  ^  at  .  fb. 

THEOREM  V. 

TheDiffereoce  of  two  Lines  diawp  frmi  the  two  Foci,to  meet 
at  any  Point  in  the  Curve,  is  equal  to  the  Transverse 
Alia. 


For,  draw  ao  parallel  and  equal  to  ca  the  semi-coojagate  ; 
and  join  co  meeting  the  ordinate  dk  produced  m  a  ;  also  take 
CI  a  4th  proportiomd  to  ga,  cr,  cd. 

Then, 
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Tbeo,  by  th.  8,         ca*  :  4o*  : :  ci»»  —  c*»  :  bb»  ( 
andby  ■im.  it,      c**  :  ao*  : :  cd'  —  ca*  :  dh,"  —  is  ;  ' 
consequently,  »k*=db*  —  ao*  =  dh» — ca", 

Abo,  PD  =  cr  CD  CD,  and  fb*  =  cF'<-2cr  -  co+.d)*  ; 
SDd,  b^  rigbt-angled  trianglet,  rE*=rD'  +  de'  { 
tberefore  Pe"  ^  cf»  —  ca'  -  tew .  cd  +  en*  +  »a*. 
Bot,  by  theftr.  4,  cr*  —  ca»  =  c»*, 

and  by  nuppoaitioo,     Scf  .  cd  =  9ca  .  ci ; 
theref.  Fi»  =  ca»  —  2ca  .  ci  +  cd»  -f  iiB». 
Again,  by  mippoa.  ■     ca'  i  en*  ; ;  cp"  or  c**  +  ao*  .  ci'  -, 
and,  bj  sim.  Iri.  ca«  !  bd*  : :  ca"  +  ao»  :  c»*  +  dh»  | 

therefore      -    •    -    ci*  =cn* +DH»a=cH*  ; 
catuequently  ■   fii»s=ca» -t-2ca  .  ci  +  ci». 

And  the  root  or  aide  of  this  square  U  fb  =  ct  -^  ca  =  at. 
Id  the  same  maoner  it  is  found  that  fc=  ci4-ca  i=bi. 
Conseq.  by  subtract,  fe  —  vb  ^  bi  —  ai  >=  ai.  t-  >>  ■>• 

CWoJ.  1.  Hence  GS^ci  is  a  4tb  proportional  to  CA,  eF,  (». 

Cor^.  8.  And  fW  +  p£  =>  2f:ii  or  2ci ;  or  ps,  ch,  &.  are  in 
continued  sritbinetical  progression,  the  commoB  difference 
being  cA  tbe  semi-traDsrene* 

Cbrof.  3.  Heece  ifl  derired  Ike  tiotBUMB  metbed  of  de- 
scribing this  curre  mecbanictdJy  by  points,  thus : 

la  tbe  trvQTetse  ab,  produced,  t^e  the  foci  r,  f,  and  any 
point  i.  Then  nitb  the  radii  ai,  bi,  and  centres  f.  f,  describe 
arcs  intersecting  in  e,  which  will  t>a  a  point  ia  tbe  cnrre.  In 
like  manner,  aisQining  other  poinla  i,  as  many  other  poinb 
will  be  found  in  the  curve 

Then,  with  a  steady  hand,  the  cnrre  tine  may  be  drawn 
through  all  the  points  of  iatenection  b. 

In  the  same  manner  are  crniBtrncted  the  other  two  or  co«* 
Jugate  byperbolas,  using  tbe  aiis  ab  instead  of  ax* 
THE(Ht£MTI. 

If  from  any  Point  i  in  the  Axis,  a  IJoe  il  be  draWn  tooclt* 
Ing  the  Carve  in  one  point  l  ;  end  tb«  Ordinate  im 
be  drawn  ;  and  if  c  be  tbe  Centre  or  tbe  Middle  of  ab  : 
Then  shidl  cm  be  to  ci  as  tbe  Square  of  ah  to  tbe  ijquare 

of  AI. 
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For,  froB  the  point  t  draw  uij  line  hk  to  cat  tha  earro 
IB  two  fMinta  ■  and  a ;  from  which  let  All  tbt  perpt.  ed  hs  ; 
uid  biMct  i>a  in  s. 

Then,  by  theor.  f ,  ad  ,  »b  :  u  ,  at : :  be*  :  ob*, 
aad  bjr  nm.  triaugics,  i&*  :  i«*  :  :  t>%'  :  as*  ; 
therei.  bj  equality,  aA  .  db  :  a«  ■  «•  : :  id*  :  io*. 
Bnt  DB  =  GB-{-<;DaBCB  +  CD=BCfl  +  CD— AO  at  Scs  —  A«, 
and  OB  =w>  — co:acA  +  ca=s«e+  cd— ad^Zck  —  ad) 
theref.  aj>  .  Zoi  —  ad  .  as  :  ao  .  2cx  —  *D  .  ao  :  :  io>  :  is* , 
and,  bjr  dir.  do  .  Sex  :  la'  —  id*  er  do  .  tiK  :  :  ad  .  Sci  ■— 

AD  ,  AO;  ID*, 

•r     -     ScK  :  2iK  :  -.  AD  .  Zck  —  a>  .  ao  :  id*, 
or    AD  .  ScK  :  AD  .  SiK  :  :  AD  .  <ck  —  ad  .  as  :  lo*  t 
tberef.  l^ itr.  gk  :  ik  : :  ad  .  ao  ;  ab  .  8ik— id', 
asd,  bj  dir.      ck  :  ci  :  :  ad  .  ao  :  lO*  —ad  ■  iD-f-U, 
or  -  ex  ;  CI  :  :  AD  .  AO  :  ai*. 

Bat,  when  the  line  ih,  b;  revolriiis  about  the  point  i,  come* 
into  the  poaition  of  tfae  tangent  it,  then  the  points  k  and  n 
meet  in  the  point  i.,  and  the  points  n,  x,  a,  coincide  with  the 
ppint  h;  and  then  the  last  proportion  becomea  on  :  ci  ;  ; 

AH*   i  Al*>  4-  E.  0, 


If  a  Tangent  and  Ordinate  be  drawn  £rom  an;  Point  in  tiie 
Carre,  meetiiigthe  Tramrene  Asjt ;  tfae  Semi-traos verse 
will  be  a  Mean  PropoltiaDBl  between  the  Diataoces  of  Uw 
(•id  Two  lotersectioDi  JVain  the  centre. 


Thatia, 
CA  is  a  nean  proportional  batWMQ 
«B   and  gt;    or  en,  ca,.  ct,  an; 
continued  proportionals. 


For,  bj  th.  6,  CD  :  CT  :  !  A»"  :  AT* . 

that  is,  CD  :  CT  : :  (en— ^a)*  ;  (ca— ct)*, 

CD  ;  CT  :  :  cd'+ca'  :  «a»+ct*, 
CD  :  DT  ;  ;  cd*+ca*  i  cd*-^)T*, 
CD  :  DT  ;  :  en*  -|-c**  ;  (cd+ct)  dT, 
GD*  :  CD  .  DT  :  :  ei>*+cA»  :  CD  .  dt+CT  .  TD  t 
CD*  :  CA*  :  :  CD  .  DT  :  GT  .  td, 
CD*  :  CA*  :  :  CD  :cT. 

thereTota  (th-  T8,  OeomO  «p'  :  oa*  : :  ca  :  ct.         «•  ■•  ». 
.        .  .  Corpl. 


and 


hence 
and 
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Corol,  Since  ct  i*  nlway*  a  third  proportional  tft  oa,  ci  { 
if  the  poiota  d,  a,  remain  cuiutaDt,  then  will  the  point  t  be 
£0nsUiDl  diso  ;  and  IhereWe  all  the  tangents  will  meet  io  thia 
point  T,  which  are  drawn  from,  the  point  e.  of  ever;  hjperbola 
deacnbed  on  the  same  axio  u,  where  they  are  c«t  bj  the 
cornmoD  ordinate  dfe  drawn  fron)  the  point  n. 

-   THfjOREU  vnL 

If  there  he  anj  Tan^nt  meeting  foar  Perpendicalars  to  the 
Aiis  drawn  from  theiw  fonr  PoinU,  namely,  the  Centre,  the 
(wo  Kvlremifie*  of  the  Ai is,  and  the  Point  of  Contact; 
those  Four  Ferpendiculara  will  be  ProportiooaU. 


For,  by  tiieor,  7,  tc  ;  ac  : :  ac  :  nc, 
theref.  by  dir.  ta  :  ad  : :  tc  :  ac  or  cb, 

and  by  comp.  ta  ;  td  :  ^  tc  ;  tb, 

.  and  by  sim.  tri.         ao  :  de  : :  ch  :  ii.  4.  e.  d. 

Cor^.  Hence  ta,  td,  tc,  tb  >  ■    '  _»=„». 

.-J  — ,    ^^        \.,  i  we  bUo  proportionau. 
and  TO,  TE,  TH,  Tt  J  * 

For  tfaeie  are  as  ao,  de,  ch,  bi,  oy  aimilar  triangtea. 

ITtEoitEMlX. 

U*  there  be  any  Tangent,  and  two  Lines  drawn  from  the  Foci 
to  the  Point  of  Contact ;  these  two  Lines  will  make  equal 
Angles  with  the  Tangent. 


That  is, 
the  z.rET=^.fee. 


For,  draw  the  ordinate  de,  and  fe  parallel  lo  rm. 
By  cor.  1,  theor.  5,     ca  :  cd  :  :  cf  :  ca+fe, 
and  by  th.  7,  c*  :  cd  :  ct  :  ca  ; 
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tben&re         -  '    ct  :  cv  :  :  ci  :  ca+Fb  ; 

and  b;  add.  tnd  sub.    tf  :  Tf : :  fe  :.  Sca  -{•  fk  or  ft  by  th.  5. 

But  br  aim.  tri.  tv  :  tT  :  :  vk  :  &  ; 

dierefora         •  ftKfe;  and  conaeq.         ^e^^fee. 

But,  becRoae  fe  U  parallel  tofe,  (be  Ze=^KET  ; 

tberefbre  (be  L.  fet"f^  fee.  «.  e.  d. 

Coro/.  As  opticiasB  find  that  tbe  angle  of  iocidetiee  is  equal 
to  the  angle  of  reflection,  it  appeati,  from  tbii  propoiitioo, 
ttet  ra^sof  light  issuing  from  tbe  one  focna,  aod  meeting,  the 
curre  in  every  point,  will  be  reflectedjnto  lines  dntnn  frota 
the  other  focus.  So  the  ray  is.  is  reflected  into  re.  And  this 
u  tbe  reason  vbj  the  points  p,  f,  are  called /ott,  or  burning 
poisti. 

THEEMtEMX. 
All  tbe  Parallelognmu  inscribed  betweea  the  four  CenjugiUe 

Hyperbola!  are  equal  to  oae  another,  and  each  equal  to  tb« 

Roctan^  of  the  two  Ak«s. 


Tbatia, 
the  pBralMlagram  r^nsai 
the  rectao^.AB  .  ab. 


Let  ko,  ^,  be  two  conjugate  diameters  parallel  to  tb« 
■ides  of  the  parallelogram,  and  dividing  it  into  four  le»  and 
equal  parenetognmB.  Also,  draw  the  ordtnatea  de,  de,  aad 
cK  perpentiicular  to  r<i ;  and  let  tbe  axis  produced  meet, 
tbe  sides  of  tbe  parallelognuiu,  produced,  if  necessary,  in  f 
and  t.  , 

Then,  by  theor.  7,      ct  :  o*  ;: 
and  ct  :  cA  ; . 

theref  by  equality,  cr  i  ct  ;: 

but,  by  aim.  trianglea,  ct  :  ct  ; ; 
theref.  by  equality,  t»  :  cd  :; 
and  the  rectangle,  td  :  nc  is  :=  the  square  cd*. 

Again,  by  tbeor,  T,  cd  ;  o*  :: 

or,  by  dirbiott,  cd  :  ci  ;; 

aad,  by  composition,  en  ;  db  : : 
conaeq.  tbe  rectangle      en  .  dt=i 
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Bat,  br  the«.  2. 
therefore 

c*  T  ca  : ;  cd 

D  .  DB  or)  cd«  i  im> 

la  like  maDBcr, 

CA  :  c«  ; ;  CO 

de,' 

ai(de::cA 

Bat,  by  theor.  7, 

CT  :  CA  : ;  c* 

CB  ; 

theref.  by  equality, 

CT  ;  CA  ; :  ca 

de. 

But,  by  sim.  tri. 

OT  :  CK  : :  ce 

de; 

tberef  by  equality, 

CR  :  CA  ::  ca 

ce. 

aod  tbe  rectai^U 

(!«  .  ce  =  CA .  ca. 

But  the  recL 

^K  .  ce  =  the  panllelflgrwn  cbm 

theref  the  rect. 

CA  .  <a  =  the  parallelogram  cbfc 

cooieq.  the  rect. 

AB  .  ah  =  tbe  paral.  PQas.         «. 

THflOBEMXl 

. 

The  Difference  of  the  Squares  of  every  Pair  «f  Cenjugate 
Diameter.*,  ia  equal  to  (he  name  constant  Quantity,  luntely, 
tb«  Difference  of  the  Squarei  of  the  two  Axes. 


That  ie, 
iB»  _  nb«  =  eo»  —  eg»  ; 
where  eg,  eg.  arc  any  conjugate 
flinmcters. 


For,  draw  the  ordinate^  bd,  ed. 
Then,  by  cor.  to  (heor.  10,   c**  ==  ci>*  —  cd». 


aod 


tberef.  (ha  difference  ca'   "^  ca»  =  cd»  +  de»  —  cd»  —  de». 

But,  by  rj^ht-angled  ^s,      ce»  =cii»  +i»k», 

^d     ....  ce*  =  cd*  4-  d«*  ; 

tberef.  (bi  difference  cb'  —  ce'  i=  cd'  +  dr"  —  cd*  —  de». 

conieqitenlly     -  ca'  —  ca*  y  ce*  —  ce»  ; 

or,  by  doublios,  ■       ab^  —  »b*  =  co*  —  eg* .  «.  e.  b. 

THEOREtJ  XII. 

All  the  Piimllf  lof^r^ms  are  equal  which  are  fon»ed  between 
the  Asymptotes  and  Curve,  by  Lines  drawn  Parallel  to  the 
Asymploles. 

That  If,  the  lines  ca,  ek,  ap,  iit, 
being  parallel  (o  the  nKyDijitotes  th,  cI  ; 
then  the  paral.  c(;gk=  paral-  cfa^. 
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For,  let  A  he  the  rettes  of  the  carre,  or  extremity  of  the 
lemi-tnunTerae  axis  ic,  perp-  to  which  draw  al  or  aI,  which 
will  be  equkl  to  the  Bemi-conjugete,  by  definition  19.  Also, 
draw  BEoeh  parallel  to  U. 

Xbea,  by  thcor.  8,  ca"  ;  al'  :  :co'  — ca'  :  db*, 
Bnd,,b^  parallelsy  «a*  :  al'  :  :  vd'  :  dh*  ;  ,  ,  ■, 
tberel.  h;  Bubtract.      ca*  :  al*  :  :  ca*  :  db'-^de*  or 

rect.  HE  .  Eh  ; 
coDieq.  tbeiiqiiare  al*^  the  rect  he  .  xh. 

But.  by  aim.  tri.  fa  :  al  :  :  oe  : 
anil,  by  the  same,     ha:i'' 
theref.  by  comp.     fa  .  > 
and,  because    .       «l>=he  .  Eh,  theref.  pa  .  a(i=ge  .  ek. 

Batthe  parallel ogrnmB  cgek,  cpaq,  beii%  equiangular,  are 
as  the  rectangles  ce  .  es  nnd  pa  .  a«. 

Therefore  the  parallelogram  o(t=  the  paral.  p«. 

That  is,  all  the  inscribed  parallelograms  are  equal  to  one 
another.  q.  e.  b. 

Carol.  I.  Because  the  rectangle  obk  or  cce  is.  constant, 
therefore  BE  is  reciprocally  ag  ca,  orcc  :  cp  :  :  pa  :  qb.  And 
hence  the  asymptote  continually  .tpproacbeg  towiirds  the  curve, 
■  but  never  meets  it ;  for  ck  decreases,  continually  as  co  in- 
creases :  and  it  is  always  of  tome  magnitude,  eicept  when  ca 
is  supposed  to  be  infinitely  great,  for  then  og  is  ioGnitely  small, ' 
or  notbrnc.  So  tfaat  the  asymptote  co  may  be  com^idered  as  a 
tangent  to  the  curve  at  a  point  iafioitely  distant  from  c. 

Carol,  i.  If  the  abscisses  en, 
CE,  CO,  &c.  taken  on  the  one 
asymptote,  be  in  geometrical 
progression  increasing  ;  then 
eball  the  ordioales  dh.  ni.  ok, 
&c.  parallel  to  the  other  asymp- 
tote, be  a  decreasing  geometri- 
cal progression,  baring  the  same 
ratio.  For,  all  the  rectanglas  cpH.  cei,  cqk.  &c.  betngequal, 
the  ordinates  oh;  ki,  ok,  ii.  are  reciprocally  as  the  at»cisses, 
en,  CE,  CO,  &c.  which  are  geometricals.  And  the  reciprocids 
of  geometricals  are  also  geometricals,  and  in  the  *ame  ratio, 
hut  decreasing,  or  in  converse  order. 
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The  thna  fbllowing  Spaces,  between  dw  Asymptotn  mj  Uui' 
Curve.  aNi  equal ;  Bamely,  tfae  Sector  or  TrilimtRr  Sp«c« 
contsitied  bj  an  Arc  of  the  Cnrve'ttDd  two  Hadii,  OrLioei 
drawn  from  iti  £xtremitiea  to  tbe  Ceatre  ;  and  eacb  (^  tbs 
.two  QgodriliiteraU,  contained  by  the  said  Arc,  apd  two  Uoes 
drawn  from  it*  Gxtramilies  parallel  to  one  Aajmptota,  andt 
-  the  intercepted  I'art  of  the  othar  Atjmptote. 


Tha 

The  sector  ca 

=P4BO=«««, 

all  Btaoding  oa 

the  Mine  arc  *e 

For,  by  tfaeor.  12,  crA4— ccek  ; 
Bobtracttbe  common  space  coi%, 
there  renmins  tbe  paral.  pi=  the  par.  ik  ; 
to  each  add  tbe  triliueal  hk,  then 
the  tmm  is  tbe  qaadr.  paeo  =  «axk. 

Again,  from  the  qnadrilateral  cabk 
take  the  equal  triaagtes  ca«,  cek, 
and  there  remaiortbe  sector  oak  3=  ^aie. 
Tharefbre  cai  =  4aex  »  faeo.  «.  s.  o. 

THEOREM  XIV. 

The  Sam  or  Difference  of  tlie  Semi-transverse  and  a  IJn4 
drawn  from  the  Fociu  to  nay  point  in  tbe  Carre,  is  equal  to  a 
Foartfa  Proportionn)  to  tbe  Seioi-tniDBv«r«e,  Ibe  dbtaace 
from  the  Centre  to  the  Poguk,  and  tbe  DisUnce  from  the 
Centre  to  the  Ordinate  belonging  to  that  Point  of  the 
Carve. 


That  is, 

fE  +.AC  =  01,  Of  FE  =  *1  [ 

anAJt  —Ac  =ci,  n/s  i=bi. 
Where  C4 :  cr  ; ;  00 :  ci  the  4tb 
Wopor.  to  CA,  cr,  en. 


-:l,vG00'gIC 


OF  THE  R7PERB0LA.  »01 

For,  dnw  as  parallel  and  eqnal  to  ca  the  lemi-cOBJqgste  { 
mdjoiiico  nwetiiQ  tbe  ordinate  de  produced  io  b. 
Then,  by  theor,  S  ca»  :  ao*  ::  cd»  —  C4»  :  de»  ; 
aod,  by  Bin.  Ait  c**  :  ao*  ;:  cd*  —  ga'  ;  ub*  —  ao*  ; 
cooaeqaeatly  i>i:*  mui*  —  ao*  s  dh*  — ca* . 

Alio  FD  =  cF  60  CD,  and  fd"  =  cr*  —  tCF  .  co  +  CB*  ; 
bat.  by  rif;bt-aDgled  trianglefl.  ra»  +  bk»«=pe»  ; 
therefore  fb^  »  or*  —  co»  —  2of  .  cd  +cd*  +  db«. 
Bnt  by  (beor.  4,        bf*  —  ca*  =  ca»  j 
aad,  by  fliipp«>itioB,  2cf  .  cd  =  tcA  .  ci ; 
&eref  rw*  =  ca»  —  Jca  .  ci  +  ctt»  +  om*  ; 
Pnt,  bj  tnppoiitioDT  ca*  j  c»»  : :  of*  or  ca»  +  Afl*  :  ci»  ; 
and,  by  ««.  &b,       ca*  :  co*  : ;  c**  +ao*    :    cd*+oh*j 
theTB&re    -.  -     -     ci*  =c»*+ dh*  =  ch*  ; 
coueqaentty  -  ■  -     Fa»=  c**  —  2ca  .  ct  +  cr». 
A»d  the  root  or  side  of  this  Hoare  ii  fe  =  oi  — ca  ~    ~ 


la  the  Mnie  Biaaner  ii  found /e  ^  ci  +  ca  ^  ai.         <■  k.  d. 

Cbro/.  From  ihe  demomtntion  it  appears,  that  db'=  dh* 
^AG*ee]>B*— CO*.  CoDsequently  db  is  every  where  great- 
er UiHi  DE  ;  and  ao  the  asymptote  cqh  nevsr  meet!  the  carre, 
thoagh  they  he  ever  so  fitr  prodored  ;  but  dh  aod  he  ap- 
proach nearer  aod  never  to  a  ratio  of  equali^  as  they  recede 
fiutber  from  the  vertex,  ^11  at  an  infinite  dutance  they  becum^ 
«qaal,  and  the  asymptote  is  a  tangent  to  the  curve  at  an  ia|i< 
site  distance  from  the  vertex. 


THEOREM  XT. 

If  a  Line  be  drawn  from  either  Focus,  Perpendicular  to  a 
Tangent  to  any  Point  of  the  curve  ;  the  Distance  of  their 
lotersection  from  (he  Centre  will  be  equM  to  the  Semi- 
transverse  Axis. 


That  is,  if  rr, /jp  be  perpen- 
dtcolar  to  the  tai^nt  Trp_.  then 
thiii  cp  and  up  be  each  equal  to 
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Fvr,  through  the  point  of  cotrtactEdraw  ra,  mdjTa  Kcet' 
ingFF  preduced  in  •.  Then,  the^GBP~^  fep,  being .eack 
equal  to  the  ^/cp,  W.i  tlie  angles  at  p  being  ri^t,  and  the  eidft 
FE  b^ing  commOD,  (be  two  triiuigle*  qbf,  fep  are  «^nal  id  «U 
respectj,  aDd  so  GB^=re,  and  Gr^=rr.  Therefore,  uncc  ir^ 
jFo,  and  fc^^f/.  and  the  angle  nt^  coininon,.the  side  cp  will 
be  =^G  or  ^ab,  that  is  cf=M  orcB. 

And  in  the  same  mauner  cp=cA  or  cb.     «.  e.  d. 

Carol.  1.  A  circle  described  on  the  traDSTerse  axia.  Ma 
diameter,  will  pass  throngb  the  points  p,  p  ;  becanse  ail  (he 
linea  c*,  cr.  cp,  cb,  being  equal,  will  be  radii  of  the  circle. 

Carol.  2.  cr  is  parallel  (o/e,  and  cp  parallel  to  fe. 

CoriJ.  3.  If  at  the  iolerBedtoni  of  any  tangeot,  with  the 
circumscribed  circle,  perpendiculars  \o  the  tangent  be  drawD, 
tbey  will  meet  the  transrersie  axis  in  the  two  foci.  That  is, 
the  perpendiculars  tt,p/givt  the  foci  r,/. 

THEOREM  XVI. 

The  eqnal  Ordinates,  or  the  Ordintttes  at  equal  Dtataneei 
from  the  Centre,  on  the  opposite  Sides  and  Ends  of  ao  Hy- 
perbola,have  their  Gxtremitiea  connected  by  one  R^ht  Line 
passingthrongh  the  Centre,  and  (hat  Line  is  bisected  by  the 
Centre. 


That  is,  if  CD  =  co,  or  the  . 
ordinate  de  '=  gh  ;  then  sball 
CE  =  CH,  and  Eca  will  be  a 
right  line. 


For.  when  cd=cc.  then  also  is  de^ch  by  cor.  2,  th.  1. 
Cut  ilie  Zo=Z°'  l»eins  both  tight  angles  j 
therefore  the  third  side  ce-=ch,  and  tho  ^dce=^och, 
and  consequently  ecu  is  a  right  line. 

Corrf.  J.  Ami,  conversely  if  wii  be  a  right  line  passing 
through  Ihe  centre  ;  then  shall  it  be  biaeclod  by  the  centre, 
or  ha»o  ce=i:h  ;  also  de  wili  he  =  cm,  and  cd=cg. 

Carol.  2.  Hence  also,  if  two  tangents  be  drawn  to  the  two 

ends  e,  h  of  any  diameter  eh  ;  tbey  will   be  parallel  to  each 

.  olher, 
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other,  and  will  cut  the  uis  at  equal  anglet,  and  at  equal  dta- 
taaces  £rom  the  centre.  For,  the  ttfo  cd,  ca  being  equal  tO 
the  two  CO,  CB,  the  third  proporlionats  cr,  ca  will  be  equal 
also;' then  the  two  aides  ce,  ct  beiug  equal  to  the  two  ch, 
ca,  and  th£  included  angle  kct  equal  to  the  incloijeil  anele 
.Rcs,  allthe  other  corresponding  parts  are  equal ;  and  so  the 
J^T^i^s,  and  TE  parallel  to  hi. 

Carol.  3.  A[)dhence  the  four  tangents,  at  the  foar  extremi- 
ties of  any  two  coiyngate  diametera,  form  a  parallelogram  in- 
scribed between  lh«bjperbolas,Dndth«  pairs  of  opposite  cidea 
are  each  eqiial  to' the  corresponding  parallel  cotgugate  diame- 
ters.—For,  if  the  diameter  th  be  drawn  parallel  to  the  tangent 
Tc  or  Hs,  it  will  be  the  coajugate  to  eh  by  the  definition  ;  and 
the  tangentu  to  «A  will  be  parallel  to  each  other,  and  to  the 
diameter  eh  for  the  same  reason. 

THEOREM  XVII. 

If  two  OrdinsAes  ed,  td  be  drawn  from  the  Extremities  e,  e, 
of  t«D  ronjugate  Diameters,  and  Tasf  ents  be  drawn  to 
the  same  Eitremities,  and  meeting  the  Axis  produced  in  t 
and  H ; 

Then  shall  cd  be  s  mean   proportional  between  cd,  iR, 
and  cd  a  mean  proportional  belwi^en  ri>,  nr. 


irt  -.cd  ■ 


For,  by  theor.  7, 

and  by  the  same, 

tfaeref.  by  equality, 

But  by  Sim.  tri. 

theref.  by  equality. 

In  like  manner,  cd 

Carol.  1.  Hence  cd  :  cd  :  :  cti  -.  ct. 
.  Coro!.  2.  Hence  alsocn':  erf  :  :  de  :  on. 
\nd  the  rect,  tn  .  ii8=crf  .  d«,  or  A  cdf,=  a  cdc 
Carol.  3.  Also  crf^=cD  .  dt  and  cD'=crf  .  dn. 

Or  rd  a  mean  proportional  between  cu.  dt  ; 

and  CD  a  mean  proportional  between  cd,  da. 
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THBORDI  XVIB. 

The  ume  Figan  being  censtrocted  u  io  the  tatt  PropoaitiOD, 
e»di  Ordioato  will  diTide  the  Axw,  aod  the  r—-  —'-    "^ 
tv  Ifae  external  Part,  in  the  mne  Ratio. 
[See  dte  lest  fig.] 
That  ii.  OA 

For,  by  theor.  7,  cd 
and  by  div.  c» 

and  by  comp.  -      CD 

or, DA  .     . 

In  like  manper,     dx  :  dtL.  -.  :  dc  ;  dm.  ^  t,  d] 

Cbrel.  I.  Hence,  aod  from  cor.  3  to  Ute  fattt  prop,  it  ii, 
od*=£i> .  DT=«*n  .  DB»c6»  -cA", 
andcd  .  dR=*d  .  dB=c*»-ciI». 
Ctral.  i.  Heo8ealio,c*»=cB»-cd»,and  ca»=ifo«— DB". 
Ot«I.  3.   Farther,  beCRoae  ca*  :  co*  !  :  ad  ,  ds  or  cd*  .-  j»k», 
therefore  c*  :  ca  ;  ;  erf  :  db. 
liketfiaecA  :  ca. ; :  cd  :  de. 


:da  : 

dc 

c*  : 

C*  : 

c*  : 

AC  : 

DB  : 

ad: 

dt: 
dli: 

DC  : 
dc: 

THBOftIM  Xnt. 

If  from  any  Point  in  the  Caire  there  be  drawn  an  OrdiBattf, 
and  a  Perpendiealar  to  the  Carre,  or  to  the  Taagitiit  st  that 
point:  Then, the 

Dist.  OQ  the  Treni.  between  the  Centre  and  Ordinate,  cd  : 

Will  be  to  the  Dist.  pa  :  : 

As  Square  of  TraDi.  Alia  ■■ 

To  Square  of  the  Conjugpite. 

Thatia. 

CA*  i  ca*  :  :  DC  :  Dr. 


For,  by  theor.  t,  ca"  e  oo"  :  :  ad  .  db  :  d«", 

But,  by  rt.  HDgled  &■,  Uie  rect.  to  .  DP=tDE»  ; 

end,  by  cor.  1,  theor,  18.  cd  .  dt=«*o  .  »b  j 

therefore     •     -     c**  :  ca»  :  :  to  .  dc  :  t»  .  dp, 

cr      -     -     -     -     ca'  :  co»  ;  :  DC  :  Dr.  «.  k.  o. 
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THEOREM  XI. 

If  there  be  Tw6  Tan^ptt  di'aifn,  the  One  to  the  Extreini^ 
of  the  TranBvene,  and  the  other  to  the  Extreroitj'  of  any 
other  Dinmeter,  eacb  meeting  the  other'a  diameter  produc- 
ed ;  the  tiro  Tangentid  Trianglea  so  formed,  will  be  equal. 


That  IB, 
the  triangle  cet  = 
the  triangle  cam. 


For,  draw  \he  ordinate  nc.     Then 

By  aim.  trianglei,  en  :  ca  : 

but,  by  theor.  7,    cd  :  ca  : 

theref  by  equal,    ci  ;  cf  : 
The  two  triangle*  err.  c*n  have  then  the  angle  c  common, 
and  the  sides  about  that  angle  reciprocally  iiroportional ;  those 
triat^es  are  therefore  equal,  viz.  the  ACBT=Aciif.  %.  e.  d, 
Coroi.   1.     Take  each  of  the  equiltri.  CAT,  0*11, 

from  the  common  ipace  CAVE,        * 

and  there  remains  the  osteniol  aPAT~Ai-ite. 

Cbrol.  9.     Also  lake  thf'  eii'ial  triiingtes  cet,  can, 
from  (be  common  trtun^Ie  ckd, 

and  there  remaios  the  ATEDX=trapez.  ahed. 

THEOREM  tXl. 

The  same  beingsujipi'se^a'  in  the  1a^t  PropoaitioD  ;  then  any 
LiiWS'  Kft,  04.  draivn  imrallel  to  the  two  Tnogents,  shnlt  also 
cnt  off  equiil  Spaces. 

That  i^, 
the  A  K410  =  tnpez.  ai 
and  A  ^fg  =  tr,i[ic/..  a 


For,  driiw  the  ordinate  or.. 
The  three  sim.  triangles  ca: 
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are  to  each  other  u        ca*,cd*,co*) 

tht  bydiv.  the  trap.  AAis  :trap.  adho  :  :  cD^^ei*  ;ce*^cA*. 
But,  bytheor.  1,         ax*  :  o«»  :  :«>•— ci»  ;c«»— c*", 

therefbyeqn.  trap.  AHED  :  trap.  AHHo  1 :  DK*  :o«*l 

bat  bjr  eiai.  &b,  tri.  ted  :  tri.   k«o    : :  db*  :  04*  ; 

tberef  by  equal,      abed  :  ted    :  :  aubq         :  K«a. 

But,  by  cor.  X,  theor.  20,  the  trap,  ankd  =«  &  Tcd  ;. 
and  therefore  the  trap,  ahbo  ^x:  A  e««. 
In  like  nanner  Uie  trap.  Ufhg  =  A  k;;.    «.  b.  d. 
Conl.  1.  The  three  apacesAHHo,  TBHo,  K^o  are  all  eq«d. 
Chrol.  i.  From  the  eqaali  ahho,  k^o, 
take  the  equals  anA;,  iqg. 
and  there  remaioe^Aaa  =g^W' 
0»vl.  3.  And  froQt  the  equals  jAhoi^^o, 
take  the  commoD  apace  gqi-ua, 
aed  there  remalaa  the  A  i.«h  =  A  i-f^- 
Chret.  4.  Again,  from  the  equ^  k«o,  TEaa, 
take  the  common  space  klho, 
and  there  remain*         tels  =>  A  l«b. 


Corot.  5.  And  irhea,  by 
the  Unaa  k<,'  ob,  moTing 
vith  a  parallel  motioa,  e« 
coDMi  into  the  position  ib, 
where  «k  is  the  conjugate  to 
ca;  tiitn 


the  triangle  k%s  becomea  the  triangle  ibc, 
and  the  apace  arbq  becomes  the  triaQi;)e  arc  ; 
and  therefore  the  A  lac  =  a  abc  =-  A  tec 

Carol.  6.  Also  when  the  lines  m  and  h«,  by^iBO*iDgi*ith« 
parallel  motioa,  come  into  the  position  c«,  mc, 
the  triangle  l^b  becomes  the  triangle  cnr, 
and  the  space  telk  becomes  the  triangle  tsc  ; 
and  tberef  the  A  cch  :=  A  tec  =  A  arc  =  A  IM. 

THEOREM  XXII. 

Any  Diameter  bisects  all  it8  Double  Ordinates,  or  the  Unea 
drawn  Parallel  to  the  Tangent  at  its  yertex*  or  to  its  Coa- 
jugate  Diameter. 


-:l,vG00gIC 


OP  THE  HYPtlRBOLA. 


ThstH,if«9bep«uidlel 
1o  the  tuigent  rm,  or  lo  ce, 
Ihen  •IwU  14  ae  Lf . 


For,  draw  «b,  ^  perpendicalar  to  the  tniwtr«n«. 
Tbeo  hycor.  3,  (keor  21,  the  A  t«n  ^  ^  l^A  ; 
but  these  trianglet  are  atsu  eqainoKular  ; 
eooieqnentljF  their  like  aidei  are  equal,  or  l«  =>:  19. 

Cond.  I .  Any  diameter  divide!  the  hyperbola  into  two  eqtial 
p&rti. 

For,  tbe  ordinatet  on  each  side  being  equal  to  each  other, 
tod  eqasl  in  number ;  all  the  ordinales.  or  the  area,  on  ons 
■ide  of  the  diameter,  ii  equal  lo  all  the  ordinatea,  or  the  area, 
on  the  other  aide  of  it. 

Coroi.  t.  In  like  nMuner,  if  the  ordinate  be  produced  lit 
the  coojuKate  hjperbolai  at  4',  9',  it  may  be  proved  that  w' 
^Lq.  Or  if  the  taogeot  te  be  produced,  Ihea  cr  =  kw. 
Also  Ae  diameter  qcen  biiectt  all  lioea  drawa  parallel  to  tc 
or  4f ,  and  limited  either  b^  one  hyperbola,  or  by  iti  two  con- 
jugate hyperbolas. 

THEOREM  XXin. 

A«  the  Square  of  any  Diameter  : 

If  to  (he  SqoHre  of  its  Conjugate  : 

So  i*  the  Rectangle  of  wy  two  AbecUBet  : 

To  the  Square  of  their  Ordinate. 
That  is,  CE»  ;  ce»  :  :  el  .  ho  or  cl"  —  ci*  ;  l**. 
For,  draw  the  tangent 
TE,  aod  produce  the  or- 
dinate «L  to  the  .  trans- 
verse at  K.  Also  draw 
VB,  en  perpendicolar  to 
the  trapurene,  and  meet- 
tingy  JQBandN.  Theo, 
similar  triangles  being  ai 
die  aqoares  of  their  tike 
•ides,  it  ii, 
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by  aim.  triaoglei,  ACet  :  Aclk  :  :  ce*  -.  cl*  ; 

or,  by  diriaion,       Acrr  :  trap,  tels  : :  c<*  :cl*— ce'. 

Again,  by  lim.  tri.  AceM  :  Al^h  :  :  c^  ;  L4'. 

But,  bj  cor.  □,  thpor.  21,  the  Ac<k=Acet. 

and,  by  cor.  4,  theor.  21,  tbe  A>-4>(^trap.  tele  ; 

tberef.  by  equality,  ce*  :  ««■  :  t  cl*"— ce*  :  i.ft*,'    " 

or        •         -  ce'  :  ce*  ; :  el  .  lo  :  l%*  '  %.  e.  d. 

Carol.  1.  The  squares  of  the  ordinales  to  any  diameter, 
are  to  one  snutber  hs  tlie  rectaiij^lea  of  tb«ir  respective  ab- 
■cisies,  or  as  tbe  differeocc  of  Ibe  squares  of  the  semi-fliaine 
ter  and  of  the  diHlance  bcttveeo  tbe  ordinate  and  ceotre.  for 
they  are  all  in  tbe  lome  ratio  of  ce*  to  c<*. 

Cn-d.  2.  The  abore  being  tbe  same  proper^  as- that  be- 
loDging  to  the  two  aies,  all  the  other  properties  before  laid 
down,  for  the  nxos,  may  be  understood  of  iiny  two  comui^aie 
Atameten  whatever,  uiing  only  the  obhi^ue  urdiiiHtes  of  Ihene 
diatdeters  initeiw)  of  the  perpendicnlar  ordiuates  of  the  ases  ; 
BEtmety,  all  the  properties  in  theorems  6,  7,  8,  16,  17,  SU. 
«I. 

Carol.  S.  Likewise,  when  the  ordinates  are  conthmed  lo 
the  coaJDgato 'hyperbolas  at «',  /,  tbe  same  properties  still 
obtain,  subotitating  only  tbe  suu  for  the  difference  of  the 
Ktoares  of  a:  and  cl, 

That  is,  CE*  ;  c«  :  :  cl*+ce'  :  l«'*. 

And  so  Lft'  :  i.<i'»  :  :  CL*  — ce»  :  cl*+ce*. 

CoT!:^.  4.  VTheo  by  the  motion  of  1.4' jMrallel  to  itself,  that 
line  coincides  with  ev,  the  last  corollary  becomes 
Ct»  ;  ce*  :  !  2ce*  :  cv*, 
ore*'  :EV»  :  :     I     :     2, 
orce    :ev   !  !     1     :y/g, 
or  aft  the  side  of  a  square  to  its  diogonal. 
That  is,  in  all  conjugate  hyperbolas,  and  all  their  diameters, 
any  diumeter  is  to  ilft  parallel  tangent,  in  the  constant  ratio  of 
the  side  of  a  squiire  to  its  dingonnl. 

THEOREM  XXIV. 

If  nny  Two  Lines,  that  any  where  intersect  eac^  other,  meet 
the  CuiTe  each  in  Two  Points  ;  then  . 
The  Rcctaugle  of  tbe  Segments  of  the  one  :  '  ^ 

Is  to  the  Rectangle  of  the  Segment)  of  tbe  other  ; 
As  the  Sqnarc  of  the  Diom.  Parallel  to  tbe  fbnner: 
To  the  Square  of  the  Diam.  Parallel  to  the  latter. 

^  That 
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That  H.  if  CE  and 
cr  b«  PanJlel  to  any 
two  Line*  pb%,  pnq ; 
tbeosballcM  :  cH  :  : 

rH.HQ  :pH.Hf. 


For,  draw  the  diameter  che.  and  the  tingent  XEvaadits 
parallels  fk,  ki.Kh,  meeliog  the  conjugnte  of  the  di.ioii^ter 
CK  ia  the  poiots  t,  k.  i,  k.  Theo,  because  simiUr  triangles 
are  ?m  the  squares  of  thair  hke  sides,  rt  is, 

bjsim.  triang!es,     ex'  ;  op'  i  :  acri  :  AcrE, 

and      .     .     -     .     cK>  :  aii>  :  :  ^cni :  J^auu ; 

theref.  by  division,  cr'  :  or*  -~au*  ;  :  cri  :  ■rttK. 

Again,  tiy  sim.  tri.    ce*  :  cH'  :  :  ACTE  ;  Acmh  ; 

and  by  divbion,       ce*  :  ch*  —  ce'  :  :  ^cte  :  tchm. 

Bat.  by  cor.  6,  tbeor.  31,  the  A  cte=  Acir, 

and  bj  cor.  I,  tbeor.  3t,  teii<}=kphc,  or  tehh=epbh  ; 

tberef.  by  equ.  cb»  :  cb»  — oe*  :  ;  cr*  :  op*  -  oa'  or  Pa  .  b«. 

In  like  Dianner  ce*  :  ca>  — cK*  :  :  or*  i  ^a  .  uf. 

Tberef.  by  equ.  cm.*  :  cr>  :  :  b^  .  B%  :  ;>a .  vj.  ^  i.  d. 

OtnA.  I.  In  like  mnnner,  if  any  other  lisei  p'fi'q',  parallel 
to  cr  or  to  pq,  meet  rnti ;  siDce  the  rectangles  ph'^,  p^q' 
are  also  in  ihe  same  ratio  of  eft*  to  cr'  ;  therefore  tberect. 
PH«  ;  pwq  :  :  Fu'4  :  ^'h  q'. 

Also,  if  another  line  p^V  be  drawn  parallel  to  r^  or  ca ; 
becaa)>e  the  rectangles  p'&ft'  p'hq'  are  still  in  (he  same  ratio, 
therefore,  id  general,  the  rect.  phq  :  db;  :  :  p'A«'  :  p'hif. 
That  is,  Ibe  rectangles  of  the  parts  of  two  parallel  linei, 
are  to  one  another,  as  the  rectaoglen  of  the  parts  of  two  other 
parallel  lioes,  any  where  intenectiag  the  foRner. 

Carol.  9.  And  when  my  of  the  lines  only  tonch  the  curve, 
instead  of  caltii^  it.  the  rectangles  of  soch  become  iqaares, 
aul  the  general  property  still  attends  them. 
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Thtt 

«. 

en' 

cr*: 

TB*: 

«C»' 

cr  ! 

TB  : 

BtulCJl 

cr  : 

tt.   : 

Caret.  3.  And  beoce  te  :  t(  :  :  (k  :  '<• 

THEOHEMXXV. 

If  ■  Lme  be  4rawa  throa^  any  Point  of  tiie  Curves,  Pnraltel 
to  either  of  the  Axes,  and  tenaiiiated  at  tfae  AajiD|)toiea  ; 
the  RcctB^e  of  ito  S^ments,  meuured  from  tW  Point, 
will  be  eqofll  to  the  Square  of  the  Seni-axii  to  whkfa  it  k 
panllel. 


That  if, 
the  rect.  hu  or  hcx^ga', 
•ndnct  htk  or  JUfc^u*. 


For,  draw  u.  parallel  to  co,  and  ol  to  ga.    Then 
br  Om  parallels,  ga*  :  ga*  or  u.*  :  :  CD*  :  dh*  ; 
and  by  theor.  «,  ci*  :  ca»  :  :  cd*— ci«  r  De»  ; 
.theref.b7Bubtr.cA>  :  ca*  :  :  Ci*  1  dh*— dk*  aracii. 
But  the  antecedeDta      ci* ,  ci*  are  eqod, 
tberef.  the  coMeqneota  ca' ,  b£k  arait  alao  be  equaL 

In  like  manner  it  U  again, 
bj  the  parallel!,  ci*  :  ca*  or  ai.*  :  :  cb*  :  br*  ; . 
aod  by  theor.  3,  c**  :  wi»  :  len'+ci*  :  d«*  ; 
tberef. byaabtr.Gi*  :  ca*  :  :ca*  :  d«*— bh*  orHtK. 
Bat  the  antecedents  ci*,  ta*  are  the  same, 
dwref.  the  ceoseq-  cu* ,  hck  most  be  eqasl. 
In  like  manner,  by  chai^;inc  the  axes,  is  htk  or  htlf^cx*. 
Corai,  I.  Bwaoae  the  rect.  hex^  the  rect.  r», 
therefore  eb  :  ch  :  :  ex  :  xx. 
And  consequently  he  :  is  alwayi  peater  than  at. 
Coml.  i.  The  redaigje  texs*  the  rect.  nxit. 
For,  by  aim.  tri.  xft :  xs  :  :  tit :  u. 

SCHCUUIfc 
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OF  THE  HYPERBOLA. 


9CH(HJC1L 


It  M  evMent  that  tliia  propo'ttion  ia  genenl  for  aaj  line  - 
oblique  ta  ibfl  axis  also,  Dwne))',  that  the  recbiii^e  of  th« 
le^ni'iiitii  qf  anj  (iae,  cut  bj  the  curve,  and  tarminiitnt  li;  tbs 
tiy[n;i:ote*,  ii  equti  to  the  squure  of  the  semi  diameter  to 
whicb  the  Hoe  'u  parallel.  Since  ihe  demons 'r^tioa  i*  drawn 
from  (iroperties  thai  are  coiomoa  to  all  diameten. 

All  the  rectar^Tea  are  equal  which  are  made  of  the  Segmenti 
of  »ay  P:<r.iilel  iduaa  cut  b;  the  Curve,  aod  limited  by  the 
Asymptotes. 


Tbatii, 

the  rcct.  ubk^cbck. 
and  rect.  htk  aftck. 


For,  each  of  the  rectangles  bbk  or  bbt  it  equal  to  the 
square  of  the  parallel  semi -diameter  cs ;  aoA  each  of  the 
rccten^ea  hdt  or  hek  is  equal  to  the  square  of  the  parallel 
semi-dtameter  ci.  And  thareibre  the  rectaugles  of  the  leg- 
meuts  of  all  parallel  lines  are  equal  to  one  another.     4.  e.  o. 

Cbro/.  1.  The  rectangle  sax  beii^  constantly  the  samet 
whether  the  point  t  is  ti^ea  on  Ute  one  aide  or  the  other  of 
the  poioi  >r  ointact  i  of  the  tangent  parollel  to  bx,  it  followa 
that  the  parts  hi,  at,  t)(  aoy  line  he,  are  eqaat. 

And  becanse  the  rectangle  Hex  is  cmstant,  whether  the 
point  e  is  taken  in  the  one  or  the  other  of  the  opposite  hj- 
perholas.  it  follows,  that  the  parti  He.  u,  are  »ko  equal. 

Cbrol.  S.  And  when  rk  comes  bto  the  position  of  the  tan- 
gent DiL,  thf  last  corollary  ^comes  tL=iT>,  aod  ni=iif,  and 

Hence  also  the  diameter  ciR  hiaecta  all  Ihe  parallels  to  ol 
which  are  terminated  by  the  asymptote,  namely  hrskk. 

ConL 
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AM  OONIO  SfiCTlOlTS. 

Conl.  3.  From  th«  profioatie*,  and  tbe  laat  coroDaiy,  it 
fbllows  that  the  consliDt  rectangle  hek  or  ehe  it  <=)l*.    And 
dte  eqml  constant  rfccC.  aVK  or  tHr^Mt.R  or  im*  — 
Corn.  4.  And  hence  h.=  tbe  pm-aUel  w     '  " 
For,  therect.  ti8E=^ii;*,  - 
and  the  eqnal  rect.  e«=i««— it*, 
tberef.  iL«=ni»-a»,  «  ii^=tit«  ; 
iHit,  by  c«r.  4,  AMf.  23,  ra>3*9c«« ; 
and  Iherefore     •     -     •     il  =cb. 
And  so  the  uymptoteB  pnM  tlisoogb  die  oppoake  ao^et  of  all 
tbe  iucribed  panllelograms.     . 

THtOREM  SXvn. 

Tbe  ractanf^e  of  any  two  Lines  dram  from  any  Point  in  tbe 
Curre,  Parallel  to  two  ^ren  Lines,  and  limited  hj  tbe 
AsymptoteH,  is  >  CoiMtanI  Q,uaDtitj. 

Tbvt  is,  if  «P,  EC,  Di  be  parallels, 
'     M»  also         A%,  BK,  DM  paralleli, 
tbeu  shall  the  rect.  »«=  rect  oue=  rect.  idm. 


For,  pradoce  kk,  Mntothe  other  asjuaptote  atH,i.: 
Then,  bf  tbe  parallels,  bk  :  Gb  :  :  ld  :  id  ; 

bat «x  :  £■  :  :  DM  :  DM ; 

tbaref-  the  rectangle      bkk  :  qkk  :  :  ldn  :  idm. 
Bnt,  by  tbe  last  Ibeor.  tbe  rect.  bie^^ldn  ; 
and  tberefore  tbe  rect.  obk=idii=pa«. 

THEOREM  XXVUI. 

Every  Inscribed  Tiiangle,  formed  Iiy  any  TitD^nt  and  the 
two  Intercepted  Parts  of  the  Asymptotes,  is  equal  to  a 
Constant  Qnantity  ;  namely  Double  the  Imctibed  Parelle- 

That 
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OP  THE  HYPERBOLA. 

Thai  m,  (hp  Uisqgle  cn^i  ptrti. 
For,  since  (be  timgcDt  ts  is 
bisected  by  Ibe  pcdnt  of  god- 
tact  c,  and  ks  is  parallel  to  to, 
aod  OB  to  cK ;  tbcreJbre  ex, 
aa,  QE-aie  all  equal,  as  are 
also  CO,  GT,  KE.     Consequedt-  _j,        , 

Ij  the  lri«ngieaTE.=  lhe  tri-         '^  ^-  ^ 

angle  KES,  and  eacb  equal  to  half  the  conitact  iaicribed  ita- 
rdlelc^ran  ck.  And  therefore  the  rtfboh  (riangle  ers,  which 
is  composed  oftfaa  two^maller  triimgiet  and  the  pnrallelograin, 
ii  equal  to  doable  the  ctmtont  iaacribed  paralleto^-am  ok. 

.«■  ■.  D. 
THEOMM  XXIX. 

If  from  ihe  Point  of  C&ntact  of  any  Tangent,  and  ihe  two 

'    Intenectiana  of  the  Carre  #ith  a  Line  pontlel  to  the 

Taogeot,  three  parallel  Liues  be  drawn  in  any  Direction, 

■and  termiDated  by  either  Aiymptote ;  Ao«e  three  Line* 

■haU  be  in  contiaoed  Proportion. 

That  is,  if  hkm  and  the 
tangent  ir.  be  parallel,  then 
are  the  pamltela  su,  si,  ei 
ID  continoed  propdrtioo. 

For,  by  the  parallels, 

and,  b^  the  same         bi  :  il  :: 

tberef  1^  compos,      ei*  :  ii,* 
but,  by  tbecr.  £fi,  the  rect.  rmkoiil*  ; 
and  theref.  the  rect.       on  .  ok=*ei», 
or  •         •         -         DH  :  EI  ::ei  :  ok. 

THEOREM  XXX. 

Draw  tbe  aemi-diamelera  cit,  cm,  cR ; 
Then  shall  tb«  sector  chi  =  the  sector  cix, 


Vol,  I. 
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Fort  bscaou  »■  and  all  ita  panllels  ai«  bkectod  b;  ciir, 

tberofore  the  triaD^fl     ciiH=tri.  cre, 

and  die  segment  ihh  =  seg.  irk  ; 

coDaequenUy  the  Kctor  cm  =  seCi  oik. 
Carol.     If  the  geometrical^  Dfi,Di,  ok  be  panllel  to  the 
other  aay^aptote,  the  spacea  d«ii:,  eiko  will  be  e^nal ;  fi>r 
they  are  equal  to  the  eqnal  Kctora  chi,  cik. 

So  that  hf  taking  any  g«ometricals  cd,  ce,  co.  Ice.  u4 
drsmng  oa,  ki,  ok,  iu.  parallel  to  the  other  asymptote,  as 
idM  (be  radii  cb,  ci,  ck  ; 

then  the  sector*  cm,  ciKi  tx. 

or  the  spaces  dbib,  eiko,  &c. 

will  be  alt  equal  among  themaelrea. 

Or  the  sectors  cai,  can,  tic. 

or  the  spaces  dbig,  ohkg,  Sic. 

Will  be  is  arithmetical  pn^renion- 
And  therefore  these  sectors,  or  spaces,  will  be  aDdogoiH  to 
the  lojiarithme  of  the  lioei  or  bases  ci>,  ce,  ca,  &c. ;  namel/ 
CHI  or  DHiK  the  log.  of  the, ratio  of 
c»  tocB,  Ofof  c>  tocD,&c. ;  orof  bi  to  oh,  orofoKtoKi.&c-i 

and  CBK  or  ohko  the  tog.  of  the  ratio  of 
CB  to  CO,  &c.  or  of  OK  to  ra,  flic. 


OP  THE  PARABOLA. 


Prwoi 
Op 


Irdinstea. 

Let  AVM  be  a  section  throngb 
the  axis  of  the  cone,  and  «oih  a 
parabolic  section  by  a  plane  per- 
pendicular to  the  former,  and 
parallel  to  the  side  vn  of  the 
cone  ;  slao  let  afb  be  the  common 
intersectioo  of  the  two  pines,  or 
the  aiis  of  the  parabola,  eiid  f«, 
HI  ordinates  perpendicnlar  to  it. 

Then  it  will  he,  as  af  :  ih  :  :  Fa»  :  bi». 

For,  through  the  ordinates  fo,  bi  draw  the  circular  lec- 
tiobi,  KSL,  MrH,  parallel  to  the  base  of  the  coBe,  baring  at. 
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%n  for  thetr  diameten,  to  which  ro,  hi  ar«  ordinates,  as  well 
a»ta  the  axu  of  the  parabola. 

Tbeo,  by  siinilar  triangleB,  ap  :  ab  :  :  fl  :  »■ ; 
hot,  becatiae  of  the  paraUflU,  xf=mh  ; 

therefore  af  :  iJi  :  :  kf  .  fl  :  mb  .  bn. 

Bat)  b;  Uie  circle,  kj  .  fl  =  ro',  and  mh  .  an  s  at*  ; 
Therefore  •     ap  :  &b  : :  fo>  :  hi*.     «.  b;  d. 

Corol.  Hence  the  third  proportional or —  ia  a  conatwt 

quantity,  and  is  eqgal  to  the  parameter  of  the  axis  hy  defis. 


16. 


Or  IF  :  re  : :  Fo  :  r  the  parameter. 
Or  the  reotang^  r  .  ap  *:  ro*. 


TUeoREM  n. 

Am  the  Parameter  of  the  Axia  : 
la  to  the  SiKD  of  any  Two  Ordlnatea  : 
So  is  the  Difference  of  those  Ordinate!  : 
To  the  Difference  of  th«ir  Abaciiaei ; 


That  is. 

p  :  oa  +  DE  :  :  aa—  db  :  so 
Or,  p  :  Ki  :  :  IH  :  ic. 


For,  by  cor.  theor.  I ,  F  .  Ao=oB* , 
and        -        -        -        r .  ad—m*  ; 
thereC  by  subtraction,    r  .  dg^h*  — dk* 
Or,        -   .     -        -        r  .  Do=w  .  IB, 
tbu^fore  -         f  :.xi : :  ih  :  no  or  bi.  a.  b.  d.  . 

Corol.  Hence  becauae  p  .  «  =xi  .  ih, 
and,  by  cor.  theor.  1,      r  .  Ao=aB*, 
theremre       -        -        ao  :  ai  i ;  ob*  :  ii .  ib. 

So  that  any  diametep  ei  ia  as  tbp  rectan(le  »f  the  Mgmcii^ 
zt,  IB  of  the  doable  ordinate  kb. 


THBOSEHIIL 

The  Diatance  from  the  Veitex  to  the  Fooni  ia  eqnal  to  }  of 
the  PftreBeter,  or  to  Half  the  Ordiute  at  the  Poena. 

Tbat 


jjvGooylc 


CONIC  SECTIONS. 


Thnt  1%, 
where  f  t*  (be  focus. 


For,  thA  general  propertyia  ir  :  fk  : 

But  by  dcfioilion  17       -     jr  t=»i*  J 

Iherefora  ale©  -  -        AF=ir« 


A  Line  drawn  tnm  the  Focui  to  any  Point  in  tbe  Carve,  if 
'    equal  to  the  Sum  of  the  Focal  DataDce  aod  Ok  AbaciM  of 
the  OrdJDBte  to  that  Point. 

That  ij, 

TE  »=F*  +  iD^OD, 

taking  *•  =  av. 


For,  since  fo  a*  ut^n  af, 
ibcref.  by  squaring,    fd»  —  *r'  -  Saf  .  ad  +  «>• , 
But,  by  cor.  iheor.  l ,  db*  =  r  .  ad  =  'I»f  •  *»  i 
theref.  by  addition,      fO"  +  de»  «=  i.F»  +  «Ar  .  ad  +  a»», 
But,  by  rifht-ana.  Iri.  Fn»+  oe*  =*  fe»; 
thei^fore        -        .    Fa»=AF»  +  «Ar  .  a0  + ab», 
BDd  (he  root  or  side  is  fk  =  *f  +  *=>.. 
or         -         -         -      FC  =  on.  by  taking  40  =  **■. 


Cvrol.  1 .  If,  tlirougli  tlio  poi 
line  GB  be  drawn  iieritenilicula 
axis,  it  is  called  the  directrix  01 
rabola.  The  iiroperty  of  whi 
this  theorem,  it  appeurs,  is  thi 
drawing  any  line  mi  parallel  to 
HE  is  always  equal  to  fe  ihe  di 
the  foeas  from  the  point  a. 

Corol.  t.  Henca  tdso  the  curve  is  easily  described  by  poiott. 
Namely  in  the  axis  produced  tak»  *c  =^  af  the  focal  distance, 
and  draw  u  number  of  lines  ce  perpendicular  to  the  a»i«  ad  ; 
then  with  the  digtanceatiD,  00,  dn,  tc.  as  radk  and  the  centre 
F,  draw  arcs  crosang  he  pteaflrf  ordinatea  10  s,  k,  k,  &c 
Then  draw  the  curf  e  through  all  the  points,  l,  e,  r 
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THJXIBIM  V. 


If. a  Tangent  be  drawn  to  nay  Point  of  tbe  Parabola,  ibeet- 
ing  tbe-Azia  produced ;  and  if  bd  Ordinate  to  the  Aiis  be 
drawn  from  tbe  Point  of  Contact ;  then  tbe  Abeciu  of  that 
Ordinate  will  Be  eqaal  tp  the  Eitetnal  Part  of  tbe  Ans. 


That  is, 
if  Tc  toach  the  corre 
at  the  point  c  ; 
ibva  if  AT=aii. ' 


For,  Iron  the  p<dat  Ti  draw  asy  line  cattiag  tbe  curre  in 
the  two  poinU  k,  b  :  to  which  draw  the  ofdinatea  sa,  cu  ; 
alao  draw  the  ordinate  ac  to  die  point  «f  contact  o. 

Then,  by  til.  I,  in  :  u  :  :  dk*  :  ti«*  ; 

and  by  aim.  tri.       td"  :  to'  ;  :  oe*  ■  oh*  ; 

tbercf.  by  eqnali^,  ad  :  ag  : :  to*  :  tg*  ; 

: ;  Tl>*  [  To>.— K>*orpo.(T»+Te), 

~T  :  TD+TO  ; 


and,  by  diviaion, 


and,  by  diviaion, 
and  again  by  dir. 


AT  is  a  mean  proper,  between  ad,  , 


Kow  if  the  line  tu  be  auppoied  to  rerolve  abont  the  point 
S_;  then,  as  it  recedes  farther  from  the  axis,  the  points  a  and  e 
approach  towarda  each  other,  the  paint  k  desceodii^  and  the 
point  H  aacendii^f  till  at  last  they  meet  in  the  point  c,  when 
tbe  line  becomes  a  tangent  to  the  curre  at  c.  And  then  the 
points  D  and  o  meet  in  tbe  point  n,  and  the  ordinates  de,<mi  in 
tbe  erdinates  um.  Conseqaeutly  ad^  ao,  becoming  each  equal 
to  AM,  tbeimean  proportional  at  willbe  equal  lo  tbe  absciss 
AM.  That  ia,  the  external  part  of  the  axis,  cut  off  by  a  tan- 
gent, is  equal  to  the  absijisa  of  tbe  ordinate  to  tbe  poi^t  of 
contact.  4.  E.  D. 


If  a  tangent  lo  the  Cnrve  Me«t  the  Axis  produced ;  then  the 
Line  drawn  from  the  Focus  to  the  Point  of  Contact,  will  be 
equal  to/^^  Distance  of  the  Focus  fram  the  Intersection 
of  tbe  Tangent  and  Axis. 

That 
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Thatu, 

I 

/ 

K 

s.        s 

Poa,  draw  tMkordiDtte  »c  to  th«  point  of  contact  c. 

Then,  by  theor.  &,  at  =3ii) ; 
therefore  -  rr^  AF-f-^D. 

Bat,  b;  Ibeor.  4,         fc  =  af+ad  ; 
Iberef.  bf  equali^,     fc  ~  ft. 

Con4.  I.     Ifcobedrawaperpeadicutar tolhecnrTe,ort* 
the  tangent,  Bt  c  ;  then  shall  fo  =  fc  »=  ft. 

For,  dnw  fh  perp«odictilar  to  re,  wfaieh  frill  abo  b'uftCt 
Tc,  becaute  ft=pc  ;  and  therefore,  by  the  satore  of  the  pa.- 
ralleli,  fh  also  biiscts  ia  in  r.     And  coaeeqtienU;  fo  ^  ft 


So  tiuA  r  ii  the  centre  of  a  circle  pasaii^  thnra^  T,  c,  o. 

Carol,  i.    The  tangent  U  the  vertex  ab  is  a  meair  propor- 
tional betneeo  af  and  ad. 

For,  became  fkt  ia  a  right  angle, 
therefore     -      ah  is  a  mean  between  af,  at, 
or  between  •     af,  ad,  because  ao=at. 
Likewise,     -      rn  is  a  mean  between  fa,  ft, 
or  between  fa,  rc- 

Cont.  3.  The  tangent  tc  makaa  equal  anglefl  with  fc  an^ 
the  axis  ft> 

For,  because    ft=fc, 

therefore  the  ^  FcT=i  ftc. 

Also,  the  angle  acF^  the  angle  ock, 

drawing  ick  parallel  to  the  aiis  aq. 
Coroi.  4.  And  because  the  angle  of  incidence  oca  is  = 
the  angle  of  refieclion  ocf  ;  therefore  a  raj  of  light  falhng 
on  the  curve  in  the  direction  bc,  will  be  reflected  to  the  focus 
F.  That  is,  all  rays  parallel  to  the  wis,  are  reflected  to  the 
fiicas,  or  bnriHDg  point. 
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OP  THE  PARABOLA. 


THEOREM  VII. 


If  there  be  any  Tangeat,  and  a  Dmibl«  Ordinate  drawn  {torn 
the  Point  of  Contact,  and  aleo  any  Line  parallel  to  the  Aiis, 
limited  by  the  Tangent  and  Double  OrdinaU  :  then  aball 
tbe  Curve  divide  that  Line  in  the  laroe  Ratio,  as  the  Line 
divides  the  doable  Ordinate. 


Foft,  by  um.  trian^ei, 
inlbj  the  de£  the  param. 
therefore,  by  equality, 
But,  by  theor.  2,  -     -     • 
therefore,  by  equality 
and  by  diTiiion,     -     -     . 


The  nine  being  supposed  ai  in  theor.  7  ;  then  shall  Ihe  Ex- 
ternal Part  of  the  Liae  betweea  the  Curve  and  Tangent  be 
proportional  to  the  Square*  of  the  intercepted  Part  of  the 
Tangent,  or  to  the  Sqaare  of  the  iBtetcepted  Part  of  the 
Doable  Ordinate. 


Thiit  is,  (E  is  as  ci'  or  as  ck' 
and  IB,  TA,  OH,  PL,  be. 
are  as  CI*,  CT*,  CO*,  cp',  &c. 


Fob,  by  theor.  7,  la  ;  kk  ; ;  ck  :  kl, 
or,  by  equality,         ie  :  ek  ;;  ck'  :  ck  .  kl. 
But,  by  cor.  tb.  2,    Es.h  as  the  rect-  ck  .  kl, 
therefore     •     •     -    ie  is  ai  ck>  ,  or  as  ci'.  «.  e.  b. 

Corol.  As  this  property  is  common  to  every  position  of  the 
tangent,  if  the  lines  le,  ta,  oa>  kc  be  appended  on  the  points 
I,  T,  o,  &,c.  and  moveable  about  them,  and  of  such  lengths  as 
thill  their  estcemitiesB,  A,  g.iic.  be  in  the  curve  of  a  parabola 
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630  COMIC  EJECTIONS. 

ia  (oree  ene  position  of  the  t«Dgent ;  then  Duking  tbe  taogent 
revolve  aboat  Ifae  point  c,  it  appears  that  the  eitremitiet  s.  *, 
a,  &c.  will  always  form  the  cqrreof  some  parsbola,  in  everj 
poailion  of  the  taogent. 

THBCXtEMIX, 

The  Abscisses  of  aay  Ditmeter,  are  as  the  St]aarefl  ef  their 
Ordi  nates. 


That  is,  C4,  CK,  cs,  &c. 
are  as  «e*,  ki*,  sn*,  tic. 
Or  c4  :  <:&::  %k*  :  ha*, 


For,  draw  the  tangent  cr,  and  the  externals  ei,  »t,  vo,  &c 
parallel  to  the  axis,  or  to  the  diameter  cs. 

Then,  because  the  ordinates  ««,  xa,  sn,  be.  are  parallel  to 
the  tangent  ct,  by  the  definition  of  them,  therefore  all  the 
figures  i«,  TK,  OS,  lie.  are  parallelograms,  whose  opposite 
sides  are  et|i)al ; 


namely, 

IE, 

T»,  OS,  &C. 

are  equal  to 

c« 

c«,  0 

s,&c 

Tberetbre.'by 

heor.  B 

en 

,iic. 

are  as 

.CT", 

co'.iic 

or  as  tlieir  equals 

«E 

,RA> 

in*,  tic 

Corot.  Here  like  n  in  theor.  2,  the  difference  of  the  A- 
scisses  is  as  the  differenc&of  the  squares  of  their  ordinate!, 
or  ai  the  recUngldi  under  the  snm  and  differeoce  of  the  ordi- 
nates, the  rectangle  of  the  sum  and  diRereace  of  the  ordi- 
natev  being  equal  to  the  rectangle  under  the  difference  of  the 
absciMos  Hnd  the  parameter  of  that  diameter,  or  a  Hiird  pro- 
portional to  Bay  absciss  and  its  ordinate. 
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THECffiEMK.     , 

If  ■  Liae  be  drawn  parallel  to  any  Tangent,  and  cut  the 
Curve  in  two  points  ;  then  if  two  Ordinate*  be  dntnn  to 
the  Interaections,  and  a  third  to  the  Poiiri  of  Cootact, 
these  three  Orclinate«  will  be  in  Arithmetical  Progreuion, 
or  the  Sum  of  the  Eitremea  will  be  equal  to  Double  tb«  . 


Thatia, 

0  +  HI  =  & 


For,  draw  bk  parallel  to  the  ana,  and  produce  m  to  l. 


Then,  by  »im.  triaogle 

bat,  bj  tbeor.  Z,     - 

theref  by  equality.       Sad 

But,  by  the  defin.  Sad 

theref.  the  2d  terma  are  equal,  si.  =  Sen, 

that  ia,  •  •   '       lo  -4-  HI  =  Sep. 


2ad  :  CD ; 
the  parent. 


Any  Diameter  bisects  all  ita  Double  Ordinatea,  or  [inea  peralle) 
to  the  tai^;ent  at  ita  Vertex. 


For,  to  the  aiii  ai  draw  tba  ordinatea  eo,  cb,  ai,  aod  Hit 
parallel  to  them,  which  ia  equal  to  cd. 
V»L.  I.  67  Then 
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COKIC  SECTIONS. 


ScBOL.  Hience,  m  the  abacJiees  of  any  diameter  owl  tbeir 
ot^nstM  liBvc  tlie  tMBB  ralntioiti  m  those  of  the  sta,  aanely. 
tiiat  the  ordiDBtu  are  bincted  b^  the  diameter.  Hid  tteir 
tquarea  proporlioiuJ  to  the  abscisses  ;  so  all  the  other  pro- 
-  perties  of  the  asis  and  its  ordinates  bnd  abscisses  before  de- 
BWDStraled,  wi)l  tikewise  hold  good  for  any  dinneter  and  ita 
erdiDHtei  and  absclsset.  And  also  those  of  the  {wraffleters. 
Slide rstaodiog  the  paraneter  of  hoy  diameter,  as  a  thii4 
proportional  to  »aj  absciss  and  its  ordratfe.  Some  of  th» 
most  material  of  which  are  demo&atrated  in  the  foUotring 
theorem!. 

THOREH  Xn. 

The  Parmeter  of  anj  Diameter  ia  equal  to  four  Times  the 
Line  drawn  from  the  Focus  to  the  VerteK  of  (hat  DJame- 


"W' — ^f 


That  18,41*0  =s  p, 
the  param.  of  the  diam. 


FoK,  drHW  the  ordinate  ma  parallel  to  the  tangent  ct  ; 
dao  CD,  UN  perpendtculur  to  tiie  uis  «ii,  and  wa  perpendicu- 
lar to  tlie  tangent  ct. 

Then  the  abscitses  *d,  ck  or  at,  being  equal,  by  theor.  6, 
the  parumelers  nill  be  as  the  squares  of  the  ordinatea  on,  lu 
orcT,  by  tbc  ilctinilion  ; 

r  :  p  :  ;  CD»  :  CT». 


ttiatH, 

Bat,  by  aim.  Iri. 

therefore 

But,  by  cor.  !,  th.  6, 

therefore 

ot,  by  equality 


PH  :  FT  : 
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But,  bjr  theor.  3, 
and  therefore    - 


r  ^  4fa,' 
-  p  =  4pT  or  4fc. 


Cenl.  Mence  the  paidnteter  p  of  the  diuaeter  oh  »  equal 
^  4rA  +  4ad,  or  to  r  -f*  4ad,  taat  ii,  tfae  parametw  of  tin 
axis  added  to  Aao. 

THEEHtEM  XUI. 

If  an  OrdtDQte  to  any  Diameter,  pau  throngb  the  Focoa,  it 
will  be  equal  to  Half  its  Parameter  -,  and  its  Abrciw  equal 
to  One  Fourth  of  the  eame  Parameter. 


That  is,  CH  =  |p, 
and    HE  =  jp. 


.  Fob.  join  fc,  and  draw  the  tangent  ct. 

By  the  parallels,  01=  ft; 

and,  by  theor.  ti,  fc  ■=  ft  ; 

abo,  by  theor.' 12,  Fc=jp; 

therefore        -    -  cm  =  ^p. 

Agaio,  by  the  defio.  cu  or  Jp  :  kb  : :  us  :  p, 

and coiueqaeDtly      iir  =  Jp=Sck.  4.  k.  d. 

Carol.  I.  Hence,  of  any  diameter,  the  doable  ordinate 
which  passes  through  the  focus,  is  equal  to  the  parameter,  or 
to  quadruple  its  absciss. 

Carol.  2.  Hence,  and  from  cor.  1 
to  theor.  4,  and  theor.  6  and  12,  it 
appears,  that  if  the  directrix  an  be 
drawn,  and  any  lines  he,  be,  parallel 
to  the  aiis ;  then  every  parallel  be 
will  be  equal  to  ef,  or  J  of'  the  par 
rameter  of  the  diameter  to  the  point  e. 


D,q,-Z.-dbvGOOglC 


CONIC  ACTIONS. 


THEMtEHXIV. 

If  there  be  a  Tangent,  and  aaj  line  drawn  from  the  point  of 
Contact  and  meeting  the  Corre  in  Bonte  other  Point,  aa 
also  another  Line  parallel  to  the  Aiis,  and  limited  by  tha 
Firit  line  and  the  tangent :  then  ihall  the  Curve  divide  this 
JSecond  Line  in  the  sane  Ratio,  as  die  Second  Line  divides 
the  fint  Line. 


That  IB, 
IB  :  EK  :  :  CK  I  KL. 


Fon,  dravr  lp  parallel  to  ix,  or  to  the  axis. 


Th*n  by  theor.  8, 

er,  by  nint.  tri.     -        i 

Alao,  by  sim.  tri.  i 

OF        -  -  -  I 

therefore  by  equality  i 

or,     -        -        -        I 

and,  by  divieioo,  i 

Corot.  WhencK  =  Ki 


If  from  any  point  of  the  cnrve  there  be.  drawn  a  Tangent, 
and  also  Two  Right  Lines  to  cut  the  Curve  ;  and  Diame- 
ters be  drawn  throagb  the  points  of  Intersection  b  and  l, 
meeting  those  Two  Right  Lines  in  two  other  Points  a,  ana 


:  Then  will  the  Line  s 
parallel  to  the  Tangent- 


joining  these  bit  Two  Points  be 


uiqi-zo^bvCooglt; 


■  KL : 

:  EI 

zk; 

CL  : 

:  £t 

Ki  ; 

CL  ; 

:oB 

LH  i 

CL  : 

:  Ki 

lb; 

*,h: 

;oH 

La; 

or  THE  PARA»>LA. 

For,  bytheor.  14,  c 

and  bf  com^ition,  c 

Bod  bj  the  parallela  c 

But,  by  aim.  tri.     -  c 

theref  by  equal.   -  k 

CODsequeotly  -  ki=oh, 

and  therefore     .  -  ko  is  parallel  and  equal  to  to.     4.  e.  d. 

THEOREM  STI. 

If  an  Ordinate  be  drawn  to  the  Point  of  CoDlact  of  any  Tan- 
gent, and  another  Ordinate  produced  to  cut  the  Tangent ; 
It  will  he,  as  the  Difference  of  tbe  Ordinatei  : 

Ib  to  the  Difference  added  to  tb«  asternal  Part  : 

So  is  Double  the  fint  Ordinate  : 

To  tbe  Sam  of  the  Oidinates. 

That  ii,  Kfi :  Ri  :  :  KL  :  ko- 


/^h 


For^'bycor.  1  theor.  1,  r 
and     •         -         -         .     p 

But,  by  sim.  trian^es,  ki 
therefore  by  equality,  r 
or,  -  -  -  -  T 
Again,  by  theor.  2,  r 

therefore  by  eqnali^,   mm 

Carol.  1.  Honce,  by  compoaitioD  and  di 


and  HI  : 
also  in  : 
that  ii,  n  is  a  mean  proportional  between  ic  and  m. 

Corel.  2.  And  A-om  thia  last  property  a  tangent  can  easily, 
be  drawn  to  the  ou'rve  from  any  gi*en  point  1.  Namely,  draw 
IHO  perpendicular  to  the  axis,  and  take  ie  a  mean  proportional 
between  m,  10  ;  then  draw  jcc  parallel  to  the  aiis,  and  c  will 
be  the  point  of  contact,  through  which  and  the  given  point  1 
the  tangent  ic  is  to  be  drawn. 
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TUKOEEM  XVIL 

If  a  Tangent  cut  any  Dtametar  produced,  and  if  An  Ontini1« 
to  thul  UUmeter  be  dratra  from  tbe  Point  of  Contact  i  then 
theDietaoce  in  the  Diameter  produced,  between  tbe  Ver< 
tez  and  ttie  Intencction  of  tbe  Tangent,  nill  be  e<(UAl  to 
the  Abscisa  of  that  Ordiaata. 


That  b,  iE=KK. 
For,by  thehstth. IE:  es  :  :ci  :Ki,. 
But,  by  theor.  1 1 ,  cx=icl, 
aod  tlierefore         iK=tK. 


Corol.  1.  Tlie  two  langenti  ci,  ii,  at  the  «tr«nitiM  of 
aay  double  ordinate  cl,  meet  io  the  »aoie  point  of  tbe  diame- 
ter of  thnt  double  Ordinate  produced.  And  the  diaoieter 
drann  througb  tbe  intersection  of  tno  taageiit*,  bi»ectg  the 
line  connecting  tbe  pointi  of  centact. 

Corol.  2.  Hence  ire  have  another  Betbod  of  drawing  a 
tangent  from  any  given  point  i  without  the  corre.  Namely, 
from  I  draw  tbediameter  IB.  ia  which  take  eK=<i.  and  through 
■  draw  CL  pnrallel  to  tbe  ttoftent  at  k  ;  then  c  and  i-  vtt  tbe 
pnoti  to  which  the  taogsnU  moat  be  drawn  from  i. 

THEtHffiM  IVIH. 

If  a  Uiie  be  drawn  from  the  Vertex  of  any  Diameter,  to  cnt 
the  Curve  in  aome  other  Point,  and  an  Ordinate  of  itMt 
Diameter  be  drawn  to  that  Point,  as  aieo  anolber  Orilinale 
any  where  cutting  tbe  Line,  both  prodnced  i^  neceaanry  : 
The  Three  witihe  continual  Proportionals,  namely,  the  two 
Ordinates  and  the  Part  of  die  Latter  limited  by  the  >aid  Um 
drawn  from  tbe  vertei. 


That  is,  DE,  on,  oi  are 
CODtinunl  proporltonala,  or 
DK  :  OH  :  :  OH  :  gi. 


For,  hy  theor.  9  -  .  . 
and,  b^  rim.  tri.  -  •  -  oc  :  oi 
tfaeref.  by  equality,  -  -  ni:  :  qi 
tbalie,  oflbethreeDE,  uH.oi,  1st :  3d 
therefore  -  -  -  .  .  ]ft  :  Sd 
that  is,      ......      sc  :  oB 


:  iu>  ;  Ao  : 
i  AD  :  lo  ; 
: Dfc» ;  OR*  ! 
list":  SH'  ; 

2d  !  3d, 

ou  :  «l-       <.  X.  >.. 

Corai, 
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CWoI.  I.  Or  their  «quaU,  «■,  oh,  «,  are  proportiosalt ; 
where  kk  n  parallel  to  &e  diameter  «e. 

Cirol.  2.     Hence  it  is  be  ; 
the  parameter,  or 
For,  b;  the  dafin. 
Gvro/.  3.     Heitce  obo  tbetbrae  m,  mi,  ■«,  are  profor- 
tioeala,  where  mo  is  parallel  to  the  diai&eler,  tmd  am  parallel 
le  the  onlinatas. 

r«r,  by  tfaeor.  9,  -  m(i,mi,  mo. 
or  their  equali  •  -  ap,  its,  ad, 
■re  as  the  liquareB  of  ps.gh,dk, 
or  of  Iheir  equals  oi,  an,  &b, 
which  are  proportionals  by  cor.  I. 

THEORiai  XUL 

If  a  Diameter  cat  any  Pantllel  Liiiet  terminated  bj  the  CnrTe ; 
the  Segmenti  of  the  Dinmeter  wilt  be  as  the  rectangle  of 
tbe  Segments  of  those  i.iBefl. 

That  is,  FK  :  BK  :  :  CK  .  KL  :  KM  .  mo. 

Or,     EX  is  as  the  rectangle  ck  .  kl. 

For,  draw  the  diameter 
PS  to  nhich  the  parallels 
CL,  MO  are  ordinate?  and 
the  ordinate  e%  parallel  to 
tbem. 

Then  ck  is  the  difier- 
ence,  and  lu.  the  sum  uf 
theordinates  e«,  gk  ;  also 
MM  the  diSereoce,  aad  mo  the 
And  the  difiereaces  of  the  absctasea,  are  ^a,  43. 

Then  lij-  cor.  theor.  0,  4*  :  fts  :  :  ck  .  kl  :  km  .  >ro, 
that  is  -         -         KK  :  EM  :  :  CK  .*kl  :  nh 

Cowl.  1 .  The  recL  ck  .  RL=rect.  ek  and  the  param.  of  fr  , 
For  the  rect.  ck  ,  Ki-=rect.  «r  and  the  parara.  of  pg. 

Cor^.  t.  if  any  line  cl  be  cot  by  two  diameters,  kb,  gh  ; 
the  rectangles  of  tbe  parU  of  the  line,  are  as  the  segmeots  of 
the  diameters. 

For  jB  is  as  tbe  rectangle  ck  ■  kc. 
and  cH  is  iig  tbe  rectangle  ch  .  H^  ; 
thcrprorc  kk  :  gh  :  :  gr  .  hi.  :  en  .  Hf-  , 

Conl, 
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Otrot.  3.  If  two  panlleh,  ci.,  ho,  be  cot  hj  two  diaa«- 
ten,  rm,  oi ;  the  recUoglei  or  the  parti  of  the  panllels,  will 
be  M  the  Begraeots  of  the  respective  diameten. 

For    -         -•         -     KK  :  EM  :  :  CK  .  KL  :  m  .  no, 

and      •         •         •     EK  :  OH  t  :  CK  .  XL  :  CH  .  hl, 

theref.  by  eqaal.        em  :  oh  :  :  nn  .  vo  :  cit  .  hl, 

Carol.  4.     When  the  parallett  come  int*  the  position  of 

the  tangent  at  p,  their  two  eilremiticf,  or  points  in  the  cnire 

anite  in  the  point  of  contact  p ;  and  the  rect«ii|^e  of  the  porta 

becomes  the  square  of  the  tu^^t,  and  the  sane  properties 

■till  fMlow  them. 

So  that,  Ev  t  pv  ;  :  pr  :  p  the  param. 


THEOREM  XX. 


If  two  Parallels  intersect  aoy  otber  two  Parallels  ;  the  Ract- 

aogle*  of  the  Segments  will  be  reapectirelj'  Proportiooal. 

That  is,  CK  .  KL  :  OK  .  e>  -.  :  oi  .  ib  :  ri  ■  lo. 


For,  by  cor.  3,theor.  19,  ni  :  «r  ; :  ck  .  kl  :  ai  .  m  ; 

and  by  the  same,  pk  ;  41  i  :  dk  :  kb  .  m  .  lo  ; 

theref.  by  eqaal.    ck  .  kl  :  dk  .  ee  :  :  di  .  la  :  in  .  10  ; 

CoTut.  When  one  of  the  puirs  of  intersecting  Itnea  conws 
into  the  position  of  their  parallel  tangents,  meeting  and  limit- 
ing each  other,  the  rectangles  of  their  segments  become  the 
eqaare*  of  their  acspective  tangents.  So  that  the  constant 
ratio  of  the  rectangles,  is  thdt  of  the  sqQare  of  their  parallel 
tangents,  namely, 
CK.KL  :  DS.  KG  :  :taiig*  .  parallel  loci  rtang*.  pandleltoox. 

THBOREF^I  XSI. 

If  there  be  Three  Tangents  interaectiog  each  other ;  their 
'Segments  will  be  in  the  same  Proporlios. 
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That  il,  at  :  IB  :  :  CO  :  00  :  :  »B  :  SB. 
For,  Anrogb  the  pointa 
«,  I,  »,  H,  draw  the  tUime- 
ten  OK,  iL\  DM,  hh  ;  w  abo 
the  lioei  ci,  ei,  which  are 
doable  ordioatu  to  the  dia- 
meten  at,  hh,  bj  cor.  I , 
theor.  16 ;  therefore 
the  diametera  as,  dm,  br, 
biaect  the  linea  cl,  ce,  lb  i 
beace  kk  =  cm  —  ck  a=  |cb  —  ^cl  i^  |le  =  IH  or  nk, 

and  HK  =  MK ll£  =  4CG  —  |LBs|cLacBOrU.. 

Bat,  by  paralleli,  gi  :  ih  ;  : 
and  -  •  CO  :  OD  :  : 
abo         -  DB  :  BB  : :  MH  :  hb. 

But  the  3d  teroM         ki.,  ck,  mm  are  all  equal} 
Bi  also  the  4th  terms  lh,  xx,  mb. 
Therefore  the  fint  and  lecond  t«ni»,  ia  all  the  lioca,  arc 
proportional,  namelj  ci  :  ih  :  :  co  :  oo  i  :  i»r  :  be.     (t.  C.  d. 


THEfKlEM  XXIL 

If  a  Rectan^e  be  described  about  a  Parabob,  faaniig  the  uaae 
Bate  and  Altitude  ;  and  a  diagonal  Line  be  drawa  from  the 
Verlei  to  the  Extremity  of  the  Baie  of  the  Parabola,  fomi^ 
Jug  a  right-angled  Triangle,  of  the  same  Base  and  Altitude 
abo ;  theo  any  Line  or  Ordinate  drawn  acroai  the  three  Pi- 
fures,  perpendicular  to  the  Axis,  will  be  cot  in  Cootiniul 
ProportioB  bj  the  Sides  of  those  Figures. 


Thatia, 
KF  :  £0  :  :  EO  :  eh. 
Or,  EP,  BQ,  eh',  are  in  con- 
tinued proportion. 


For,  1^  theor  i,  ib  : 
and,  by  sira.  tri.  -  ab  : 
theref  of  equali^,  •  Er  ; 
tbatb  -  -  -  Er : 
tberefb7Gemn.th.70,  EP,  pu,  EBare  proportioDids, 
or  -         -         -     EP  :  EQ  :  :  CO  :  KB.  «.  e.  J 


Vor..  I. 


6b 
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THEOREUXXm. 

The  Area  or  Space  of  s  Panbola,  is  equal  lo  Two-Tlurdi  af 
iU  CircanucribiDg  FarallelogmB. 

That  in,  the  «pace  abcoa  =  f  abco  ; 
or  the  apace  Mocat  ==  |  ascd. 
FoK,  conceire  the  apace  xncax  to  be  coinpoaed  of,  «r  di- 
vided into,  iadefioitely  imall  parte,  by  Ihiea  parallel  to  nc  or 
js,  auch  as  lo,  which  divide  id  idIo  like  small  aod  eqosl 
paila,  the  number  or  anm  ^  which  is  eKpreiaed  by  the  line 
AD.     Then, 
by  the  parabola,     .  bc>  :  kq*  :  :  as  :  ak, 
that  ia,      -  .  -     -    .  AD*  :  Ai*  :  :  DC  :  lo. 

HeiK»  it  fbllowa,  that  any  one  of  theae  narrow  parts,  m 

10,  is  K — tXai*  ;  hence,  ad  and  do  being  giren  or  cooitant 

quantities,  it  appeara  that  the  ^aid  parts  lo,  ttc,  are  pro- 
portional to  Ai*,  kc.  nr  proportional  to  a  series  of  square 
numbers,  wfaoiie  roots  ure  in  arithmetical  progressioii,  aiid  the 

area  adcga  eq«a)  to  — -  drawn  into  the  anm  of  awch  a  Miiea 

of  arithmeticah,  t)iu  oiimlier  of  which  is  espreued  by  as. 

Now,  by  the  remark  at  png.  227  this  to).  Uie  lom  of  the 
aquares  of  g<ich  a  series  of  aritbmeticals,  is  expressed  by 

Jn  .  a-1-1.  fis+l.  wliere  n  denotes  the  oamber  of  them. 
D  tlie 


tlie  preaeni  case,  a  represents  an  i 
then  the  two  faclort  a  -)-  t ,  3a  -{-  I ,  become  only  n  and  2n, 
omitting  the  I  hh  incnnsiderabie  in  respect  of  the  inGnite 
number  n:  faeace  the  ei[)ressioD  above  becomea  barely 
.Jn.».t»  =  K- 

Tu  apply  this  to  the  case  abore  :  n  will  denote  ad  or  ac  i 
nod  the  aura  of  all  the  ai>  'd  Jiecomes  |  ad"  or  |  sc*  ;  coose- 

i|iicntly  the  sora  of  ull  the  — -  x  At*'«,  is  — -  X  |   a»*  =  ) 

tn  .  DC  =  ^  BD,  which  is  the  itrea  of  the  exterior  part  adcoa. 
Tint  is,  the  !<iiid  exterior  )jnrt  adcca,  ia  ^  of  the  parallelogram 
■  ABCD ;  and  consequently  the  interior  |iart  abcga  ia  |  of  the 
same  paruUL'logriun.  4.  e.  o. 

CarW. 
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Cvrot.  The  part  afcoa,  ioclosfld  betwero  the  curve  and 
the  right  line  *rc,  u  ^  of  the  same  parallelogram,  being  the 
difference  between  abcoa  and  the  triangle  abcfa,  that  ii  he- 
t«eeo  }  and  i  of  the  parallelegram. 


THEOREM  ZXIV. 

The  Solid  Content  of  a  Paraboloid  (or  Solid  generated  hr  tha 
RoUtioD  of  a  Parabola  about  its  Axia),  ia  equal  to  Huf  ita 
CircuDscribiog  Cylioder. 

Lit  ABC  be  a  paraboloid,  generated  bv  the  rotation  of  the 
parabola  ac  aboat  its  alia  ad.  Suppose  the  axis  aH  be  divided 
into  an  iafioite  ntimber  of  eqaal  parts,  through  which  let  cir- 
cular planea  paes.  as  Era,  all  those  circle*  making  ap  the.whf^e 
lotid  paraboloid. 

Now  if  e  =  the  number 
3- 1416,  then  %<:  Xfo  ia  the  cir- 
cutnference  of  the  circle  iro 
whose  radius  is  ra  ;  therefore 
*X'o*u  the  area  of  that  circle. 

But,  by  cor.  theor.  1,  Parabola,  pXAF=re>,  where  p  dc 
notes  the  parameter  of  the  parabola ;  coDseqnentlj  pcX  it 
will  all!)  express  the  same  circular  section  cu,  and  therefore 
pCX  the  sum  of  all  the  af's  will  be  the  sum  of  all  those  cir- 
colar  aectioDS,  or  the  whole  cootent  of  the  solid  paraboloid. 

But  all  the  Ar's  form  an  arithmetical  progression,  befinning 
at  0  or  nothing,  and  baring  the  greatest  term  and  the  sum  of 
all  the  terms  each  expressed  bj  the  whole  axis  ad.  And 
since  the  aum  of  all  the  terms  of  snch  a  progresBion,  is  equal 
to  I  AD  X  AD  or  ^AD>,  half  the  product  of  the  greatest  term 
and  the  number  of  tenna  ;  therefore  |  ad*  is  equal  to  the  sum 
of  all  the  af's,  and  consequently  pcX^  AD*,  or  ^cXpX  ad*, 
ii  the  snm  of  all  the  circular  sections,  or  the  content  of  the 
paraboloid. 


B  D  d 


Bat,  by  tbe  parabola,  p  : 


DC* 


1  ad,  or  ;  = 

■eqnently  |eXpX  ad'  becomes  |  cX  adX  dc>  for  the  soliil 
content  of  the  paraboloid.  But  c  X  ad  X  dc'  ia  equal  to  the 
cylinder  sciu  ;  consequently  the  paraboloid  is  the  half  of  its 
circDBUCribing  cylinder.  4.  e.  d. 
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Tb*  Soliditf  of  the  Fmatbm  beoc  of  the  Psraboloid.  ii  e<|t»l 
to  a  Cylinder  whoie  beight  is  or,  ud  iti  Bue  Half  the 
Sum  of  the  two  Circular  Btnei  se,  sc. 
Foft,  tnr  the  last  theor.  ^peXAc'^  the  (olid  «bc,' 

ud,  bf  the  same,  \pcXkr*^=ihe  eolid  ako, 

fteref.  the  diff.  ^pcXf  ao»— Ar»)=5lhefnMtBKc, 

fiat  AD»-iF»=DFX(AD  +  at), 

tberef  ip<  X  df  X  (ao+af)  =  the  fniat.  bigg. 

Bnt,  b;th«  parab.  ;>Xad=i>c  -and^X  Ar=Fai; 

theref.  ^cXm  X(i>c*+  'a')  =  the  frost,  begc. 

4-  B.  D. 


1.  For  lAe  flltjMc. 

Let  il  deoste  ab,  the  (raiUT«ne  or  anjr  diameter ; 

c  =3  iH  its  coDJogate ; 

X  =>  AK,  any  sMciis,  fraai  the  extrenutj  of  the  diain. 

y  K=  DB  the  corretpondest  ordimte. 
TheO)  theor.  i,  1B*  :  hi*  :  :  as  .  kb  :  DK*, 
that  is,  (f'  :  e»  : ;  x{d~x)  -.y*,  hence  d'  y'  =  e*  (d!x— **), 
or  A!f=e^{dx  — x*),  the  equatioo  of  the  curve. 

And  (n»n  these  eqnatioas,  any  one  of  the  four  letters  or 
qnantitiea,  d,  e,  x,  y,  may  easily  be  ibond,  by  the  rediictiDa 
of  eqnationi,  when  the  other  three  are  givei). 

Or,  if  p  deoote  the  parameter,  ^  c*  -j-  rf  by  its  deGoitioii ; 
then,  by  cor.  th.  i,d:p  :  :  x(^d—x)^  :y*,  or  dy*^p(dx—x'), 
which  IS  another  ftrm  of  the  equation  of  the  curve. 
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O&tTWin. 

Or,  if  J 1=  AC  tbe  Kmi-ana ;  e  =«  cb  tbe  lemi-conjiigKte ; 
|)  =  c*  -^  d  the  semi- para metsr  j  x  ==  ck  ttie  abiciw  counted 
from  tbe  cenlre  ;  aod  31  =  dx  the  ordinate  at  before. 
Theo  11  tK  =  d—x,  wd  K»=d  +  i,  end  ak  .  eb  =  (d-i)  X 
(d +  3:)  =<*»-«•. 

Then,byth.8,<i»  :  e» :  id*-*'  :y*,aiidd^S»=e=(<i»~i«), 
orify  =  e^(d'~x*),  tbe  equation  of  tbe  curve. 

-  Or,  d  : p  '.:  d* ^  X*  :  y* ,  anil  dt/'  ^ p  (d*  —  x').  another 
ibnn  of  tbe  eqaation  to  tbe  carve  )  fVoBi  which  any  one  of  the 
^oaatitiei  may  be  found,  wben  tbe  rest  are  given. 

£.  Fw  the  Hyptrioh.    - 

Becatue  the  general  property  of  tbe  opposite  hyperbolas, 
with  reipect  to  their  ab»ci«ieB  and  ordtDales,  is  the  aitme  as 
that  of  the  ellipse,  therefore  tbe  process  here  is  tbe  very  same 
as  in  tbe  former  case  for  the  ellipse  ;  and  tbe  equation  to  the 
curve  must  come  out  the  same  also,  with  sometimes  only  tbe 
chnnge  of  the  sign  of  a  letter  or  term  from  +  to — ,  or  from 

—  to  -{-,  because  here  the  abscisses  lie  beyond  or  without 
the  traniverse  diameter,  whereas,  they  lie  between  or  upon 
then  in  tbe  ellipse.  Thus,  making  tbe  name  nobition  for  the 
whole  diameter,  conjugate,  absciss,  and  ordinate,  as  at  first  tn 
the  ellipse;  then,  the  one  absciss  jik  being  x,  tbe  other  bk 
will  be  d-4-x,  which  in  the  ellipse  was  d  ~  x  ;  so  the  sign 
of  X  must  be  changed  in  tbe  general  property  and  equation, 
by  wliicb  it  becomes  d*  :  e*  :  1 1  f  d  +  s)  :  y" ;  bence  d*v'  = 
c"  (^  +  x*)Bnd  dy  =  e  ^{dx  +  x*),tbe  equation  of  the 
curve. 

Or,  using  p  the  parameter  as  before,  itia.d  :  p:  ix  (d+x)  ■■ 
y*,  or  dy'  ™p{dx+x*),  another  fom  of  tbe  equation  to  tbe 
curve. 

Oiherwt,  by  using  the  same  letter*  d,  c,  p,  for  the  halves 
of  Ibe  diatueters  trad  parameter,  and  x  for  the  absciss  cs  coont- 
«d  from  tbe  centre;  ttienis  aki=:x— d,  and  BE=i:a:-f-dBndtbe 
property  d»  :  c»  :  r(x  —  li)  x  (x  -t-  d)  ;  y»,  gives  d^y'^c" 
,(»■  — d»),  or  dy=e^(«'— d*),  where  tbe  signs  of  d'  andx' 
eie  changed  from  what  they  were  in  tbe  ellipse; 

Or  ^ain,  using  the  semi-pMranieter,  dA.p  ;  :  x*  ~  d*  -.y*, 
and  dxj'  ^p{x'~-  d*)  the  equation  of  the  cnrva. 

But  for  the  conjugate  hyperbola,  as  in  tbe  figure  to  theo- 
rem 3,  the  signs  of  both  x'  and  d*  will  be  positive  ;  fop  the 
property  in  Hurt  theorem  being  ca>  :  co*  : :  en'  4-  ca'  :  m'. 


-:l,vG00gIC 


-^ 


iS4  CONiC  SECTIONS. 

itk<I*:e«  :;«•+'*':»*-'»•'.  or  rf»y»«=H(x«-(-<i").Md 
dg'^  e  ^  (x*  +  ^),  the  equation  to  the  conjagate  hjperix^ 
Or,  M  d  -.p  ::  X*  +  d*  :ji*t  end  rfy"  =  p  (*'  +  rf" ),  abo 
the  eqnstioa  to  the  same  curve. 

Ok  lA«  Eqtuitiim  to  the  Hff*rbola  bttwten  Ae  Atyn^totem. 

Let  CE  uid  CB  be  the  two  asjtnptetes  to 
the  hyperbola  dm,  its  vertei  being  r,  end 
IP,  hd,AT,BD  ordiaates  parallel  to  the  aajrmp- 
tolei.  Put  AP  arBF=:a.  cb=x,  and  >D=y. 
Then,  by  theor.  i8,  tr  .  ef  =  cs  .  id,  or 
a*  =  xy,  the  equation  to  the  hyperbola,  when  I    p — . 

the  abuciises  and  Drdioates  are  taken  parallel     A — *"-* —         ' 
to  the  asymptotes. 

3.  For  Ae  PataMa. 

If  X  denote  any  abseils  b^cinning  at  the  Tcrtez,  and  g  iti 
ordinate,  also p  the  parameter.  Then,  by  cor.  theorem  I, 
AK  :  KD  :  :  Ko  :  p.  OT  X  \  y  :  :  y  :  p ;  hence  fX  =  y*  ia  ttk« 
«quation  to  the  parabola. 

4.  For  At  Oircle. 

Because  the  circle  is  only  a  species  of  the  ellipse,  in  which 
the  tff  o  axes  are  eqoal  to  each  other  j  therefore,  making  tte 
two  diameters  d  aoo  c  equal  in  the  forgoing  equations  to  the 
•llipae,  they  become  jr*  =  dx  —  x* ,  when  the  abaciss  x  begina 
•t  the  vertex  of  tiie  diameter :  and  y>  i=  d*  — x*,  when  the 
•becisi  btgisB  at  the  centre. 


SdioUm^. 

In  every  one  of  these  eqaattoDS,  we  perceive  that  they  rise 
to  the  td  or  qoadratji:  de^ee,  or  to  two  dimensions  ;  which 
is  also  the  number  of  points  in  which  every  one  <tf  these 
carves  mey  be  cat  by  a  rq;ht  line.  Hence  it  is  also  that  tbes« 
fiinr  curves  are  said  to  be  lines  of  the  Sd  order.  And  these 
ftnr  are  idl  the  lines  that  are  of  that  order,  every  other  curve 
being  of  some  higher,  or  bavii^  some  biger  equation,  or  may 
be  cat  in  more  points  by  a  right  line. 

ELEMENTS 
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ELEUBNTS  OF  ISOPERIHETRY. 

Dtf.  1.  When  a  rariable  qtfantity  htu  iti  malatioDB  regu- 
lated by  s  certain  lew,  or  coafin«d  within  certain  limiti,  it  » 
called  a  moxwnwm  when  it  baa  reached  the  (treatest  magsitade 
it  can  posnbtj  attain  ;  and,  en  the  oOntrttr},  frhen  it  has  ar- 
rired  at  the  leut  posiible  magnitude,  it  is  called  a  nunifntini. 

Dtf.  2>  hoptrimiltri,  or  ItoptrifOMtrieolJi^uru,  are  tho«e 
which  hare  e(|tial  perimeters. 

Def.  S.  The  Loew  of  aoj  point,  or  interaeclim,  &c.  it 
the  right  line  or  carre  in  which  these  are  alwajia  situated.  . 

The  problem  in  which  it  is  re<)uired  to  find,  among  flgurei 
of  the  satne  or  of  different  kinds,  those  which  within  equal 
perimeters,  ihall  comprehead  the  greatest  sur&cei.  has  long 
engaged  the  attention  of  mathemaiician*.  Since  the  admir- 
able inTention  of  the  method  of  Fluiione,  this  problem  baa 
been  elegantly  treated  bj  aome  of  the  irritera  en  that  branch 
of  analysis ;  especially  by  Maclaurin  and  Simpson.  A  much 
mere  estensive  problem  was  investigated  at  the  time  of  "  th« 
war  of  problems,"  between  the  two  brothers  John  and  James 
Bernoulli :  namely,  "  To  find,  aaumg  nil  the  isopnrimetricol 
curres  between  given  limits,  sach  a  curve,  that  donstructiag 
a  second  curve,  the  ordinates  of  which  shall  be  funcliona  of 
the  erdinqtes  or  area  of  (he  ibnner,  the  area  of  the  second 
curre  ibatl  be  a  maximnm  or  minitnom.".  While,  however, 
the  attention  of  matbemnticiaDS  was  drawn  to  the  most-abatrase  , 
ioquinies  connected  with  isoperimetry,  the  titmmtt  of  tb9 
subject  were  lost  sight  of.  Simpson  was  the  .first  who  called 
them  back  to  this  to  teres  ting  branch  of  research,  by  giving  in 
his  neat  tittle  book  of  Geometry  a  chapter  on  the  maxima  aa^ 
ainima  of  geometrical  quantities,  and  some  of  the  simplest 
problems  concerning  isoperimelers.  The  next  who  treated 
this  subject  in  an  elementary  manner  was  Simon  Lhuiltier,  of 
Geneva,  who  in  1782,  published  his  treatise  Dt  Relatione  mu- 
taa  Ca^cilatia  tt  Ttrminorum  Figuramm,  ice.  His  principal 
ol^ecl  to  the  composition  of  that  work  was  to  lupply  the  de- 
ficiency in  this  respect  which  he  fonnd  in  most  of  the  ele- 
mentary Courses,  and  to  determine,  with  regard  to  both,  the 
most  usual  surfaces  and  solids,  those  which  possessed  the 
minimam  of  contour  with  the  same  capacity  !  and,  recipro- 
cally, the  maximam  of  capacity  with  the  same  hftnndaiy. 
M.  Legendre  has  alio  coDsidcrea  the  some  aobjact  in  a  manner 
semeMhat  dibrent  from  either  Simpsoo  or  Lhuiilier,  in  his 
Etrmtnti  dt  GSomltrit.    An  eli^pint  geometrical  tract,  on  the  ' 

same 
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•ame  nbject.  ww  nlso  gireit,  hj  Dt.  Honleyi  in  tb«  Pbilos. 
Trani.  toI.  76,  for  177a  ;  contained  al*o  in  tb«  N««  AlnMK> 
meat,  vol.  13,  page  653.  Tbe  cbief  propMition*  deduced  ^ 
these  foar  geometers,  together  with  a  few  ■dditimal  propofi- 
tioflB,  we  reduced  into  one  sjitem  in  the  following  dwo- 


SECTION  I.    SURFACES- 


'  Of  all  Triangiea  of  the  aasie  Base,  and  whoae  Vertices  &B 
in  a  rieht  Line  givea  in  Position,  the  one  whoM  Penmeter 
19  a  MinimuiB  ia  that  wbone  sidea  are  e^mlly  iaeUBed  to 
that  Line. 

Let  AB  be  the  conroon  base  of  a  aeries  of  triangiea  asc*, 

ABC,  lie.  whose  vsrttce«  c,  c,  full  in  the  right  line  lm,  gires 

ID  position,  thea  is  the  triangle  of  least  _ 

.  perimeter  that  whoae  Bide«  ic,  bc,  are 

ulcUned  to  the  line  ut  in  equal  angles. 

F«r,  let  BN  be  drawti  from  a,  perften- 
dicnbtrly  to  LM.  and  produced  till  dms3 
BM  :  join  AD,  and  from  the  point  c  where 
AO  cuts  Lk  draw  BC  :  also,  from  any  other  poiat  c',' 
i.H,  draw  c'i,'c'b,  c'd.  Then  the  triangleB  dmc,  bxc,  having 
the  an^e  in:]i=aDgle  iCL  (tb.  7  Geom.)  cimcb  (by  h/p.)  oitc 
=BMc,  and  DH=BM,  and  ue  comtuoo  to  both,  bare  alto  De=B(^ 
(Ch.  1  Qeom.) 

So  also,  we  have  c'd^c"*.     Hence  ac+cb=:ac  +  cd^ai), 

is  less  than  ag'+c'd  (theor.  10  Geoat.},  or  than  its  eqad  ac '+ 

c'b.     And  conseqaentiy,  AB+BC-f-Ac  is  leM  than  ab+bc'+ac'. 

«.  E.  D. 

Cor,  1.  Of  all  triangles  of  tbe  same  baoe  aad  the  snme  al- 
titude, or  ofall  equal  triangles  of  the  same  base,  the  taoscetes 
triangle  has  the  fimidtest  perimeter. 

For,  the  tocEis  of  the  vertices  of  si)  tri<iQgl<>s  of  Ihc  same 
altitude  will  be  a  right  line  lk  parallel  to  the   b;ise ;  and 
when  LM  in  the  nhnv&  figure  becufoes  par.itUI  to  ab,  since 
mcb  >=  ACL,  hcb  =  CBA  (th.  tZ  Ceom.},  am.  =  cab  ;  it  follows   ' 
that  cAB=csA,  and  consequently  At:=cB  (th    4  Geom.). 

Car.  S.  Of  all  triangles  of  the  same  sni^ce,  that  which 
has  the  minimum  perimeter  is  equilateral. 

For 


D,q,-Z.-dbvGOOglC 


SURFACES.  637 

Pot  tbe  triangle  of  tbe  tratdleat  perimvtrr,  with  the  Bame 
eurfitce,  mast  be  isoscelea,  wbicherier  of  tbe  lidei  be  consid' 
ered  as  bnae ;  therefore,  tbe  triaDgle  of  amalleit  perimeter 
baa  etich  two  or  each  pair  of  its  sidu  equal,  aod  coiueqaeatlj 
it  is  equilateral. 

Cor.  3.  Of  ail  reclilinear  ^orea.  with  a  fpven  magnitude 
and  k  given  aunber  of  aidei,  that  which  luti  the  imalleit  pe- 
rimeter is  equilateral. 

For  so  long  aa  any  twa  adjacent  sides  are  not  eqaal,  we 
may  draw  a  diagonal  to  become  a  base  to  those  two  sides,  and 
then  draw  an  isosceles  triangle  eqaal  to  the  triangle  so  cnt  ofl*, 
but  of  less  perimeter :  whence  the  corollary  ia  manifest. 

SckoiiMM. 

To  illottrate  the  second  corollary  abore,  the  stodent  may 
proceed  thus :  assuming  an  isoacelea  triangle  trhose  base  is 
■Mi  equal  to  either  of  the  two  aides,  aod  then,  taking  for  a 
new  bnsc  one  of  those  sides  of  that  triangle,  be  may  coostmct 
another  isosceles  triangle  equal  to  it,  but  a  smaller  perimeter. 
AfterirardD,  if  the  base  and  sides  of  this  second  isoac-eles  tri- 
angle are  not  respectively  eqaal,  be  may  constnict  a  third 
isosceles  triangle  equal  to  it,  but  of  a  still  smaller  perimeter : 
and  so  on,  by  performing  these  successire  operations,  he  will 
find  that  all  the  triangles  will  approach  nearer  and  nearer  to 
an  equilateral  triangle. 

THEOREM  II. 

Of  all  Triangles  of  the  Same  Base,  and  of  Equal  Perimeters, 
the  Isosceles  Triangle  has  the  Greatest  Surface. 

Let  ABC,  4BD,  be  two  triangles  of  the  same 
base  AB  and  with  equal  perimeters,  of  which 
tbe  one  *Bc  ia  isosceles,  the  other  ia  not : 
then  the  triaogle  abc  baa  a  surface  (or  an  aiti* 
tude)  greater  than  tbe  surface  (or  than  the 
altitude)  of  the  triangle  abd. 

Draw  c'd  tbroagh  n,  paralte)  to  ab.  to  cnt 
ca  (drtiHTtt  perpendicular  to  ab)  in  c' :  then  it  is  to  be  d 
strated  that  ce  ii  greater  than  c'e. 

The  triangles  ac's.  a»b,  are  equal  both  in  base  and  altihide  ; 
but  the  triangle  ac**  is  isosceles,  while  Idb  is  scalene  :  there- 
fore the  triangle  Ac'a  has  a  smaller  (lerimeter  than  tbe  triangle 
ADB  (th.  1  cor.  1),  or  than  acb  (by  hyp.)    Consequently  ac' 
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<AC  ;  and  hi  the  right-angled  trianglei  abc',  aec,  having  ak 
common,  we  have  c'e<cE*,     <i.  k   d. 

Cor.  or  all  isoperi metrical  figures,  of  which  the  nombcF 
of  sideB  is  gitcn,  that  which  is  the  {reatest  has  all  ftfjrfea 
equal.  And  in  pulicalar,  of  all  igoperimetrical  trinnglea,  that 
whose  surface  is  a  miiximiim,  is  equilstenJ. 

For,  so  long  as  anjr  two  adjacent  »ide8  are  not  eijiwi,  the 
mrface  may  be  augmented  withont  incrrariog  the  perimeter. 

Remark  Nearly  as  in  this  theorem  nuy  it  be  proved  that, 
of  all  triangles  of  equal  heists,  and  of  which  theaiiinaf  the 
two  sides  is  equal,  that  which  is  isosceles  has  the  greatest 
base.  And,  of  all  triangles  standing  on  the  same  base  and 
baTing  equal  vertical  angles,  the  isosceles  ooe  is  the  greatest. 

THEOREM  la 

Of  all  Right  Lines  that  can  be  drawn  thron^h  a  Given  Poiat 
between  Two  Ri|>bt  Lines  Given  in  Position,  that  which  is 
Bisected  by  the  Given  Point  forms  with  the  other  two  Lines, 
the  Least  Triangle. 

Of  all  right  lines  on,  ab,  go,  that 
oaB  be  drawn  through  a  given  point 
r  tovut  the  right  lines  c&,  en,  ^ven 
in  position,  that  4i,  which  is  bisect- 
ed  by  the  given  point  p,  forms  with 
OA,  CD,  the  least  triangle,  abq. 

For.  let  EB  be  drawn  through  a 
parallel  to  cd,  meeting  do  (prodnc 
^  if  oecesearj)  in  b  :  then  the  triangles  fbd,  pie,  are  mani- 
festly eqiiiangular  ;  and,  since  the  corresponding  sides  ra,  r^ 
are  eqnal.  the  triangles  are*  equal  also.  Hence  pbd  will  be 
less  or  greater  than  fac,  according  as  go  is  greater  or  leas 
Aan  ci.  In  the  former  case,  let  facd,  which  is  conuaon.  be 
added  to  both  ;  then  will  sic  be  less  than  occ  (ai.  4  Qeom.). 
In  the  latter  case,  if  pocb  be  added,  nco  will  the  greater  than 
BAc  ;  and  consequently  in  this  cave  also  bac  is  less  than  dcc. 

q.  E.  D. 

Cor.  If  PM  and  pit  be  drawn  parallel  to  cb  and  ca  re- 
■fectively,  the  two  triangles  pan,  pbn,  will  be  eqnal,  and 


naibunKttca!  (ptBnliti«!  are  leparMcd  hy  die  cl ,  . 

!S llml  Ihe  preceding  qoBnutj  ieUalhan  the  lucceedins  one:  when,« 
-^    --icrtaractBris  >,U  denote*  thi- -' 
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these  tw(>  taken  t(^etber  (since  tu  =  rir  =  mc)  will  be  eqa&l 
to  the  paralielogTftm  pucn  :  and  conaeqaeDtly  the  parallelo- 
gnun  PUCK  is  equal  to  half  abc,  but  less  than  halfiKsc.  From 
which  it  follows  (consistent!;  with  both  the  algebraical  and 
gjeometrical  golution  of  prob.  6,  Application  of  Algebra  to 
Geometry),  that  a  parallelograoi  ii  always  less  than  half  ■ 
triaagle  in  which  it  is  inscribed,  except  when  the  base  of  lbs 
one  is  half  the  base  of  the  other,  or  the  height  of  the  former 
half  the  height  of  the  latter  ;  in  which  case  the  parallelogmm 
is  just  half  the  triangle :  this  being  the  maximum  parallelo- 
gram inscribed  in  the  triangle. 

SeholuHR. 

From  the  preceding  corollary  it  might  easily  be  sbown, 
that  the  least  triangle  which  can  possibly  be  described  about, 
and  the  greatest  parollelt^ram  which  can  be  inscribed  in,  uaj 
curve  concave  to  in  axis,  will  be  when  the  subtaogent  is  eqnal 
to  half  the  base  of  the  triangle,  or  to  the  whole  base  -of  the 
parallelogram  ;  and  that  the  two  figures  will  be  in  the  ratio  of 
3  to  1.     But  this  is  foreign  to  the  present  enquiry. 

THEOREM  IV. 

Of  all  Triangles  in  which  two  Sides  are  Given  in  Msgnitnde, 
(he  Greatest  is  that  in  which  the  two  Given  Sides  are  Per- 
pendicular to  each  other. 

For,  assaming  for  base  one  of  the  given  sides,  the  snrfaoe 
is  proportional  to  the  perpendicular  let  Ikll  upon  that  side  from 
the  opposite  extremity  of  the  other  given  side :  therefore, 
the  surface  is  the  greatest  when  that  perpendicular  is-  the 
greatest ;  that  is  to  lay,  when  the  other' side  is  not  inclined 
to  that  perpendicular,  but  coineidtt  with  it :  hence  the  sar- 
face  is  a  maximum  when  the  two  given  sides  are  perpeodicn- 
lar  to  each  other. 

OtlterwtK.  Since  the  surface  of  a  triangle,  in  which  two 
sides  arc  given,  is  proportional  to  the  sine  of  the  angle  in- 
cluded between  those  two  sides  ;  it  follows,  that  the  triangle 
is  the  greatest  when  that  sins  is  the  greatest :  but  the  greatest 
sine  is  the  sine  total,  or  the  sinn  of  a  quadrant ;  therefore  the 
two  sides  given  make  a  quudraatal  angle,  or  are  perpendicular 
t^  each  other,     tt-  £■  n. 

THEOREM 
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Of  dl  RectiliBear  llgaru  b  which  all  the  Sides  except  km 
are  kiMtivDt  the  Greatest  a  that  which  may  be  Inscribed  im 
I  Scmicircie  whose  Diameter  is  thAt  UokBOWD  Side. 

Tor,  if  jon  inppoie  the  conlrarj  to  be  the  c»e,  thea  whes- 
ever  ibe  figure  imcle  with  the  sides  giren,  and  the  dde  nn- 
knowa  is  net  iDsrrilNble  in  a  semicircle  of  which  tbia  latter 
if  the  diameter,  riz.  whenever  any  one  «f  the  angles,  fonuid 
by  lines  drawn  Iroin  the  extremities  of  the  anknown  side  Is 
one  of  th«  summits  of  the  figure,  ia  not  a  right  angle  ;  we 
n^  make  a  figure  greater  than  it,  in  which  that  ao^e  shall 
be  right,  and  which  ihal!  only  differ  from  it  in  that  respect : 
ther^re,  whenever  sll  the  ngles  fiinned  by  r^bt  liaea 
drawn  from  the  several  vertices  of  the  figure  to  the  extfemi- 
tica  of  the  anknown  line,  are  not  right  anglea,  or  do  jaot  fall 
■■  the  circnmlerence  of  a  semicircle,  the  figure  is  not  in  its 
maiimnm  state.    <(.  c.  o. 

THEMtEM  TI. 

Of  all  Figures  made  with  sides  Given  in  \umber  and  Hag- 
nitnde,  that  which  may  be  Inscribed  in  a  Cirde  is  the 
Greatest. 

Let  ucDKro  ba  (be 
polygon  inscribed,  and 
abcdtfg  a  polygon  with 
eqnalstdei,  but  not  in* 
RcrilMble  in  a  circle  ;  giL. 
fothatAS=a6,Br:=ie, 
fcc. ;  it  ia  affirmed  that 
the  polygon  ibcdefo 
is  greater  than  the  polygon  abede/g. 

Draw  the  diameter  ef  ;  join  ap,  ra  ;  upon  ab  =  ta  make 
^e  triangle  abp,  equal  in  all  respects  to  dap;  and  join  <p. 
Then,  ef  the  (wo  flgnres  edebp,  pagf*.  one  at  lenst  is  not  (by 
bypO  inscribabte  in  the  semicircle  of  which  tp  it  the  diame- 
ter- Consequently,  one  at  least  of  these  two  figures  '\«  f  mailer 
than  the  corresponding  part  of  the  figure  apbcdcfq  (th.  &  ). 
Therefore  the  iicure  APBCDEia  is  greater  than  the  figure 
ttphedffg :  and  if  from  these  there  be  tuken  away  the  respec- 
tive triangles  apb,  apb,  which  are  equal  by  constraction,  there 
will  renuiQ  (ai.  6  Geom.)  the  polygon  abcdefo  greater  than 
the  polygoo  mbeJt^.    «.  i.  s. 
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The  M>8pitiid«  of  die  Greateit  Poljgoo  which  con  he  icon- 
taioed  under  aoy  omiiber  of  Uneqaal  Sidei,  does  not  at  all 
depend  on  the  Order  in  which  thoae  Lines  are  connected 
with  each  other. 

For,  tince  the  polygon  ii  a  maiiiaam  nader  given  sidei,  it 
ii  inacribabie  in  a  circle  (th.  6).  And  tbi«  inecrihed  polygon 
ii  coDititiited  ef  ai  many  iaoacelea  triangle*  as  it  bat  aid«e, 
thoae  aide*  forming  the  baces  of  the  recpective  triangle*,  the 
other  aidei  of  all  the  trianglei  being  nulii  of  the  circle,  and 
their  cottmon  smnmit  the  centre  of  the  circle.  CoDeequeat- 
Ir,  the  magnitude  of  the  polygon,  that  i>,  of  the  aaiemblage  of 
these  triangles,  doea  not  at  all  depend  on  their  disposition,  or 
arrangement  round  the  common  centre,     (t.  a.  d. 

THEOREM  VIU. 

If  a  Polygon  Inscribed  in  a  Circle  have  all  its  Sides  Equal,  ill 
its  Anglei  are  likewise  Equal,  or  it  is  a  regular  Polygon. 

For,  if  lines  be  drawn  fro|B  the  severa]  aoglei  of  the  poly* 
gon,  to  the  centre  of  the  cireunucribiag  circle,  they  will  di- 
vide the  polygon  into  as  many  isosceles  triangles  ss  it  has  sides ; 
and  each  of  these  isosceles  triongtei  will  be  equal  to  either  of 
the  others  in  all  respects,  and  of  course  they  will  have  the 
angles  at  their  bases  all  equal :  conseqaently,  the  angles  of 
the  pelygon,  which  are  each  made  up  of  two  angles  at  the 
bases  of  two  Gontiguooa  isosceles  trianglea,  will  be  equal  to 
one  another.     4.  e,  d. 

THEOREM  n. 

Of  all  Figures  having  the  Same  Number  of  Sides  and  Equal 
Perimeters,  the  Greatest  is  Regular. 

For,  the  greatest  figare  onder  the  given  conditions  has  all 
sides  eqnal  (th.  2  cor.).  But  since  the  ana  of  the  aides  and 
the  nnmber  of  then  are  given,  each  of  them  ia  given  :  there- 
fore (lb.  6),  the  figure  is  ioscribable  in  a  circle  :  and  conse- 
quently (th.  8)  a)l  its  angles  are  equal ;  that  is,  it  js  regular. 

«.  K.  J). 

Cor.  Hence  we  see  that  r^jular  polygons  possess  the  pro- 
perty of  a  maximum  of  snrfuce,  when  compared  with  any 
other  figures  of  the  same  name  tad  with  equal  perimeters. 
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THEOREM  X. 

A  Rcgdlar  Polfgon  has  a  SuaHer  Perimeter  than  rA  Irregv 
lar  one  Equal  to  it  in  Sniface,  md  having  the  Same  Nama 
ber  of  Sidn. 

Thi>  ii  the  conTerse  of  the  preceding  theorem,  and  may 
be  demonstrated  tbos :  Let  a  and  i  be  tvo  figures  eqaai  in 
Surikce  and  having  the  same  Dumber  of  sides,  of  which  it  ifl 
regslar,  i  irreguhr  :  let  also  r'  be  a  regular  figure  similar  to 
B,  and  having  a  perimeter  eqaal  to  that  of  i.  Then  (th.  9) 
ii'>i;  buti=[i;  therefore  r'>r.  Bot  r' and  k  ere  similar  ; 
consequentl;,  perimeter  of  r'>  perimeter  of  r  ;  while  per. 
ii'=per.  I  (bj  hyp.).    Hence,  per.  i>per.  r.    q.  e.  d. 

TaBOREM  U. 

The  Surfaces  of  Polygoos,  Crrcnmscribed  aboat  the  Same  or 
Equal  Circles,  are  respectively  as  Ibetr  Perimelers*. 

Let  tbe  polygon  abcd  be  circumscribed 
about  the  circle  bfoh  ;  and  let  this  polygon 
be  divided  into  tnangleB,  by  lines  drawn 
from  its  severd  angles  to  the  centre  o  of 
the  circle.  Then,  since  each  of  the  tan- 
gents, AB,  be,  lie.  is  i>er))eDdicu)ar  to  its 
corresponding  radius  oE,  of,  &c.  drawn  to  the  point  of  con- 
tact (th.  46  Geom.)  ;  and  since  the  area  of  a  triangle  is  equal 
to  the  rectangle  of  theperpendicnlarand  half  the  base  (Hens, 
of  Surfaces,  pr.  S)  :  it  follows,  that  the  area  of  ench  of  the 
triaqgles  abo,  bco,  Sec.  is  equal  to  the  rectangle  of  the  radius 
of  the  circle  and  half  the  corresponding  side  jb,  bc,  be. :  and 
consequently,  the  area  of  the  polygon  abcd,  circnroscribing 
the  circle,  will  be  equal  to  the  rectangle  of  the  radius  of  the 
circle  and  half  die  perimeter  of  the  polygon.  But,  the  sor- 
ftce  of  the  circle  is  equal  to  the  rectangle  of  the  radim  and 
half  the  circumference  (th.  94  Geom.).  Therefore,  the  sur- 
lace  of  the  circle,  is  to  that  of  the  polygon,  as  half  the  cir- 


■  IK*  tbeorcni,  togelher  wilh  Ibc  siulogDiie  oicb  retpeclinE  bod>< 
Krilni^  cjlindcn  utd  g^res,  were  gifen  bj  Emema'  in  nb  (koi 
their  uap  in  (be  tbeoiy  of  [loperiiHtrn  nssjuti  gu^eated;  butliM  lii 
tian  (rf  thrni  la  thai  tbe<M7  is  due  la  Sbnon  IJiuillicr, 
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cumferencs  of  the  fbnber,  to  half  the  perinieter  of  the  laU 
ter;  or,  at  the  drcnmrereDce  of  the  fonner,  to  the  perimeter 
of  the  latter.     Now,  let  r  and  9*  be  any  tiro  polygotu  circum* 
■crihing  a  circle  c :  tfaea,  by  tlic  jbregoing,  we  hare 
surf,  c  :  Burf.  r  :  :  circum.  c  :  perim.  r, 
iurf.  c  :  lurf.  p*  : :  circum.  c  :  perim.  r', 
Bnt,  since  the  aotecedeDts  of  the  ratios  in  both  these  propor* 
tions,  are  equal,  the  cotiseqaeDta  are  proportional :  that  h,  ' 
■ar£  r  ;  surf,  tf  : :  perim.  r  :  perim.  f'.     4.  ^-  n- 

Carol.  1.  And  one  of  the  triangubir  portions  4BO,  of  a  po- 
lygon circumscribiog  a  drcle,  is  to  the  corresponding  circular 
sector,  as  the  side  *e  of  the  poiy^n,  to  the  arc  of  the  circle 
included  between  ao  and  bq. 

Cor.  i.  Erery  circular  arc  is  greater  than  its  chord,  and 
less  thaa  the  som  of  the  two  tangents  drawn  from  its  estremi> 
ties  and  produced'  till  they  meet. 

-  The  first  part  of  this  corollary  is  endent,  because  a  right 
line  it  the  sbortesl  distance  between  two  given  points.  The 
second  part  follows  at  once  frnm  this  propesittoo  ;  for  ea  + 
AH  being  to  the  arch  eih,  as  the  quadrangle  aeoh  to  the  cir* 
cular  sector  bieo  ;  and  the  quadrangle  being  greater  than  the 
sector,  because  it  contains  it ;  it  follows  that  ea-j-ah  is  greater 
than  the  aich  lib*. 

Cor.  3.  Hence  also,  any  single  tangent  xi,  it  greater  than 
its  correspondiDg  arc  ei, 

THIWREM  Wi. 

If  a  Circle  and  a  Polygon,  Clrcaroscribabte  about  another 
Circle,  are  IsOperimBten,  the  Surface  of  the  Circle  is  a 
Geometrical  Mean  Propertiona]  between  that  Polygon  and 
a  Similar  Polygon  (regular  or  irregular)  Circumscribed 
shout  that  Circle. 

Let  c  be  a  circle,  F  a  polygon  isoperl metrical  to  that  circle, 
and  circuroscribaMe  about  some  other. circle,  and  p*  a  polygon 
similar  to  p  and  circumacribable  aboot  the  circle  c :  it  is  af- 
firmed tbat  F  :  o  :  :  c  :  F*. 


u,  fooH  uilkni  &TB  aaipioTcd  wb(^  pagva  IB  ittciiuittBg  iti  denSDHnlion,  ud 
AnadubM. 

For, 
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For,  p :  r' ; :  perim*  .  p : :  perim* .  p  : ;  eircnm* .  c :  perin* .  p' 

bjr  th.  89,  OeoB.  and  tbe  hjpotheai>. 
But  (th.  11)  p':«!iper.p':cir.c::per*.p':per.r'Xeir.  c. 
Therefore     p  :  c  : : cir».c  :  per.pXcir.  c. 

:  :  dr. c  :  pet.  p*  : ;  c  :  p.     «.  e.  d. 


TKE(S£M  XHL 

If  a  Circle  and  s  Polygon,  CtrcaimcribBMe  shoot  aneUier 
Circle,  we  Eqaal  Id  Inirfitce,  tbe  Perimeter  of  tbet  Fixnre 
it  n  Geometrical  Mcaa  Proportional  belfreen  the  Circuai- 
ference  of  Ibe  lint  Circle  and  the  Perimeter  of  «  Similar 
Pol^OQ  CircamKribed  about  it. 

Let  cap,  and  let  p'  be  circniDscribed  about  c  and  aimilar  to 
c  :  then  it  is  affirmed  thai  cir.  c  :  per  .  p  :  :  per.  p  :  per.  r. 
For,  cir  .  c  !  per.  p'  :  :  c  :  p' :  i  p  :  p' :  :  per'  .  p  :  pep*  .  p. 
Also,  per.  p'  :  per.  p  ----'::  per'.p'rperp.Xper.p'. 
Therefore,  cir.  c  :  per  p  -  -  -  :  :per*.p:per.  Xper-r'. 
:  :  per.  p  :  per.  p'.     «.  e.  d. 


The  Circle  iq  Greater  than  any  Kectilinear  Figure  of  the 
^ame  Perimeter ;  and  it  haa  a  Perimeter  Smaller  than  any 
Kectilinear  Figure  of  the  Same  Surface. 

For,  io  the  proportion,  p  :  c  ; :  c  :  p',  (th.  12),  since  c  <  p', 

therefore  p<c. 
And,  in  the  propor.  cir.  c  :  per.  p  : :  per.  p  :  per.  r'  (th.  13), 
or,  cir.  c  :  per.  p' : ;  cir*.  c  ;  per*  .  p, 
cir,  c<per.  i'; 
therefore,  cir.  c<  per',  p.  or  cir.  c<per.  p.    «-  e.  d. 

Cor.  I ,  It  follows  at  once,  from  this  and  the  two  preced- 
ing theorems,  that  rectilinear  figures  which  are  isoperimeters, 
and  each  circumscribe  hie  about  a  circle,  are  reipectiveiy  iu 
tbe  iDTerae  ratio  of  the  perimeters,  or  of  the  larfaces,  of 
figures  similar  to  them,  and  both  circumscribed  about  one  and 
the  same  circle.  And  thnt  the  perimeters  of  equal  rectitineal 
figures,  each  circunucribuble  about  a  circle,  are  reepectively 
in  tbe  subduplicMte  ratio  of  tbe  perimeters  or  of  the  surfaces, 
of  figures,  similar  to  them,  and  both  circumscribed  about  one 
and  the  same  cirnle. 

Cor.  t.  Therefore,  the  comparison  of  the  perimeters  of 
eqval  regular  figures,  having  different  nTimbert  of  tides,  and 

that 
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that  of  th«  tar&cei  of  rwolar  iMperimetrical  figoiwt,  it  rc- 
dic«d  t»  the  conparuDB  of  the  perimeten,  or  of  the  aur&cat 
of  reffular  figares  reaiteetirelj  itiDilar  to  ihem,  and  circuiQ- 
Krifaable  about  one  ana  the  lame  circle. 


iJcRMna  I. 

If  as  *c<iit«  ai^^  of  a  right-angled  triat^e  be  iliTijed  into 
^j  nuDiber  of  cqaal  psrt>,  the  tide  of  the  triangle  oppoiite 
to  that  acute  an^  is  divided  into  niteqiia)  parts,  which  are 
greater  as  the;  are  more  remote  from  the  right  angle. 

Let  the  acute  aagje  c,  of  the  right-  f^t^ 
.angled  triangle  icf,  be  divided  into  equal 
parts,  by  the  lines  cb,  cs,  oe,  dratrn  from 
that  angle  to  the  opposite  aide  ;  thenahn|I 
the  parti  ib,  bd,  kc.  intercepted  bj  the 
tines  drawn  from  c,  be  succesiiirel^  long- 
er as  they  are  vore  remote  from  the  right  angle  a. 

For  the  anglM  «CD,  ace,  kc.  being  tn^cted  by  cb,  ej>,  &c. 
tharefbre  by  theor.  ftS  Geom.  ac  :  Ci>  :  :  «b  :  bi>,  and  bc  : 
cc  :  :  an  ;  DB,  and  dc  :  cr  :  i  he  :  xr.  And  by  tb.  3i 
Geom.  CD>  ct,  CB>  cb,  CP>  CD,  and  so  on:  whence  it  fat- 

lows,  that  DB  >  AB,  DB  >  DB,  Bhd  SO  On.      «.  £.  JD.  ' 

C^,  Hence  it  is  obrious  that,  if  the  pari  the  most  remote 
fro»  the  right  angle  a,  be  repeated  n  numtter  of  timeo  equal 
to  that  into  which  the  acnte  aogle  is  divided,  there  wilt  re- 
sist a  qoaktity  greater  than  the  tide  opposite  to  the  divided 
^ngle. 

THEOREM  XV. 

ITtwo  Regular  Figures,  Circumacrihed  about  the  Same  Circia,  . 
differ  in  lt>eir  Number  of  Sides  by  Unity,  that  which  ha* 
the  Greatest  number  of  Side^  ahall  bare  the  Smallest  Pe- 
rioKter. 

Let  CA  be  the  radius  of  a  circle,  aod  ab.  as,  the  half  sides 
of  two  regalar  polygons  circonwcnbed  about  that  circle)  of 
which  the  aomber  of  sides  differ  by  noity,  being   CK 
respectively  n  +  1  and  b.    The  angles  agb,  acd,        ^ 

therefore  are  respectively  the-— —and  the-  tb  'X 

part  of  two  right  angles;  conaequeDtly  these  A  SD 
an^en  are  as  »  and  n  -(-  1  ■  and  hence,  the  augje  Buy  be 
conceived  divided  into  a  +  >  ec|ud  parts,  .of  which  bcd  is  one. 
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CooseqacDtlf ,  (cor.  to  theiemma)  (»+  1)bi>>  ao.     Takingi 
then,  nneqaELl  qaa^tities  from  equal  qaantiUes  we  shall  faav* 

(«+I)  AD  -  fri+1^  •D<(»+I)  AD -AD, 

or  (n+0  *B<**-  AB' 
That  u,  the  lemiperi meter  of  the  polygoa  whose  half  atdc  it 
AB  is  smaller  than  the  semiperimeter  of  the  pol^oD  whosa 
half  ude  is  ap'  :  wheoce  the  propositioa  is  manifest. 

Car.  Hence,  angmenting  succeagtvely  b;  uoi^  the  nomber 
of  sides,  it  follows  generally,  that  the  perimeters  of  polygons 
circunucribed  about  any  proposed  circle,  become  tmaUer  M 
the  Dtuaber  of  their  sides  become  peater. 

THEOREM  XVL 

The  Surfaces  of  Regulnr  Isoperimetrical  Figarea  are  Greater 
as  the  Number  of  their  Side^  is  Greater :  and  the  Pericae- 
tera  of  Equal  Regular  Figures  are  Smaller  as  the  Number 
of  their  Sides  is  Greater. 

For,  Ist.  Regular  isoperimetrical  figDre8Bre(cor.  I.lh.  14) 
in  the  inverse  ratio  of  figures  similar  [o  them  cucumacribed 
about  the  same  circle.  And  (th.  lA)  these  latter  are  iBaller 
when  the  number  of  sides  is  greater :  therefore,  on  the  con- 
trary, the  former  become  greater  as  they  hare  more  sides, 

2dly.  The  perimeters  of  e^ual  regular  Bgorei  are  (cor.  1 
th.  )4)  in  the  subduplicate  ratio  of  the  perimeters  of  similar 
figures  circantscn'hed  about  the  same  circle  :  and  (th.  15) 
these  lattef  are  smaller  as  they  have  more  sides  :  thereibre 
the  perimeters  of  the  former  also  ore  smaller  when  the  nam^ 
her  of  their  sides  il  greater.     4.  e.  *. 


SECTION  II.    SOLIDS. 

THEOREM  XVIL 

i)f  all  PriaoM  of  the  Same  Altitude,  whoee  Base  is  Gireo  in 
Magnitude  and  Species,  or  Figure,  or  Shape,  the  Rigbt 
Prism  has  the  Smallest  Surface. 

For,  the  area  of  each  face  of  the  prigia  is  proportiaoal  to 
its  height ;  therefore  the  area  of  each  face  is  Ihe  smallest 
when  its  height  is  the  tmatfest.  that  is  to  say,  when  it  is  emul 
to  the  altitude  of  the  prism  itself:  and  in  that  case  the  pruB 
is  evidently  a  ri^t  prism.    4.  s,  d. 

TH&tROt 
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Of  all  Priimt  whose  Base  is  Given  io  Hagnitade  and  Species, 
and  whose  Lateral  Soriace  i>  the  same,  the  Right  Prism  hA 
the  Greatest  Altitude,  or  the  Qreateat  Capacity. 
This  is  the  convene  of  the  "preceding  theorem,  and  maj 

peadil;  be  proved  after  the  manner  of  theorem  2. 

THECHtEHXJX. 

Of  all  Right  Prisms  of  tiie  Same  Altitude,  whose  Bases  are 

Given  in  Magnitude  and  of  a  Given  Dumher  of  Sides,  ^hat 
whose  Base  ia  a  Regular  Figure  has  the  Smallest  Sur&ce. 

For,  the.turface  of  a  right  prism  of  given  altitude,  and  base 
giTen  io  magnitude,  is  evidently  proportional  to  the  perime- 
ter of  its  base.  But  (th.  10)  the  base  being  given  io  magni- 
tude, aod  having  a  given  number  of  sides,  its  perimeter  is 
•matleat  when  it  is  regular :  whence,  the  truth  of  the  propo- 
sition is  manifest. 

THEOREM  XX. 

Of  two  Right  Prisms  of  the  Same  Altitude,  and  with  Irregu- 
lar Bases  Equal  in  Surface,  that  whose  Base  has  the  Great- 
est Nember  of  sides  has  the  smallest  Surface  :  and,  in  par- 
ticolar,  the  Right  Cylinder  has  a  Smaller  Surface  than  any 
Prism  of  the  Same  Altitude  and  the  Same  Capacity. 

The  ^noDstration  is  aoslogous  to  that  of  the  preceding 
.  theorem,  beiogatonce  dedacible  from  theorems  16  and  14. 

IHBORCHXXI. 

or  all  Plight  Prisms  whose  Altitudes  and  whose  Whole  Sur- 
£tces  are  Equal,  and  whoee  Bases  have  a  Given  Nnmber  of 
Sides,  that  whose  Base  is  s  Regular  Figure  is  the  Greatest. 

Iict  p,  t',  be  two  right  prisms  of  the  same  name,  equal  in 
altitude,  and  equal  whole  surface,  the  fint  of  these  having  a 
regniar,  the  second  an  irreipil»r  base  ;  then  is  the  base  of  the 
prism  p,  less  than  the  base  of  the  prism  f'. 

For.  let  p"  be  a  prism  of  equal  ultituile,  and  whose  base  is 
equal  to  that  of  the  prism  p'  and  similar  to  that  of  the  prism  p. 
Then  the  lateral  sur^e  of  the  prism  p  '  is  smaller  than  the 
lateral  surface  «f  the  prism  r'  (th.  19) :  hence,  the  total  sur- 

&ce 
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ftc«  of  r"  is  nnaller  than  the  tetel  nrfece  of  r',  and  tkvrefbr* 
(by  byp.)  mnaller  than  tb«  whole  iurface  of  r.  Bot  the 
pmnu  t"  aod  p  have  eqaal  allitades  and  simitar  basM  ;  tbere- 
Jbre  ibe  dhneDsions  of  the  bate  of  f"  nfe  steaHer  than  the  di- 
mentiont  of  the  bale  of  r.  Conceqaently  the  fasse  of  p",  or 
that  of  p',  is  IcM  tfaan  the  hate  of  p  ;  Ar  the  bate  of  p  greets 
than  that  of  p .    «.  k.  d.    ■ 

Theorem  XXII. 

Of  Two  tligtit  PHsOts.  haTii^'Eqaal  Altitadei,  Eqtial  Total 
Surface*,  and  Regular  Baaea,  that  whose  Base  has  the 
Oreateit  number  (MT  Si<lefl,  has  the  Greatest  Capacity.  And, 
In  particolar,  a  rigjh^  Cylinder  is  Gieater  than  any  Ri|^t 
rrism  of  Eqnal  Attitode  and  Equal  ToUl  Surface. 

The  demoDstratiOD  bf  tbi«  is  gittiilat  to  that  bf  the  preced- 
Ihg  theoreittt  and  flows,  from  th.  2U. 

IHEORte  XXIR. 

-The  Oreateit  Parallelopiped  which  can  be  cootained  under 
the  Three  parts  of  a  Uivan  Line,  any  way  taken,  will  he 
that  cdaltitnted  of  Elqual  length,  breaath,  and  depth. 

For,  let  AB  be  the  given  lidc,  and, 

if  possible,  let  two  parts  ae,  ed,  be    — '■ — ]' [  •  -T 

onequal.  Bisect  an  in  c,  then  Will  V  C  S  t)  B 
the  rectai^le  under  ab  (=  ic  -f-  ce) 

and  ED  (=^  AC— ce),  be  less  than  ac*,  or  than  ac  .  cd,  by  (he 
square  of  ce  (th.  33  Oeoal. ).  Conseqnently,  the  solid  A£  . 
fo  .  DB,  wHlbe  lesR  than  the  solid  ac  .  oo  .  db;  which  is  re- 
pugnaotto  thehypolbeeii. 

Cor.  Hence,  of  all  the  rectangular  parallelopipeds,  haviiif 
the  lom  of  their  three  diibensions  the  same,  the  cube  is  Ui< 
^ateit. 

TheobXK  XXIV. 

The  Grtiateit  PtUalleldpiped  that  can  possibly  be  contained  nn^ 
der  the  Square  of  ode  Part  of  a  GwKn  Line,  and  the  other 
Part,  any  way  taken,  will  be  when  the  former  Part  is  the 
potible  of  the  latter. 

Let  AS  be  a  giTen  line,  and 

Hcwfcs,  ihenla  ac»  .  cs  the       M L" '  "  " — 

Iprea^tt  posiiMe.  A.       DJ)     CQ        B 

For, 
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t'»l^,  t«t  le*  ud  CB  btt  107  ether  paiU  into  «likh  the  ginii 
Hoe  M  mn  be  divided  ;  and  let  ao,  ac',  be  bisected  in  d,  »', 
tecpectireljr.  Ihen  ■ball  ac*  .  ca  =  4ai)  .  oc  .  cb  (cor.  to 
tbaor^SI  Oma.)  >4ai>'.ii'c  cs.  orpeater  than  ilB  equal 
iKa*  .  c'b,  bjr  the  prtceding  theoma. 

THGORIMXXV. 

or  all  Ri|^t  Parallelopipeda  Given  in  Hagnitade,  that  which  - 
.   haa  the  Smalleat  Snrfiice  baa  aM  iti  Faces  Sqnarea,  nr  is  a 

Cube.     And  reciprocally,  of  all  ParaHeltyi^ds  of  Equal 

Sorfecc.  the  tireatest  is  a  Cube. 

For^b;  tbeorcmi  19  and  21,  the  right  parallelopiped  hav- 
ing the  amalleit  snrface  with  the  same  capsci^,  or  the  great- 
est capacity  with  the  tame  aur^ce,  has  a  sqaare  for  its  base. 
But,  hd;  £ice  whatever  may  he  taken  for  bate  1  tberefore,  in 
the  parallelopiped  whose  snr&Ge  is  tbe  smallest  with  the  sane  - 
capacity,  or  whose  capacity  is  (he  greatest  with  the  same  snr- 
iace,  any  two  opposite  laces  whatever  are  squares :'  conse- 
qaently,  this  parallelopiped  is  a  cube. 

THEtWEH  XXVI. 

iThe  Ciq>acttie«  of  Prisms  Circumscribing  the  Same  Ri^t 
Cylinder,  are  Respectivel;  as  their  Surfaces,  whether  Total 
or  Lateral. 

For,  tbe  capacities  are  respectively  as  the  bases  of  the 
prisms;  that  is  to  say  (th.  II},  as  tbe  perimeters  of  their 
bases  ;  and  these  are  manifestly  as  the  lateral  surfaces  :  whence 
the  proposition  is  evident. 

Cor.  The  sgr^Ke  of  a  tight  prism  circa nHcrlblng  a  cylin- 
der, is  to  the  mrlace  of  that  cylinder,  as  tite  capacity  of  th< 
former,  to  the  capacity  of  tbe  latter. 

Dtf.  The  Archimedean  (finder  is  that  which  circnn- 
icribes  a  sphere,  or  whose  altitude  is  equal  to  the  diameter 
of  its  base, 

tHEOREM  xxyn. 

Tbe  Archimedean  Cylinder  has  a  Smaller  Surface  than  any 
other  Rig^t  Cylinder  of  Equal  Capacity ;  and  it  is  Greater 
than  any  other  Right  Cylinder  of  Equal  Surface. 
Ijet  c  and  c'  denote  two  ri^  cylinders,  ol  which  tbe  flnt 

ii  AreUmedean,  tbe  other  Bot :  tbaitf 

Irt. 
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1M.  If.  .  .  c=c',  surf.  c<siitf.  c  . 
3i\y,  if  tarf.  c=aiirfl  c",  c>c'. 

Por  havioj  circniBacrAed  about  the  c^ludenf  c,tf,  the 
right  priiraa  r,  r',  with  square  baMi,  tbe  fomer  will  be  ii  cube, 
the  second  not :  end  tbe  fellowiog  leries  of  equal  ratiot  will 
obtain,  ¥iz.  c  :  p  :  ;  >arf.  c  :  serf,  r  :  :  base  c  :  bate  p  :  :  bMc 
C :  base  p' : ;  c' :  p*  ;  :  aurf.  C* :  larf.  r. 

Then,  Ift  :  when  c  =  c',  Sioce  c  :  p  :  :  c'  :  p*,  it  foUowi 
that  p  =  p' ;  yid.  therefore  (th.  86)  snrf.  p  <  anrf.  r'.  Bat, 
■urf.  c  :  surf,  r  :  :  (url  c' :  aaif.  p  ;  consequently  surf,  c  < 
iUrf.  c'.  4-  ■■  Id- 

2dlj  :  when  sarf.  c  ^  svrf.  c'.  Then,  aince  surf,  c  :  sorf. 
p  !  :  surf,  c' :  surf  p*.  it  fnllowB  that  lurf.  p  =  aurf.  p' ;  and 
tberefcre  (tb.  So)  r  >  p'.     But  c  .*  p  :  :  C  :  p' ;  coueqaeBtly 

«>C^  ft.E.8B. 

THEbRfia  xxvin. 

Of  alt  Right  Prisma  wboae  Bsaea  are  Ckcnmscribable  about 
Circlet,  sad  Oiven  in  idpecies,  that  whose  Altttode  is  Dou- 
ble the  Iladiua  of  the  Circle  Inscribed  in  the  Base,  has  the 
Sroalleat  Snrface  intb  the  &inie  Capacitj.and  the  Gretfeat 
Capacity  with  the  Same  Surface. 

This  may  be  demonstrated  exactly  as  ttie  preceding  theo- 
rem, by  supposing  cylinden  ioacribM  in  the  prisms. 

iScAo/iwn. 

If  die  hue  cannot  be  circomacHbed  about  «  circle,  tbe 
right  prism  which  has  the  minimnm  surface  or  tbe  maximum 
capacity,  u  that  whose  lateral  surface  is  qnadniple  of  the  aur- 
face  of  one  end.  or  that  whose  lateral  aur&ce  is  two-lhurds 
of  the  total  surface.  This  ii  manifeitlj  the  case  with  the 
Archimedean  cylinder  )  and  the  extension  of  tbe  property  de- 
pends solely  on  the  mutual  connexion  subsisting  between  tiw 
properties  of  tbe  cylinder,  and  those  of  circumscnbiog  prisms. 

THECSIEM  XXIX. 

The  Sar&ces  of  Right  Cones  Circumscribed  about  a  Sphere, 
are  as  their  solidities. 

For,  it  may  be  demonstrated,  in  a  manner  analogous  to 
tbe  demoBStratioiis  of  theorems  1 1  and  iS,  that  these  coaea 
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are  «qual  to  right  conef  wboM  attitude  h  eqniil  to  the  rsditu 
of  the  iiucrkbed  sphere,  aud  wboNe  IjMiea  urt  equal  lo  ths 
totil  surfaced  of  the  conef  :  therefore  the  larfkcea  and  tolidl' 
ties  are  proportioQal. 

TH£OiR£M  XXX. 

The  Sarface  or  the  Solidity  of  a  Right  Cone  CircamBcribed 
ahout  a  Sphere,  if  Directlj  sa  the  Square  of  ttie  Cone's 
Altitude,  aod  lavertely  as  the  Ezceaa  of  that  Altitude  ever 
the  i>i3nieter  of  the  Spbere. 
Let   VAT  he  a  rigbt-ai^ed  triangle  which, 

by  its  rotation  apoa  va  as  an  a^,  generatea  a 

right  cone  ;  and  boa  the  aenucircle  which  by 

a  like  rotation  upoo  va  fomu  the  ioscrib^ 

■phere:  iheo,  the  aarface  or  the  Kolidity'ef 

,.  TA» 

the  cooe  rariea  aa .  ' 

For,  draw  the  radim  cd  to  the  point  of  contact  of  the  eemi* 
,  circle  and  vt.    Then,  becstue  the  triai^ei  vat,  vdo,  are 
iimilar,  it  i*  at  i  rr  : :  cs  :  yc. 
Aod,  by  compos,  at  :  at  +  vt  :  cd  i  cd  +  gv  i=  Ta  ; 
Thereibre  at*  :  (at  +  vr)  at  :  :  cd  :  \a,  by  mattipljr- 

ing  the  temta  of  the  firit  ratio  by  at. 
But.  because  re,  vd,  ta  are  contiuued  proportionab, 
it  ia  VB  :  TA  : :  7D"  :  ta»  :  :  cd"  :  at»  by  nm.  triao^es. 
But  CO  :  TA  : :  at»  ;  (at  +  vt)  at  by  the  last ;  and  tiiMe 
mult,  give  CD  .  VB  :  va*  : :  cp'  ;  (at  +  vt)  at, 

or  va  :  CD  :  ;  ta*  :  (at  +  tt)  at  ^  cd  .  ■ — . 

^  ,         VB 

But  the  aorface  of  the  cone,  which  ■•  denoted  tyr  .  at*  4- 

»  .  AT  .  TT*,  is  manifeatly  proportional  to  the  &rat  member 

of  thia  equation,  i«  aho  proportional  to  the  aecond  member, 

or,  aince  cd  lb  constant,  it  ii  proportional  to ,  or  to  a  third 

proportional  to  bt  and  av.  Aod,  tince  the  capasities  of  these 
Gircumscribisg  cones  are  as  their  surfaces  (tfa.  S9),  the  truth 
of  the  whole  proposition  is  orident. 

Lemma  ft. 
The  difference  of  two  right  lines  being  given,  the  third  pro- 
portional to  the  less  and  the  greater  of  them  is  a  minimna 
when  the  greater  of  those  lines  is  double  the  other. 
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Let  iv  and  ■»  b«  two  right , 

«i*en,  and  let  AT  be  a  duH     A.        Jl         V 

propoTlioal   to  ■▼   and  av; 

4ben  ii  Ar  a  niDimum  when  at  b:  Xi^. 

For,  lincc     ap  :  *f 

By  4iTi>kw  ap  :  Ar~-AT  ■ 

That  is,        MT  :  tp 

Hence,  vr .  at^at  .  u. 
But  TP  .  AT  it  either  B  or  <Jap>  (Cm-,  to  th.  31  Geov. 
and  th.  S3  <tf  thia  chapter.) 

Therefore  ap  .  ^<1ap*  ;  whence  4Aa  <ap,  or  at  >4ab, 
CoueqaeDtlT.  tha  minimiini  valna  of  at  ii  the  qudmpla  «f 
AS ;  and  in  uat  caa«  pr  >=  ta  ==  Sab.     4.  a.  d.* 

THEOREM  XXZL 

Of  all  Kigkt  Conea  Cin;aK«uibtd  ^eot  &e  Sans  Sphere, 

the  Smallest  ia  that  wbooe  Altitude  ia  DouUe  the  DianelcT 
of  the  Sphere. 

For,  by  th.  30,  Uie  solidify  rariei  as (see  the  &g.  to  that 

theorem)  :  and,  by  letmna  S,  since  ta  —  tb  ia  giveoi  ttw  third 

ta» 
proportiODd is  a  ntinimua  when  y*.  ==  Sae.    «.  i.  q. 

Cor.  I .  Hence,  the  distance  from  the  centre  i^the  sphere 
to  the  vertet  of  the  least  circumscribing  cone,  ia  triple  the 
radius  of  the  sphere. 

Cor-  S.  Hence  also,  the  side  of  such  cone  il  triple  the  n* 
diue  of  its  hue. 


•k>l  prind^lai^  i*  rcaUy  iindMMc,  ud  dn^iR  Bcadi  DO  cVTobgntioa ;  TH  k  i> 
fraqiuadT  cfladoeife  u  wtll  to  awaUl  improTaiMSt,  M  tDCdcoMl  dcliEfal,  u  «b«u 
JitemmiftandiflanBipracaue*.  In  tfibriwr  ii  will  b«  «idrant«g»nM  lo  ih«  »»- 
d*n  t.  Ui  eiBlim  Ike  tnift  <if  aaieiti  of  Ike  pnpositioB)  ID  Ihil  chapBr  bf  Dwuii  .11^ 
ABllnkndualjm.  Le4tlMIRrthaiBBc»lMliatiKabgnlenimbe'Mtcabru 
•xunpla:  lod let  JB  be  ^noUd  bf  0,  n* ^ s,  •vbf  >->«.    Tben ire abaH ban 

w—a:a:!X!~~:  ^duidpraportkaali  w  hicb  if  to  ba  a  Dnnhnoit.  Hmcc 
dw  IbctiaD  of  thii  fncttcD  wiQ  be  equal  to  Mm  (Flux.  ut.  SI),    tint  ia,  (Flu. 

M*.  IBaadSO), -— cno,     raoMqiKOtlv.  x* —S^aKio,  wdaarS*, 

<f  AirE84i,uabm*. 

TH¥:nit«M 
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TuEXfftai  zxxn. 

The  Whole  Sarftc«  of  b  Right  Cose  beiog  giren,  the  hf 
scried  Sphere  is  the  Greatest  when  the  Slant  Side  of  the 
Cone  is  Tiiple  the  Radiu  of  its  Bue, 

For,  let  c  aod  c'  be  t»o  right  cones  of  etiosl  jrhole  snrface, 
jthe  radii  of  their  recpectire  inscribed  spheres  being  denoted 
by  »  and  n' ;  let  the  side  of  the  cone  c  be  triple  the  radios  of 
iti  base,  the  same  ratio  not  obtaining  in  c' ;  and  let  c"  be  a 
co.ne  BtDular  to  c,  and  circmnscribed  about  the  game  sphere 
witbC.  Then,  (tra  tfa.  31)  surf,  i/'<surf.  c';  therefore  snrf. 
c'<snrf.  c  Bat  c"  and  c  are  similaTj  therefore  al!  t^e  di- 
mensions of  c"  are  less  Qian  the  correspond ing  dimeoflioDS  of 
a  :  and  consequeotly  the  radius  n'  of  the  sphere  inscribed  in 
<S"  or  in  c',  ii  lass  tbaa  the  radios  a  of  the  sphere  inscribed  in 
c,  or  r>r'.  <l.  e.  p. 

Cor.  The  capnchf  of  a  right  cone  being  j^iven,  the  inscrib- 
ed sphere  is  the  greatest  wlieo  the  side  of  the  cone  is  triple 
the  radius  of  its  base. 

For  the  capacities  of  Bach  cones  ranr  •»  their  sur&ce* 
(0..«). 

TasoREH  xxxm, 

Pf  sU  R%ht  Cones  of  Equtd  Whole  Surface,  the  Greatest  it 
Oat  whose  side  is  Triple  the  Radius  of  its  Base  -  and  re- 
ciprocally, of  all  Right  Cones  of  Equal  Capacity,  tbat  whose 
Side  is  Triple  the  Radius  of  its  Base  has  the  Least  Surface. 

Por,  by  tb.  29,  the  capacity  of  a  right  cone  is  is  the  com- 
pound ratio  of  its  whole  sur&ce  and  the  radios  of  its  inscribed 
sphere.  Therefore,  the  whole  surface  being  giren,  the  ca- 
pacity is  proportional  to  the  radius  of  the  inscribed  sphere  ; 
and  conseqaently  is  a  maiimam  when  the  radius  of  the  in- 
scribed sphere  is  snch  :  that  is,  (th.  32)  when  the  side  of  the 
cone  is  triple  the  radius  of  the  bfae*. 


■  Hne  nbi  ■  mgiliF  nmh  mtr  *uilT  be  dc<liior^  ftpm  the  ntdioA  of  Ov- 
km.  Lcl  Ue  ndiua  of  iha  bua  b«  d«nol«l  bjr  x,  tba  ilani  «ide  of  lb*  cane  bf 
A  itt  (Tbotfl  furlan  bfa*,  uid  3-141593  bjr  Tbcn  Iha  circumfarencaaf  iha 
conc'i  baw  will  be  It*,  in  ana  ix*  uid  <iK  tamx  Miiface  hi.  Tha  wbola 
jiriace  it,  Ae»fbre,:aH' .^na:  and  dilt 'beinf* 3=ia' ,  w«  haTB«— ' — --A 
ot  of  Ibt  didiMtM  uf  1^  IfnMttl 
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5M  ELEMENTS  Of  ISOPERIHETRY. 

Agun,  reciprocally,  the  capacity  being  ^tso,  the  atir&ca 
is  ID  the  inrene  ratio  nf  the  uphere  inKrib«d  :  therefore,  it 
b  the  smalleit  when  that  radiiia  is  tbe  greatest ;  that  ia  (tb.  31) 
when  the  side  of  the  co&e  is  triple  the  radios  oi  its  base. 

*.  K-O. 


THEOBEM  XXXIV. 

Tb«  Sarfiicei,  whether  Total  or  Lateral,  of  PTramids  Cir- 
cumscribed about  the  Saioe  Right  Cone,  are  respectireljr 
as  their  Solidities.  Aod.  in  particalar,  the  Sai&ce  of  a 
Pyramid  CircamSRribed  about  a  Cone,  ia  to  the  Sarbca  of 
that  Cone,  as  the  Solidity  of  the  Pyramid  is  to  tbe  Solidi^ 
of  tbe  Cone ;  aod  these  Ratioi  are  Eqeal  to  those  of  the 
SurJaces  or  the  Perimeters  of  the  Bases. 

For,  the  capacities  of  the  acreral  solids  are  reapectirely  as 
their  bases ;  and  their  lurfacee  are  as  the  petimeters  of  tboae 
bases  ;  so  that  the  proposition  may  naniCutlj  be  deqmo* 
strated  by  a  chain  of  reasooiog  exactly  like  that  adopted  ia 
theorem  11. 


•f  IbtBdcaadofdundiaiaf  Aabuc;  <fastu,iliSE^C- ).  J 

All  ooldplled  into  f  of  the  ui»  of  Ok  Use,  tu.  hj  Jrzi,  girM^s  ^l-~ 
—  ■-~),  far  the  c^ftdlj  at  Ox  cata.  Now,  Hit  bd>;a  — ■.;!-»(,  id  «)• 
muM  be  n  likewue  (Tlax.  ait.  53),  flul  ie, *  *   ~^V%   or,   n 

'au,  b  la  >! 

I7*=e^^;  u)d  a*=>e4T>*.     SflbHitntlDg  SliB  nliK  of  •'  Ibr  It,  in  dw  nke 

oS  labangneB,  Ibere rsuIu s  =  ^- — xmt^ ia4i  — b=~3&     llaa- 

•da  of  (be  am  ii  tri^ 

:i>  to  the  9qiiBnaf  then 

■rofthebU!,  »tta1. 
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THBtHUEH  XXXT. 

The  Bue  of  a  Rasfat  Pyramid  beiii||  Giren  ia  Species,  Uw 
Capacity  of  ^hat  Pynmid  U  a  Maxunaai  mlh  the  same  Sur- 
Ik«,  and  ob  the  contrarj,  the  Sur&ce  is  a  Hinimuoi  with 
the  Same  Capacity,  when  the  Height  of  Ose  Face  u  Tri- 
ple the  RcuiiuB  of  the  Circle  Iiucribed  io  the  Base. 

Let  I  and  r'  be  two  right  pyroniiili  with  similar  .bmes,  the 
height  of  one  Ititeral  face  of  f  being  triple  the  radius  ef  the 
circle  ioscribed  in  Ihe  base,  bat  this  proportion  not  obtainii^ 
with  regard  to  r' :  then 

IsL     If  sarf.  P=  iurf  r',  r  >p'. 

2dly.  If  .   .  .  p=  .  .  .  p'.surf.  p  <  surf.  p'. 

For,  let  e  and  c'  be  right  cooes  inscribed  witiiin  the  pyra- 
mids r  and  r' :  then  in  the  coae  c,  the  slaot  side  is  triple  the 
radiu*  of  it*  base,  while  this  is  not  the  ewe  with  respect  to  the 
coae  c'.  Therefore,  if  ca^c',  surf,  c  <  surf.  C  and  if  turf,  c 
*=  surf.  c'.  c>  c'  (th.  3S). 

fiat.  Ift.  sarf.  r  ;  surf,  c  :  :  surf,  p'  ;  snrf.  c" ; 
«h«DCe,  if  inrf.  p=  surf,  p*  surf,  c  =>  surf.  C ; 
therefore  c>c'.     Botr  :  c  :  :  r* :  c'.     Therefore  r>F'. 

Idiy,  F  :  c ;  :  p' ;  c'.  Theref.  if  p=p',  o=c'  :  cooseqnentlj 
aorf.  c  <  sUrf.  c'.  But.  sarf.  r  :  sarf.  c  :  ;  surf,  p* :  inrf.  c*. 
WheDGe,surf.  p<surf.  p'. 

Cor.  The  regular  tetraedoo  possesses  the  property  of  the 
minimum  aur&ce  with  the  same  capacity,  aod  of  the  mail- 
mam  capacity  with  the  same  surface,  relatively  to  all  right 
pyremids  with  equilateral  triangular  bases,  and,  a  fortiori,  re- 
hUively  to  every  other  triaogutar  pyramid. 

THEOREItr  XXXVI. 

A  Sphere  is  to  any  CircasucrilHng  Solid,  BonnM  by  Plane 
Surf^rei.  as  the  Sur&ce  »f  the  Sphere  to  that  of  the  Cir- 
camscribing  Solid. 

For,  since  dl  the  planes  touch  the  sphere,  the  radius  draws  . 
to  each  (loint  of  contact  will  be  perpendicular  to  each  re- 
spective plane.  So  that,  if  planes  be  drawn  through  the  cen- 
tre of  the  sphere  and  through  all  the  edges  of  the  body,  the 
body  will  be  divided  into  pyramids  whose  bases  are  the  re- 
spective planes,  and  their  common  altitude  the  radius  of  the 
sphere.  Hence,  the  sum  of  all  these  pyramids,  or  the  whole 
tircumscribiog  aoiid,  is  eqoai  to  a  pyramid  or  a  cone  whose 

base 
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base  ii  aqua)  to  the  whole  surface  of  that  lolid,  and  oltitaAa 
equal  to  the  radioa  of  the  Sphere.  Sat  the  capaci^  of  tb«f 
iphereia  equal  to  that  of  a  cone  whose  hue  is  eqoal  to  the 
surface  of  the  sphere,  aod  Rititade  equ^!  to  its  radius.  Coir* 
■eqaentlj,  the  capacity  of  the  sphere,  is  to  that  of  the  cir* 
CareucribiHg  solid,  as  the  snriace  of  the  former  to  Uie  sur^Ke' 
bf  th6  latter ;  both  hai'log  io  this  in»de  of  considering  them, 
■  cotmnOD  altitude.  «.  a.  o. 

Cor.  1.  All  circumscribing  cylioden,  cones,  &c.  are  to  the 
Sphere  thej  circumscribe,  as  their  respective  snrfaces. 

For  the  sanie  proportion  will  suUsist  between  their  indefi- 
fiitej;  small  corresponding  aegmeuis,  aod  tberefore  between 
their  wholes. 

Oir.  a.  AH  bodies  circumtcribihg  the  same  sphere,  are  re- 
Bpectivelj  as  their  snrfaces. 

THEOREM  XXXVII. 

The  Sphere  is  Oraatet  than  any  Poljedron  of  Bqaal  Snr&ce. 

For,  firat  it  maV  be  demonstrated  bj  a  process  simiIiir,4o 
that  adopted  io  theorem  9,  th;it  a  rtgidar  poljedroa  ha^  k 
greater  capacity  than  any  other  polyedron  of  equftl  surfiice. 
Let  F,  therefore,  be  a  regular  poljedroa  of  equal  sor&ce  to 
a  sphere  a.  Then  p  must  either  circumscribe  s.or  fall  portly 
within  it  and  partly  out  of  it,  or  fall  entirely  within  it  The 
first  of  these  •oppositiDns  is  contrary  to  the  hypothesis  of  the 
proposition,  because  in  that  case  the  anrface  of  r  conid  not 
be  eijual  to  tbot  of  s.  Either  the  Sd  or  3d  supposition  (here- 
fore  moat  obtain ;  and  then  each  plane  of  the  surface  of  r 
ibast  fall  either  partly  or  wholly  within  the  sphere  s  :  which- 
erer  of  these  be  the  date,  the  perpendiculars  demitted  from 
the  centre  of  s  upon  the  plates,  will  be  each  less  than  the 
radius  of  that  sphere  :  and  consequently  the  polyedron  r  most 
be  less  than  thu  sphere  s,  becaoee  it  ttita  an  equal  base,  bat 
%  less  altitude.  «.  b.  d. 

Cor.  If  A  priBOi,  a  cylinder,  a  pyramid,  or  a  cone,  be  equal 
to  a  sphere  either  in  capacity,  or  in  surfiice  ;  in  the  first  case, 
the  torface  of  the  sphere  is  less  than,  the  surface  of  any  of 
those  solids ;  jn  the  second,  the  capacity  of  the  sphere  it 
greater  than  that  of  either  of  thoje  solids. 

The  theorems  in  this  chapter  will  suggest  a  vari'ety  of  prac- 
tical examples  to  exercise  the  student  in  coioputatioo.  A  fetV 
|U<!b  ate  giv^n  in  the  fttllowipg  page. 
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£x.  1.  Find  the  areu  of  an  equilateral  triangle,  a  sqaare, 
s  faezagoD,  a  dodecagon,  and  a  circle,  the  perimeter  of  each 
being  38. 

Ex.  2.  Find  the  difference  between  the  area  of  a  triaogle 
tohose  aides  are  3,  4,  and  6,  and  of  an  equilateral  triangle  of 
equal  penmeter. 

Ex.  3.  What  ii  the  nfea  of  the  greateat  trianj^e  which  can 
be  coMtitated  with  two  ^ven  aides  8  and  1 1  :  and  what  will 
be  the  leBKth  of  its  third  side  ? 

Sx.  4,  The  circa mference  of  a  circle  Ji  ]2,  and  the  peri- 
neter  of  an  irr^tahr  polygon  which  circumicribea  it  ia  16 1 
irhat  are  their  reapeclive  areas  7 

Ex.  A.  Requii'ed  the  surfiice  and  the  solidity  of  the  great- 
est parallelopiped,  whose  lei^^,  breadth,  and  depth,  together 
Make  18? 

Ex.  6.  The  surface  of  a  sqaare  prism  is  646  :  what  ii  its 
■(didity  when  a  mazimum  ? 

Ex.  7.  The  content  of  a  cylinder  is  169-645968:  what  is 
its  snrlace  when  a  minimum  ? 

Ex.  e.  The  whole  snrlace  of  a  ri^t  cone  ie  COI-0619SS : 
what  is  its  solidity  when  a  maiimam  ? 

Ex.  9.  The  aurfdce  of  a  triangular  pyramid  ia  43-30127  : 
what  is  its  capacity  when  a  maximam  7 

Ex.  10.  The  radios  of  a  sphere  is  10.  Required  the  soli- 
dities of  this  sphere,  of  its  circumscribed  equilateral  cone, 
and  of  its  circumscribed  cylinder. 

£x.  1 1 .  The  surface  of  a  sphere  is  28.274337,  and  of  an 
irregular  polyedron  circamscribed  about  it  95 :  what  are  their 
respective  solidities  ! 

Er.  12.  The  solidity  of  a  sphere,  equilateral  cone,  and 
Archimedean  cylinder,  are  each  600  :  what  are  the  sur&ces 
and  respective  dimensions  of  each  ? 

Ex.  13.  If  the  surface  of  a  ai^iere  be  represented  fay  tb« 
number  4,  the  circumscribed  cyUoder's  convex  suriace  and 
whole  surface  will  be  4  and  6,  and  the  circumscribed  equila- 
teral cone*s  convex  and  whole  snr&ce,  6  and  9  respectively. 
Show  how  these  nombers  are  deduced. 

Ex.  14.  The  solidity  of  a  sphere,  circumscribed  cylinder, 
tod  circumscribed  equilaternl  cone,  are  as  the  nombers  4,  S. 
•nd  9,    Reqaired  tl^  ^roof. 
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To  Diride  a  TtiaDgle  idIo  ttro  parts  having  a  Giren  Ratio, 

lat.  6t  n  line  draira  from  one  an^e 
af  tbe  triangle. 

minke  AD  :  AB  ;  ;  m  ;  ffl  +  n  ;  draw  cd. 
80  shall  ADC,  BDc,  be  the  parts  reqaired. 

Mere,  etideDtly,  id  «=  —7-  *»,  t>u  *=  -^  *e. 

2dtjr   By  a  line  parallel  to  one  of  the  sidea  of  tbe  triabgle> 
Let. ABC  be  the  given  tnasgle.  to  be  /<  ._ 

divi'led  into  two  parts,  in  tbe  ratio  of  m 

to  It,  by  a  line  parallel  to  the  base  ab. 

Uake  CE  to  EB  as  m  to  n  :  erect  ed  per- 

pendiciilarty  to  ca.  till  it  meet  the  seoii* 

circle  described  on  ca,  as  a  diameter,  in 

&.     M^ike  cFi^cD  :  and  drawthrongfa  f.  cr  ||ab.     So  shall  or 

divide  the  triangle  abc  in  the  given  ratio. 

For,  CK  :  ca  ** ::cd*  (=cf»)  icb».  Bntcc  :eb  1:  m:n, 

or  cc  ;  ca  :  :  m  :  m  +  n,  by  the  construction ;  therefore 
cr*  ;  ca*  ::  mt  m+n-  And  since  A  cuf  ;  A  cab  r :  cf*  :  ca'  ; 
It  follows  that  cGF  :  cab  :  :  m  :  m+»,  as  required. 

Computation.     Since  ca*  :  cf*  :  :  m  -f  '"  '  n,  therefore, 
{m  +  i»)cF*  =  «n  .  gb'  i  whence  cf  yi'(«i +  «)  3=  ca^m,  or 

In  like  manner,  co  = 


CA^/ 


er  =  cB  v'  — 7— 

Sdly.  By  a  line  parallel  to  a  giren  line. 

-  Let  Ki  be  the  line  parallel  to  which 
t  line  it  lo  be  drawn,  so  as  to  ^vide 
tbe  triaii^e  abc  in  the    ratio  of  m 

tD«. 

By  cn-oe  Sd  draW  op  parallel  to  ab, 
SO  as  to  divide  abc  ib  the  given  rntio. 
Through  t  drnw  fe  parallel  to  hi. 
On  CK  as  a  dinmeler  describe  a  semi- 
circle ;  draw  on  perp.  to  ac,  to  cat 
the  semicircle  in  o.  Make  cf  =  cd  : 
Ihrongh  F,  parallel  to  ef,  draw  ra,  tbe  line  required. 
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£59 


TIm  ^ODOiHtratiM  of  tbis  follotn  at  once  from  eiM  9 ;  be* 
cauM  it  ii  ODly  ta divide  rcc.  b;  n  line  parallel  tc  rs,  into  t«e 
trioD^M  having  the  ra(i»  of  res,  to  fso,  that  if,  of  ex,  t9  cq, 

CmnptUatioH.  ca  and  cr  beii^  conpnted,  u  in  caae  1,  the 
diatasces  cr,  ci  beiig  given,  and  oe  being  to  c4  as  ch  to  ci : 
die  triangles  cov,  «fii,  also  having  a  comnjon  verticle  angle, 
are  to  each  other,  as  co  .  cr  to  c% .  cf-  These  product*  thef  e* 
bra  are  equal ;  and  sipca  the  factors  of  ihe  former  are  koowD, 
the  latter  product  ii  known.  We  have  hence  given  the  ratio 
of  the  tvro  Itnea  cr  (=«)  to  cit  (=;)  as  cb  to  ci  -,  ss;,  as  ^  to 
f ;  and  their  product  =:  cr  .  co,  say,  =  oA ;  to  find  x  tod  y. 


Here  we  find  z 


abp  ttbg 


That  ii. 


cr  .  CO  .  CH 


N.  B.  If  the  line  of  dirisioo  were  to  be  perpendicular  to 
one  of  the  lidei,  as  to  ca,  the  construction  would  be  similar  : 

cr  would  be  a  nometrical  mean  between  ca  and  — r~  cb,  ( 

being  the  foot  of  the  perpendicular  from  a  npon  ac. 
4uJy.    B/  a  line  inwa  through  a  given  point  r. 


By  any  of  the  former  eaaea  draw  Im  (fig.  1)  to  divide  the 
triangje  lac.  in  the  given  ratio  of  m  to  n :  bisect  cl  is  r,  sod 
through  r  and  oi  let  pas*  the  sides  of  the  rhomboid  citn. 
Hake  ca^^te,  which  is  given,  because  the  point  p  is  given 
in  position :  make  cd  a  fourth  proportional  to  ca,  cr,  om  ( 
\H8t  is,  nuke  ca  :  cr  :  :  cm  :  ccf ;  and  let  a  and  d,  be  two  aa- 
gk<!a  of  the  rhomboid  cuid,  figs.  1  and  2,  r«,  is  ^;ure  2,  ba> 
io^  drawn' parallel  to  nc,  describe  on  eil  as  a  diameter  the  •£> 
mic^rcle^,  on  which  Betefftf^ct'^ar:  then  set  ofi  cfii  or 
At*  Ln  CA  equal  to  tif,  and  throngh  p  and  u,  r  wai  id  draw  th« 

Ihwa 
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dnir  the  liiia  lh,  lV,  vkfaer  of  which  win  divide  die  tnaa^ 
ia  tbe  gircn  ratio.— The  coostractioD  ia  ^tch  in  8  figs,  tmani 
tj  to  arW  conptexDCM  is  the  diagraou. 

The  UmitMioiM  an  obviova  fracB  the  cositractioD  :  for,  tte 

point  L  HMst  fall  between  a  and  c,  and  the  poiat  m  betwecs  m. 

I  c  ;  ar  mast  alio  be  lew  than  rb,  otberwiae  efcMmaot  b« 

>tiad  to  the  ivmicircle  on  ei. 

.  BecaoM  cr  ;%  }ul,  the  rhavboid  cnm  ^=  triangle 
cIm,  koA  bscauM  ca  :  cr  ;  :  cot :  cd,  we  hare  ca  .  cd-=icm  .  cr, 
therefore  riiomboid  c^d  =e  rtiomboid  crnn  =  triangle  dm, 
Bj  reason  of  the  parallels  ca,  U,  mi  ca,  oi,  the  trianglei 
aLF,  doM,  kr,  are  similar,  and  are  to  each  otlier  ■■  tbe 
iqaarea  of  their  homologous  aides  ar,  dm,  br  :  aow  ad'^^^ 
■+dj^,  by  constnictioa  ;  and  ed^rb,  ef=»t,  df^dx  ,  there- 
fore  p6*  s=  aF>  +  tin*  •  or,  thi;  triasgle  rba  t^en  awa;  froM 
tbe  rbomboid,  is  eqnal  to  the  lam  of  tbe  trivgles  art.,  due, 
added  to  the  part  oapod  :  coDsequentlj  czji^coM,  as  reqair- 
ed.  B^  a  like  proccH,  it  may  be  ihowD  that  m.'f,  da'm\  tha', 
arc  similar,  and  aL>  +  da'»=^TbQ' ;  whence  ebd^-^at-'r,  anl 
Ci/K.'=cabdj  ai  required. 

Contputatioii.  ct,  cm,  being  known,  as  well  m,  ca,  «r,  at 
c«,  tt,  cr  B  ^{,  is  knswn  t  aod  hence  erf  naj  be  foand  bj' 
the  proportion  co  ;  cr  :  :  cm  :  cii.  Then  cd — ce  —  td^  and 
^«i»-«/*«=y«i»-aF»  =  d/"=<J«oc((M'.  Thoa  cm  ia  de- 
termined.    Then  we  hare — '- bu,. 

CH 

N.  B.  When  the  point  is  in  one  of  the  sides,  aa  at  x;  Hien 
make  CL  .  tM  .  (m  4-  n)  =  c*  .  CB  .  M,  or  VL  :  CA  :  :  M  .  ca  : 
(ss+n)  CM,  and  the  thing  ii  done. 

Sibi\y.    By  the  shortest  line  possible. 

Draw  any  lioe  p«  dividing  tbe  triangle  in 
tbe  given  ratio,  and  to  that  the  summit  of  the 
triangle  crq  sh»ll  be  c  the  nwut  aeatt-  of  the 
three  angles  of  the  triangle.  Slake  cm=c«, 
a  geometrical  mean  proportional  between  cr 
and  c«  ;  so  shall  mh  be  the  shortest  line  pea- 
sible  dividiog  the  triangle  in  the  giren  ratio. 
—The  compulation  is  evident. 

DetMHU.  Suppose  nh  to  be  the  shortest 
line  cutting  off  the  given  tri;u)gle  chk,  and 

ce  1   MM    .    MB  =  MO   +  ON  ^  CO    ,    COt  «  + 
CO  .  cot  H=CO  (cut  H-fcot  h).     But,  cot  H-f 

COS  M    cos »    sin(ii4-i») 
cot  H  =-. 1—: =— -i — ~-=.Aod)eqoe. 
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BViir,  Antlyt.  pL  trigonon.)  lin.  m  .  udites  ^cos.  Cf*~'') 
— IcM.  (m+ii)  =  ^g<m.  (ji-m)  +  ^co«.  c,    Theref.  hh  =ca. 

HD  ni+itl  .-!_■■.  . 

~ — ; — ^  .  .  ■ :  whieh  expreMioQ  u  a  etuuvram  when 

ita  deiiominator  isamuimum  ;  tfaatis,  whencM  (m— ii)utliS 
jpeateat  ponible,  which  u  menifestly  when  m  —  r  =  o,  or 
M  =  N,  or  wben  the  triangle  cnh  ii  uoic«lea.  That  the  UM' 
celei  triangle  must  have  the  most  aeutt  angle  &r  its  sammit,  u 
evident  from  the  cooai deration,  that  since  SAchh  =  co  .  hit, 
MR  raries  inverselj'  as  ca  ;  and  ceaieqnently  iin  is  shortest 
irben  co  ie  loDge§t,  that  it,  wbea  the  angle  c  is  the  noit  acute, 
N.  B.  Avery  simple -and  ele^nt  demooitrattoa  to  thia 
cue  is  given  in  Simpson's  Oeometrj :  vide  the  book  on  Hoi. 
and  Afio.  See  also  aootber  demooatrotioQ  at  case  8d  prob. 
6th,  beloTT. 

ntOBL^M  n. 

To  Divide  a  Triangle  into  Three  Perls,  having  the  Ratio  of 
the  qnaotities  m,  n,  p. 

1st.  B7  lioe*  drawn  fram  oas  angle  of  the  triangle  to  tb« 
opposite  side. 

Divide  the  aide  u>,  opposite  the  ai^e  c 
from  whence  the  lines  are  to  proceed,  is  the 
pven  ratio  at  d,  e  ;  join  cd,  ce  ;  and  ico, 

pes,  BCB,  are  the  three  triangles  required.     

The  demoDstiatioa  is  manifest ;  as  is  also  the    AS     X  B 
eomputatioQ. 

If  it  be  wished  that  the  lines  of  division  ba  the  shortest  tbft 
nature  of  tbe  case  will  admit  of,  let  them  be  drawn  from  th* 
aiost  obtuse  angle,  to  the  opposite  or  longtit  side. 

Sdly.  Bj  lines  parallel  to  one  of  the  aides  of  die  triao^. 

Hake  ci>  :  oh  :  hb  :  :  m  :  n  ;  p.  Erect 
DC,  HI,  perpend icularij  to  cb,  till  they  m 
tte  semicircle  described  en  the  diameter 
CB,  in  E  and  i.  Make  cr  =  ce,  and  ok  =  Qf^ 
CI.  Draw  of  through  f,  and  lx  through  t, 
paranel  to  ab  ;  so  shall  the  lines  of  and  lk, 
divide  the  triangle  abc  as  required, 

Tbe  demonstration  and  computation  will  be  aioular  to  tbeM 
in  the  second  case  of  prob.  I . 

Siig.  By  lines  dnwn  from  a  given  point  On  oM  of  dtt 
•ides. 

Vol.  I.  7«  /^f- 
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Let  r  (fig.  I)  W  the  givM  poiot,  a  tod  k  tbe  pointt  frtiek 


diYide  tke  aide  ab  io  tbe  giTeD  rabo  ef  n,  »,  p :  tbe  poiat  r 
&lliitg between  o  and  h.  Join  pc,  parallel  to  which  dnwec, 
bd,  to  meet  tbe  sid«  ic,  bc,  in  the  poLnta  e  and  d :  jma  R. 
rd,  so  ihall  the  lines  cf,  rd,  diTide  Ute  triengle  in  tbe  una 
ratio. 

In  Gg.  2,  where  r  faUa  nearer  one  of  tbe  cxtresHtiei  of  n 
tbu  both  a  and  6,  the  coastmctian  is  eMentinl^  the  mae ; 
the  sole  difference  in  the  resnh  U,  that  the  points  e  sad  4,  bod 
fall  on  OM  aide  ac  of  tbe  trian^. 

Dtmon.  Tbe  lioea  ca,  cb,  divide  tfie  triangle  into  tbe  girek 
ratio,  bj  case  lit  Bat  by  reason  of  tbe  furallel  hoa  oc,  k* 
M,  A  ace  A  ocTt  and  4  5dc  «  Mr.  Therefiire,  ia  fig.  I| 
Aoe  -f-  ocp  3c  Aoc  +  occ  that  ii,  ACp  =  aoc  :  aad  sM  +  Ut 
^  bM  -f-  6dc,  that  is,  ■i'p  >=  afrc.  Conaeqneatl;,  tbe  re- 
minder cerd'^cab. — In  fig.  S,AcmMe,  mk  m  =  acI{ 
tberefoN  erd  >=  ocf  ;  and  acb  —  idr  i=  ica  —  kcb,  tkat  i^ 
card  ^  cni. 

ComfxttfUiM.    Th*  peipeadiodan  <;y,  c»  k 
£i±er  :  Aacb  : :  M  :  n(+ n  +  p  ::  Ut-<^za,C9. 
(«-hi+/)Ar.<^=m.iB.CD,andej=.^-^~^.    nK  fine 

cgbeing  thns  known,  we  toon  find  AC  {  &rcD  :  ac  : ;  ^  :  m>» 
A« .  Cf        M  .  AB  -  AC  .    .      .    , .  .      . 

-5r-(,-H+,)«-   '"tatJU^-P— «>«-ji«fc- 

doced  more  aiapjr ;  for,  since  acb  ;  ter  : :  ac  .  a  ;  m  .  if 

:  ;  m+n+p  :  ai,  we  hare  (m+it+p)  u .  af=«w  .  as  .  Ac,«d 

By  a  like  pFOoeas  in  oktMasd,  »£■.!« 

-^-j-i-^-.  aad.i,lig.I,^^i'"+''V''-*^ 

4thly.    By  linea  drawn  Gron  a  giren  point  r  vitUm  dw   < 
tria«gle. 


bv  Google 
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Cmut.  Tbrotuh  r  and  c  drar  the  Um  «iv,  and  let  th«  tit- 
a^le  be  difidea  into  tkt  ^vea  ratia  b;  Iwm  pc,  pd,  dram 
from  f  to  intenect  *c,  ac,  or  eilher  of  Aua ;  accoidiog  to 
ttie  m«^od  doicribed  in  erne  3  of  thia  proUea.  Tkroiq^  r 
drmr  PC,  fd,  and  re^wtively  parallel  to  them,  from  jr  drair 
the  baea  ;)m,  jin  :  join  ph ,  ri* ;  w  ^11  theie  linea  with  pp, 
,  divide  tbe  triai^Is  in  the  giren  ratio. 

Dmt»».  Tbe  triaoglefi  cru,  ctf,  are  meDifeHtlf  equals  aa 
•re  alao ^Fii,  4lpj> ;  therefore  cfm— <^,  aad  crifscpii; 
whence  abo,  ie  i^  Ij  citmcBM^,  and,  in  fig.  2,  ci^rvaB 
cn|>dl 

Campvt.  Since  cp  .  cm  =<y  .  cd,  we  have  cm  -s^-^ 


Inlfte 


Acmonb.  It  will  generally  be  be«t  to  contrire  A«t  the  tnuA- 
ttt  ihare  of  the  triangle  shall  be  laid  off  oeareat  the  Tertex  c 
of  the  triai^le,  in  order  to  eninre  the  powibilit;  of  tbe  con- 
itniction.  Eveit  this  precantion  however  loay  sonelitaet  fell, 
of  enauriog  tbe  cooatntctiosb;  the  method  abore  given:  when 
this  happens,  proceed  tbaa  ^ 

By  cose  1 ,  draw  tbe  lines  cd,  ce,  fren 
the  vertex  c  to  the  opposite  side  a,  to  di- 
vide the  triaoglein  taa  given  ratio.  Upon 
u  set  off  an;  where  hb,  so  that  iiv  :  ab  : : 
rp  (the  perp.  from  p  on  as)  :  ep,  the  alti- 
tade  of  tbe  trifUKJe.  Jf  mp  and  ph  are  to- 
other to  be  the  least  possible,  then  set  off  ^  nr  on  each  aid* 
the  point  p  ;  so  will  the  triangle  mfk  be  isosceles,  and  its  pe 
rimeter  (with  the  g^ven  base  aod  area)  a  niniisoin. 

fitblj.  By  tines,  «m  of  which  is  drawn /rm»  a  given  ai^s 
U  a  given  point,  which  M  also  Uie  point  of  eonconne  «f  the 
yther  two  lines. 
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Caiut.  ^j  cue  1st  invr  tbe  lises  at,  cb,  diTidingt)te  txi- 
tngle  Id  the  g4veD  ratio,  and  m  that  the  smaller  portiou  shall 
Ue  nearest  the  aogte*  i  and  b  (lulesi  the  conditioM  of  ibk 
diTJiion  require  it  to  be  otherwise).  From  r  and  a  deaut 
apon  ic,  the  perpeodiculBrs  n>,  ae ;  and  Irom  r  and  6,  od  bc, 
the  perpendiculars  Ff,  bd.  Make  cm  :  ci  ;  :  oc  :  rp.  and  cir 
:  ca  :  :_M  !  rq.  Draw  pm,  rn,  which,  with  cp,  will  diride  the 
triangle  as  required. 

When  the  perpeoAciilar  from  b  or  from  a,  upon  tc  or  jc, 
ii  longer  than  the  corresponding  pn-pendicnlar  from  r,  the 
point  n  or  M  will  jail  farther  from  c  (ban  a  or  a  doec.  Sop- 
pose  it  to  be  H ;  then  make  a'e  :  «a  :  :  ns  :  er,  and  draw  ra* 
Mr  the  line  of  division. 

The  demonstration  irf  all  this  is  U>o  obtioos  to  need  trac< 
ing  here. 

Coaput.    The  perp.  ca  =  Aa.uD  a;  and  ei(  =  — '• — , 

,  ,         ...                ,             CB  .  M 
ia  «  at .  sin  B  ;  and  ca  = . 

abiy.  By  liaes,  one  of  which  falls  from  the  giren  point  of 
conconne  of  all  three,  opoo  a  given  side,  in  a  given  angle. 

Snppose  the  gireo  angle  to  be  a  right 
ai^loi  and  p/ the  given  perpendicular : 
wUcb  will  simplify  the  operatiiH),  thou^ 
the  princlpleB  of  constnictioa  will  be  the 
fame. 

Contt.  Let  ca,  cb,  divide  the  triangle 
in  the  given  ratio.  Hake/it :  cb  : :  M :  p/*, 
and  fit  i  CA  I  ioe  :  t/;  and  draw  px,  pm,  thoa  fontting  two 
trianglflt  rfn,  rfk,  eqaal  to  c6b,  cai,  respectively.  ■  If  ir  fall 
tfetween  f  and  a,  and  m  between  a  and/,  this  constrnctioa 
maniieitly  effects  the  division.  Bat  if  one  of  the  pobts,  snp- 
pose ■»,  &ll8  beyond  the  correspondiiig  point  a,  the  line  f« 
intersectlDg  ic  in  e  :  then  make  n's  :  sa  :  :  ev  :  cp,  and  dmr 
vn' :  ao  (hall  tf,  PN*,  PIT,  divide  the  triangle  as  required. 


Chmpitt. 
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Compvt.  Here  ca  and  M,  nre  found  aa  hi  case  6th;  and 

■keoce>=>^— i^i  aaifit-^t^.    Then  m=*v'(»'/'  + 

ft')  aad  ^s»ia.  tf.    Alio  160°— (ii+a)=iiu.    Thfo  Bin. 
iUA  :  sin.  M  :  aio  «  oc  HA  (=^^f-—Af)  :  At  :  tu.     Again  pe^ 
1M-H«  J  and  littly  ii'e=    -^— 
Here  alM  the  demosatration  ia  manifest. 

7thlj.  Bjlin^  dnwn  from  the  angles  to  meet  in  a  deter- 
auntie  point.  Q 

CMuime  On  one  of  Ae  aidei,  as  acj  set 
off  AD,  so  that  AD  :  AC  :  :  m;  m+n+p.  And 
•n  the  other,  as  ab,  set  (^  n,  «>  Uiat  aa  :  bo 
:  ;  It  :  m-^n+p.  Tl»ou|^  b  draw  do  paral- 
lel to  AB ;  and  throngh  a,  eh  parallel  to  ac  ^  _ 
to  their  point  of  intenection  i  draw  lioea  ai,  bi,  ci,  which  will 
divide  the  triangle  abc  into  the  portions  required. 

Demon.  Any  triangle  whose  baie  is  ai,  add  whose  vertex 
&ll8  in  DO  parallel  to  it,  will  manifestly  be  to  abc,  as  ad  to 
AC,  or  as  m  t»  m-i-  n+p  :  so  also,  ao;  triai^le  whose  baxe  is 
Bc,  and  whose  vertes  falls  in  eh  parallel  t«  it,  will  be  to  abc, 
as  BE  to  BA,  that  is,  as  n  to  m-^-n+p. 


Thus  we  have  a 


». :  m+n+p, 
fn+n-i-p. 


therefore     .    aib  ! 
And  the  first  two  proportions  gire,  t^  compnittoii, 
AiB-l-aic  :  Mb  :  :  m-f-n  :  M-|->>+f> ;  and  by  diTision,  acb-:- 
(aib  +Bic)  :  ACB  :  ;  m+w-t-p— (iii-(-»)  :  m+n+pt  or  *ic  : 
A<»  :  :  p  :  m+»+p,  confleqneatiy  aU  :  aic  :  Aic  oc  m  :  n  ;  p. 

-  n  .  AB  m  .  BC 

CowmU.    ns^ois — ; — ■— ;bo= — ; — ,— ;  aaglesoi=S 
^  m+a+p  m+n-\-p    ^» 

rij^t  angles— B.     Hence,  in  the  trianf;le  eei,  there  are  known 
two  aides  and  the  inclnded  angle,  to  find  the  third  side  bi. 

Rtntark.  When  m=n=p,  the  conitruction 
becomes  simpler.  Thus  :  from  the  rertez  draw 
-tSD  to  bisect  AB  ;  and  from  a  draw  ae  in  like 
maioer  to  the  middle  of  ac  :  the  point  of  ih- 
tersection  i  of  the  lines  cd,  be,  will  the  point  sought. 

for,  on  BB  and  be  produced,  demit,  from  tbe  angle  c 
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A,tte^erpeDdioi)an  CI, it:  then  tbe  trin^M%Ki, au, ire 
equal  in  all  reipecti,  because  iee=cb,  kaiksior,  and  tlie  an* 
gletr  St  B  are  equal.  Heiic«  ax==ct.  But  tbfiK  an  the  per- 
pendiciilar  altihidei  of  the  trin^ei  arc,  bfa,  wbich  bare  the 
cofflnMB  base  »r.  CoHcqoentl?  (bote  two  tri—glLg  »»  eqmd 
la  area,  in  a  similar  DUKwer  it  raaj  be  proved,  that  APc=Ara 
or  SFB :  tberefore  Uiese  tbree  triangles  are  equal  to  eacb 
Mher,  and  tbe  lines  pa,  pb,  pc,  trisect  tbe  A  t»c. 

PROBLEM  m. 

To  Divide  a  Triangle  into  Four  Parts,  hariog  the  ProportiiN) 

of  tke  Qfiaotities  w,  K,  p,  f. 

This,  like  the  former  problems,  isigU  be  diriddd  into  Mr^ 
ral  cases,  the  coMideratian  vf  M  wUcb  wooM  diaw  ■»!»  e 
Tci;  great  tengUi,  and  wbieh  is  ia  a  great  aienan  tinaareiwa  i 
t]r,  becatne  tbe  method  will  in  geaeral  he  aogyrtil  inisili 
atttj  on  coDtemplatii^the  netltcdof  pfoceeding  iiibeaaMle- 
goui  case  of  tbe  preceding  proUeai.  We  shall  thwefore 
OdI;  talie  ODe  case,  namely,  tut  in  wbich  the  lines  of  dirisio* 
must  all  be  drawn  liroai  a  given  poiat  of  ooe  ef  tbe  sides. 

Let  r  be  tbe  given  peiot  in  tbe  aide  ab. 

Let  the  points  t,  m,  n,  divide  the  base  as  r. 

in  (be  given  proportion  ;  so  will  ttie  lines  cl, 
em,  c»,  divide  tbe  surface  of  the  triangle  in 

Ibe  same  proportions    Join  cr,  and  puaHel . 

to  it  draw,  from  I,  m,  n,  the  lines  ft,,  nut,      A-i  *  j» 
nM,  tncuttheother  two  sjdes  of  the  triangle  in  L.M.K.    Dnw 
ft,  PN,  PS.  wbich  wilt  divide  the  trian^  as  reqnired. 

The  denaonstratjoa  ia  too  obvious  to  need  tracing  Ihroogb* 
out ;  for  the  triangles  lIf,  lic,  having  the  same  base  tl,  and 
Ijii^  between  the  same  two  pardlela  li,  cp,  ar4  eqnal  i  (• 
each  of  these  adding  the  triangle  al/,  there  reSulb  ALPx=Acf. 
And  IB  like  anmner  tbe  truth  of  the  whole  coMtruction  aaj 
he  shown. 

The  compntatioD  maj  be  cenducted  after  the  manner  o£ 
flurt  in  case  3d.  prob  2. 

PROBLEM  IV. 

To  Divide  a  -Qjiadrilaleral  into  Two  Parts  havlt^  a  Given 

Katio,  m  :  n. 

Ist.  By  a  line  drawn  irom  an;  poiifl  ia  the  perimeter  of 
Ae  figure, 

Gnufruc*     From  r  draw  lines  pa,  fb, 
to  the  opposite  angles  a.  b.     Thrnugh  d 
draw  or  parallel  to  pa^  to  meet  ba  pro-        /'■/ 
daced  in  r  :  and  through  c  draw  ce  pa-     J~Jl 
nllel  to  rs  to  meet  ab  produced  in  a.     'A 
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|Mvii#  n  m  M,  in  tiui  giren  ntio  af  m  to  •  :  join  t,  »}  >s 
■hidl  Ike  lioe  fm  divide  the  qvadrttatfinU  aa  required. 

iJcMOM.  That  the  triugle  ffe  it  equal  to  the  quadnngle 
ABCD,  a^  be  ahm* B  bjF  the  same  proceu  aa  is  oied  to  dernen. 
ttrate  d>e  coi»tructi<H>  of  prob.  S6,  Geometry ;  of  which,  in 
fiict,  tbit  h  only  a  modification.  And  the  Uoe  pm  evideotljr 
Sfvidea  FP£  ID  me ^ven  ratio.  Bat  ffmsadfh,  andErNwe 
BCFM  t  Iherefore  tm  dindea  the  qoadraD^  also  ia  the  ^vev 
rati*. 

Statark  1.  If  the  line  pk  cut  either  of  tbe  aidea  ad,  bc, 
then  ita  poaitioo  muit  be  changed  b;  a  proceei  aimilar  to  that 
Aeacxibed  in  the  &tb  and  6lh  cnei  of  the  last  problem. 

Aaurik  8.  The  i^tBdnlatenl  w»j  be  divided  into  three, 
^r,  or  nore  paHs,  by  a  aimilar  meUiod,  being  anbject  hoir- 
ever  to  the  reatrictian  meBtraned  in  tbe  {ireceding  remark. 

Remark  S.  Tbe  same  method  may  obvioaily  be  uaed  when 
the  ^ven  p«nt  f  ia  in  one  of  tbe  a^ea  of  the  figure. 

Qm^ut.  Suppoae  i  to  be  the  point  of  interaection  of  the 
•idea  DC  and  «b,  prodaced ;  and  let  tbe  part  of  the  qoadrila- 
teral  laid  off  townrda  i,  be  to  tbe  ether,  aa  n  to  m.    Then  w* 
a(in  .  IA— IB  .  u:)      .       ,,     ,.  , 

haTei*=-i-7 — ; — r =.   Aatothe  distance  Di,ai.(aiDce 

(m+ii)iF  ^  ^ 

the  anglei  at  i  and  n,  and  cooaeqnently  that  at  i,  are  luoiri)), 
they  are  easily  ibund  from  the  prtqwrtionality  of  the  aidea  of 
trianglea  to  the  ainea  of  ttieir  opposite  angles. 

SAy.  By  a  Ufto  drami  parallel  to  a  giren  line. 

Ouulmc.  Produce  c 


they  meet,  as  at  i.    Join  oa  pa- 
ralle)  to  which  draw  cr.    Dinde 


rallelk 

AF   in   the   pvta   ratio   in    h. 

Through  D  draw  na  parallel  to 

tbe  given  tine.    Hake  ip  a  mean 

proportional  between  in,  lo ;  through  f  draw  ph  parallel  to 

an:  soaball  pm  divide  the  qnadrilateral  abco  as  required. 

Dcfflon,  It  ia  evident,  from  tbe  tranafonnatioD  of  figures, 
■o  often  Fcaorted  to  in  these  proUema,  that  the  triangle  abt 
^  qnadrilateral  abco  (th.  S6  Geott.)  :  and  that  on  dividea  the 
triangle  ADP  in  the  given  ratio,  is  evident  from  prsb.  1,cbn  I, 
We  have  only  then  to  demonstrate  that  the  Irian^e  lan  ia 
equal  to  tbe  triangle  int,  for  in  that  case  unr  will  manifestly 
be  equal  to  acnr.     Now,  by  conetmction,  ib  :  ir  :  :  if  :  la  : ; 

iby  the  parallels)  m  :  in  ;  whence,  by  making  tbe  prodncta  of 
lie  means  and  eitremea  equal,  we  have  id  .  ih  =  ip.  in  ;  but 
when 
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trhen  the  products  «f  tfae  sidei  abost  the  eqati  anf^  of  tw« 
triangles  baring  s  common  angle  are  eqpA,  thine  triai^^ 
ve equal;  ttwrejbre  &iiid»  ^tim.    «.  e.  p. 

.  Coa^vt.  In  the  tmngtes  u>i,  ado  are  giren  all  the  angjM, 
j^  the  side  AD ;  whence  ai,  Aa,Di,mad  ii:,=di—dc,  become 
ImoWD.  In  the  triangle  >fc,  all  the  angles  and  the  rid*  ic  are 
knoiTD  ;  whence  if  becoinei  known,  as  weH  aa  fh,  sioce  ah  : 
BF  ;  :  m  :  N.     Lastly,  if  =^  j/{'«  •  ■<>).  and  lo  :  in  ;  :  ir  :  in. 

Cor.  1.  When  tbe  Une  of  dmsion  rii  is  to  be  perpeadico- 
larte'aside,  or  parallel  to  a  given  aide  ;  we  hare  only  fo  dmr 
pe  accordingly  :  so  that  those  two  cases  are  included  in  this. 

Cor.  2.  When  the  line  ph  is  to  be  tfae  shortest  possible,  it 
must  cut  off  an  iaoscelee  triangle  towards  tfae  acnteat  angle ; 
aad  in  (hat  case  w  must  eridently  be  equal  to  id. 

Sdly.  By  a  line  drawn  through  a  girea  poiat 

The  method  will  be  the  same  as  that  to  caae  4th  prob.  1. 
and  therefore  need  not  be  repeated  here. 

Sdloltwrn.  If  a  quadrilateral  were  to  be  dirided  into  fiiur 
parts  in  a  given  proportioD,  m,  m,  p,  j :  we  OHUt  first  diride 
it  into  two  parts  iraring  the  ratio  of  m+n,  to  p+q ;  and  thett 
each  of  the  qaadrangles  so  fopiwd  into  their  respectire  radios, 
of  m  to  %  and  p  to  j. 

To  diride  a  Pentagon  into  Two  I^rta  having  a  Giren  Ratio, 
A-om  a  Oiren  Point  in  one  of  the  Sides. 

Uednce  the  pentagon  to  a  triao^e  by  prob.  37,  Geometiy, 
and  divide  this  triangle  in  the  giren  ratio  by  case  1,  prob.  i. 


To  diride  any  Polygon  into  Two  Parts  haTing  a  Qiyan  Ratio, 

tst.  Prom  a  |;ire»  point  in  the  perimeter  of  the  polygon. 

Cotutntc.  Join  any  two  opposite 
an^es,  A,  n,  of  tfae  polygon  by  the  line 
AD.  Reduce  the  part  ascd  into  an 
eqairatent  triangle  nra,  whose  vertex 
shall  be  the  given  point  p,  and  base  ab 
prodnced ;  an  operation  which  may  be 
perfbnned  at  mtce,  if  the  portion  ABCO 
.bequadrangiitar;  orbysereralopera- 
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tioDE  (sf  from  8  sidei  to  6,  irora  €  to  4,  be.)  if  flu  riflci-b* 
more  than  foar.  Ditide  the  trian^e  sn  into  two  parti  hvr- 
ing  the  given  ratio,  hy  the  line  ph.  In  like  msDoer,  rednca 
ADEFGA  into  an  e[|uiyalent  triaa|;te  having  b  filr  iti  rerteXt  <*<>' 
FE  produced  for  its  bale;  and  divide  this  triangle  into  tfav 
giveo  ratio  by  a  line  from  a,  as  hk.  The  compound  line  pbb 
nill  ntiinifeitly  divide  the  whole  polygon  into  (wo  parts  kaT* 
iog  the  ^ivpn  ratio.  To  rednce  this  to  a  right  line,  join  f^ 
and  through  h  draw  hh  parallel  to  it;  join  rx;  ip  will  the 
sight  line  pv  divide  the  poIjgOn  aa  required,  provided  h  fall 
l^etweea  f  and  c  Jf  it  do  not,  the  reduction  may  be  com- 
pleted by  the  procesi  described  in  cases  bih  and  €tb  proh.  Zd. 

Al)  this  is  too  erid^Bt  to  need  demonstration. 

Remark.  There  is  a  dirtet  method  of  solving  tins  prob- 
lem, wtlhoot  eubdividii^  the  figure  :  but  ai  it  requires  thp 
compulation  of  the  area,  it  is  pot  given  here. 

2dly.    Sy  the  shortest  line  pouible. 

Caiulrw.  From  aDT  point  f', 
in  one  of  tbope  two  sides  of  the 
polygon  which,  when  produced, 
meet  is  the  most  acute  angle  i, 
draw  a  line  rV,  to  the  other  of 
thue  sides  (bf),  dividing  the 
polygonintbef^veQ  ratio.  Find 
the  points  f  and  m,  so  tiiat  ip  «r  im  shall  be  a  tn^an  propor- 
tional between  ir',  m' ;  then  will  fk  be  the  line  of  diviajoB 
required. 

The  demoostratioB  of  this  is  the  same  as  bas  been  already 
given,  at  case  5  prob.  1.  Those,  however,  who  wish  for  a 
proof,  independent  of  the  arithmetic  of  einea,  will  not  be  dia* 
ftleaaed  to  have  the  additional  demonatration  below. 

The  tkorttit  line  which,  with  two  other  lines  fpven  in  po- 
sition includes  a  given  area,  wilt  make  equal  angles  with  tboaa; 
two  lines,  or  w>th  the  segments  of  them  it  cuts  off  from  ai^ 
isoaoeies  trjangle. 

Let  the  two  triangles  akc,  aef,  having  the  common  an^ 
s,  be  eqnal  in  surface,  aud  let  tbe  former  triangle  be  iaoi- 
celea,  or  hare  ibs=ac  ;  then  is  bc  afaorter  than  ttr. 

Vat..  I.  73  |>ft, 
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Fint,  tb«  oblique  bsK  et  camet  paw 
through  d,  the  middle  point  of  bc,  u  ia 
the  annexed  figore.  For,  dmriiig  co 
parallel  to  ab,  to  meet  ef  prodacM  in 
o.  Then  the  two  triaogleB  dsk,  dcg 
are  identical,  or  matually  eqnal  in  all  ^^ 
respect*.  Coiueqoently  the  triangle 
DCF  ia  lesi  than  dbe,  and  therefore  abc 
leu  than  abf, 

Br  moBt  therefore  cat  ac  in  aome  point  b  between  » 
D,  and  tatting  the  perp.  ad  in  aome  point  i  above  b 

2d  &g.  Upon  ^r  (produced  if  neceaiar;) 
demit  the  perp.  ak.  "Tfteo  in  the  right- 
angled  A  AiK,  the  perp.  ak  is  lew  than 
(he  hypothenii#e  ai,  and  therefore  mnch 
more  leB«  than  the  other  perp.  ad.  But, 
of  equal  triangles,  that  which  has  the 
greatest  perpendicular,  has  the  least  baae.  _ 
Therefore  the  bast  bc  ii  lew  than  the  base  sr.    «. 

This  series  of  problem*  might  have  been  extended  mnch 
fnrther  ;  bat  the  preceding  will  furnish  a  svffiuent  variety, 
to  luggeiit  to  the  student  the  best  method  to  be  adopted  in 
nlroowt  my  other  case  that  may  occnr.  The  following  prac- 
tical esamples  are  sabjoined  by  way  of  exercise. 

£1:.  1.  A  triangular  field,  whose  sides  are  SO,  18,  and  16 
chains,  is  to  have  a  piece  of  4  acres  in  content  fenced  off  from 
it,  by  a  right  Une  drawn  frem  the  most  obtuse  angle  to  the 
opposite  side.  Kequired  the  length  of  the  dividing  line,  and 
its  distance  from  either  extremity  of  the  line  on  which  it 
&II8  ? 

Ex.  e.  The  three  sides  of  a  triangle  are  6,  IS,  and  tS. 
If  two'thirds  of  this  triangle  be  cut  off  by  a  line  drawn  pa- 
rallel to  the  longest  side,  it  is  required  to  find  (he  length  of 
the  dividing  line,  and  the  distance  of  its  two  extremities  from 
the  extremities  of  the  longest  side. 

Ex.  3.  It  is  required  to  find  the  length  and  position  of  tlw 
shortest  possible  line,  which  shall  divide,  into  two  eqnal  puts, 
a  triangle  whose  sides  are  26,  24,  and  7  respectively. 

Ex.  4.  The  sides  of  a  triangle  are  6,  8.  and  10  :  it  is  re- 
quired to  cut  off  ntne-siiteenthfl  of  it,  by  a  line  that  shall  paas- 
'tltroagh  the  centre  of  its  inscribed  circle. 
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Ex.  S.  Two  flidea  of  a  triaDgle,  which  include  an  angle 
«f  70*,  and  14  and  IT  respectively.  It  U  required  to  divide 
it  into  three  equal  parti,  by  lines  drawn  parallel  to  its  longest 
■ide. 

Ex.  6.  The  base  of  a  triangle  is  1 1 S-66,  the  vertical  ao^ 
fi7«  ST,  and  the  difference  of  the  sides  about  that  angle  is  8. 
It  is  to  be  divided  into  three  equal  parts,  by  linei  drawn  irom 
the  ao^es  to  meet  in  a  point  within  the  triangle.  The  lengtha 
of  those  lines  are  required 

£k.  7.  The  legs  of  a  right-angled  triangle  are  28  and  45. 
Required  the  lei^ths  of  lines  drawn  from  the  middle  of  the 
bypothenuse,  to  divide  it  into  four  eqaal  parts. 

Ex.  8.  The  length  and  breadth  of  a  rectangle  are  15  and 
9.  It  is  proposed  lo  cut  off  one-fifth  of  it,  by  a  line  which 
■ball  be  drawn  from  a  point  on  the  loi^est  side  at  the  diitaDce 
«f  4  from  a  corner. 

Ex.  9.  A  regular  hexagon,  each  of  whOae  sides  is  IS,  is 
to  be  divided  into  four  eqnal  parts,  by  two  equal  lines  ;  both 
passing  through  &k  centre  of  the  figure.  What  ia  the  length 
ef  those  lines  when  a  minimom  1 

Ex.  10.  Thethreesideeofa  triai^eareS,  6,  and  7.  How 
■ay  it  be  divided  into  four  equal  pari     '     '        "  ' '  ' 

■hall  cut  each  other  perpendicularly  ; 

*,*  The  student  will  find  that  some  of  theie  examples  will 
mit  of  two  answers. 


On  the  Corutructiott  of  Geometrical  Problenu. 

Problems  in  Plane  Geometry  are  solved  either  by  means  of 
the  modern  or  algebraical  aBalysiB,  or  of  the  ancient  or  geo- 
netricsl  analysis.  Of  tbe  former,  some  specimens  are  given 
in  tbe  Application  of  Algebra  to  Geometry,  page  369,  &c.  of 
this  volume.  Of  the  latter,  we  here  pre«ent  a  few  examples, 
premising  a  brief  account  of  this  kind  of  analysis. 

Geometrical  analysis  is  \he  way  by  which  we  proceed  from 
the  thing  demanded,  granted  for  the   moment,  tilt  we  have  . 
coonected  it  by  a  series  of  consequences  with  something  an- 
teriorly knowD,  or  placed  it  among  the  number  of  principles 
knovra  lo  be  true. 

A.nal]r9iB 
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AiuJniB  im^  b«  ^HtiDguuhed  into  tVftkiadi.  In  tiie  oac, 
irbieh  m  oaated  by  Pappiu,  coatemBlattve,,  it  ii  pnpoved  t» 
aacertwa  tbs  troth  »r  the  fUtsehood  of  a  propoHtioo  aivmaei  ; 
ihe  other  w  referrei]  to  tbo  Holdtioa  of  probtenn,  or  to  tke 
ipTmtigation  of  ooknown  truths.  Id  the  fint  we  nnuna  m 
troe,  at  a*  previdusly  esiatiag,  tbe  subject  «f  ibe  pnpmjtioa 
idvaAced.  and  pcoceed  by  tb«  consaqaencei  of  tbe  hj^otbe«w 
ta  tometbitig  koewit )  a^d  if  the  result  he  tbua  found  tvoe, 
the  propoAitioa  advanced  ii  likewise  Uae.  Tbe  direct  de> 
monitcatioa  w  afterwarda  formed,  by  takinfi  up  again,  in  an 
jnTerted  order,  Ihe  aeverat  ^ arta  of  Uie  analySM.  ff  tbe  con- 
iequeoce  at  which  we  arrive  ia  tbe  last  place  ii  iaund  fabe, 
its  tbence  coaclDde  tbit  the  propositioD  analysed  ia  also  felie. 
When  a  problem  ia  uider  conaideratioD,  we  first  snppbee  it 
reaotved.  and  then  parsue  the  cooseqaencei  tbeace  deiired 
till  we  come  to  something  known,  tf  the  ultimate  n^olt  tliaa 
obtained  be  compriseLl  in  what  the  geometera  call  data,  tiie 
^neatien  propoaed  fAny  be  resolved :  the  deiDonetr4tJoo  (or 
rather  the  coDBtmctioD),>a  also  coostitated  by  takiag  the  parta 
of  the  analyaia  in  an  inverted  order.  The  inpoasibilitj  oC 
tbe  last  result  of  the  Boatfuia,  will  prove  evidently,  in  this 
OMe  ai  well  as  in  tke  former,  thHt  of  tke  tbieg  required. 

In  illiutratiOo  of  these  renarks  take  the  following  eiamples. 

£x.  1.  it  it  required  to  draw,  in  a  given  a^mentofa  cir- 
cle, froitt  the  eltremea  of  the  bitse  i  and  a,  two  lines  ac,  bc, 
meeting  at  a  point  c  in  the  circnmference,  such  that  they  shidi 
have  to  each  ether  a  given  ratio,  viz.  that  of  m  to  ii. 

Analyni.  ijuppose  diet  the  thing  is  af- 
fected, that  IB  to  say,  that  ic  ;  ca  :  :  m  :  w, 
and  let  tbe  base  ab  of  the  segment  be  cut 
in  tbe  same  ratio  in  tbe  point  x.  Then  ec, 
being  drawn,  will  bisect  the  angle  acb  (by 
th.  SS^eom.)  ;  conseqaeutly,  if  the  cit-- 
cle  be  completed,  and  ck  be  produced  to 
meet  it  in  F,theremainiiigcirciimference  will  alto  be  bisected 
in  r,  or  have  fa=fb,  because  those  area  are  tbe  double  mex- 
anres  of  equal  anglei  ;  therefore  the  point  r,  aa  well  aa  c, 
being  given,  the  point  c  is  niao  given. 

Con^t^lion.  Let  the  given  base  of  the  segment  ta  be  cut 
)n  tbe  point  b  ia  tbe  assigned  ratio  of  m  to  ir,  and  complete 
tbe  circle  ;  bisect  the  remHining  circomferetice  in  r  ;  join  ve, 
and  produce  it  till  it  meet  the  clrcinnference  in  c  :  then  draw- 
ing CA,  cB,  the  thing  is  done. 

Dniunutratiqn.  Since  the  arc  fa  =  the  arc  re,  the  aogte 
4cr  =s  angle  BCF,  bj  theor-  49  Cjeom. ;  theceG>re  ic 
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im  :  n>  b;  th.  83.    But  ae  :  bb  : :  m  i  k,  by  comtroctioD ; 

ttier»for«  ic  ;  cb  :  i  m  :  i.     «.  ■.  d. 

£x.  S.  From  a  p'^D  circle  to  cat  off  bd  arc,  Huch  that 
Ihe  MOi  of  m  tiacs  tha  lioe,  and  it  timet  tba  Temd  aoe,  may 
bs  «(|iial  to  a  giraa.  tine. 

^fM^  SiippoM  it  done,  and  that  aeb'b  ir 
the  given  ciitJa,  ve'e  the  reqoired  arc,  to 
itn  line,  bd  its  versed  tine  ;  in  d«  (prodnced 
if  necuaery]  take  bp  aixl  ntb  part  of  tite 
given  lum  ;  join  n,  and  produce  it  to  meet 
BrXto  AB  OP  n  la  ED,  in  tbe  point  y.  Then, 
since  m  ,  kb+h  .  BD=n  .  ap=a  .  pd-(-«  .  bd; 
eonaeqnentlj  m  .  8D=n  .  pd  ;  hence  pd  : 
Kd  :  :  «  :  *.  Bat  fd  :  as  :  :  (by  aim.  tri.)  pa  :  or  i  therefer<f 
ra  :  BP  :  :  m  :  n.  Now  ra  is  siTen,  therefore  ar  Is  given  in 
magnitade,  and.  ]>eiDg  at  rignt  ai^lei  to  fb,  is  also  given  in 
poaitian  ;  th«refi>rc  the  point  r  m  given  and  coosequently  Br 
pves  ia  poaiUoa  ;  and  therefore  the  point  a,  it*  intersection 
with  the  circvmiereBce  of  the  circle  ue'b,  or  the  arc  bb  ii 
given.    Hence  the  following 

Ctmtt.    From  a,  the  eilreml^  ol  any  diameter  *a  tf  the 

S'ven  circle,  draw  an  at  right  nnglea  to  u ;  in  &b  (prodaccd 
necessary)  take  ap  ab  nth  part  of  the  gjven  saaa  ;  and  on 
•M  take  nr  to  that  sr  :  bp  :  :  k  ;  m-  Join  pf,  meeting  the 
circnmferance  of  the  circle  in  ■  and  t',  and  bb  or  aa'  is  tha 
arc  reqnirej. 

Bmton.  From  the  points  k  and  k'  draw  bd  and  b'  n'  at 
ri^t  anglei  to  4b.  Tfaen,  since  av  :  ap  ; ;  «  :  m.  Mid  (by 
Bim.-  tri.)  BP  :  IP  :  :  BB  :  DF ;  therefore  oa  :  dp  :  :  a  :  «. 
Hence  m  .  de=»  .  dp  ;  add  to  each  n  .  kd,  then  will  tw  .  ihc+ 
n  .  BD=B  .  BD+a  .  DpBCtt  .  PB,  or  the  given  sum. 

JEx.  3.  In  a  given  triangle  abh,  to  inscribe  aaother  tri- 
angle abe,  similar  to  a  given  one,  having  one  of  its  sides  pa- 
rallel to  a  line  mait  given  by  position,  and  the  angular  points 
Oj.&i  e,  litnate  in  the  sides  *b,  bb,  ah,  of'  tbe  triangle  abs 
respectively. 

jaolyii*.  Suppose  the  thing  done, 
^nd  that  ahe  is  inscribed  as  reijuired. 
Throngb  any  point  c  in  bh  draw  en 
parallel  to  maa  or  to  ab,  aod  cutting 
A8  in  fi  ^  draw  ck  parallel  to  be,  and 
DC  to  oe,  intersecting  et,cb  other  in  e. 
The  triai^es  DEC,  act,  are  similar,  and 
Oa  :  ab  : :  CK  :  be ;  also  bdc,  eab,  are  similar,.,  and  d 
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Bc  :  Bfi.    Tber«fiire  ftc  :  ce  : :  bi  :  &e ;  utd  fhvy  are  about 
equal  angle*,  cODaeqnentlf  b,  b,  «,  are  in  a  right  line. 

Conttruc.  From  any  pmnt  c  id  bh,  draw  cd  par^M  to 
■flt ;  OD  CD  coutitute  a  triang^  cue  similar  to  the  preu  oa« ; 
aod  throt]^  its  aoglei  e  draw  be,  which  produce  till  it  cots  ab 
ioe:  through  e  draw  ca  parallel  to  ld  aod  ci  parallel  to  kc  ; 
jmnab,  then.  <^  ia  the  triangle  reqoired,  hariog  its  side  a&- 
parallel  to  mn,  and  beiog  similar  to  the  giren  triangle. 

Demw.  Tot.  becnuse  of  the  pvallel  lines  nc,  de,  and  ei, 
KC,  the  (juadrilqterals  bdcc  and  taeh,  are  sioiilar  ;  aod  there- 
fore the  proportional  lines  dc,  ab,  cnttiog  off  eqnal  angles 
Boc,  Bab  ;  BCD,  nba  ;  most  make  the  angles  edc,  ecd,  respec- 
tively equd  to  the  angles  mi,  cia;  while  a&  is  parallel  to  i»c, 
which  is  parallel  to  msn,  by  construction. 

Ex.  4.  Oiven,  in  a  plane  triangle,  the  vertical  angle,  th« 
perpendicular,  and  the  rectai^e  of  the  segments  «f  the  bwe 
made  by  that  perpendicular ;  to  constract  the  triai^le. 

Aiutl.  Suppose  «Bc  the  triangle  re- 
qaired,  bd  the  gireo  perpendicalur  to 
the  bas£  AC,  produce  it  to  meet  the  peri- 
phery of  the  circumacribing  <^rGle  abch, 
whose  centre  is  o,  in  h  ;  then,  hy  th.  61 
Geom.  the  rectangle  bo  .  i>b3=ad  .  dc, 
the  given  rectangle  :  hence,  since  bd  is 
given,  oh  and  bh  are  given  ;  therefore 
Bt=Hi  is  given  :  as  also  id^oe  :  and  the  angle  eoc  ii  =  uc 
the  g^ven  one,  because  bog  is  measured  by  the  mx  kc,  and 
ABC  by  half  the  arc  abg  or  by  ko.  Consequently  ic  and  ac^ 
Sec  are  ^ven.     Whence  this 

Contlruetitm.  Find  db  such,  that  db  .  dh  =  the  pven  rect- 
angle, or  find  dii= — '■ — ;  then  on  any  right  line  or  take 

VE  =  the  given  perpendicular,  and  eo=dh  ;  bisect  ro  in  o, 
and  make  euc  =  the  given  verticle  angle  ;  then  will  oc  cut 
EC,  drawn  perpendicular  to  oe,  in  c.  With  centre  o  and  ra- 
ditiB  oc,  dcKribe  a  circle,  cutting  ce  produced  in  a  :  Uiroogh 
F*parallel  to  ac  draw  rs,  to  cat  the  circle  to  b  ;  join  ab,  cb, 
and  ABC  is  the  triangle  required, 

Btntark.     In  a  similar  manner  we  may  proceed,  wben  it 
is  required  to  divide  a  given  angle  into  two  parts,  the  rect- 
angle 
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u^Le  of  whose  UngeDti  may  bf  of  a  gifen  magaitode.    S«e 
prob.  40,  Simpson'!  Select  Exercisei. 

Able.  For  other  exerciies,  the  stadent  ma^  coostmct  all 
tbe  problems,  except  the  24th  in  tbe  AppUcatioa  of  Algebra 
to  Geometry,  at  page  369,  be.  of  this  volume.  Aad  that  he 
may  be  the  better  able  to  trace  the  relative  adTanlage*  of  the 
■Dcieot  and  the  modera  anidyiis,  it  will  be  adviteable  that  he 
solve  tboie  problems  both  geometricallj  and  algebratcallj. 


PRACTICAL  EXERCISES  IN  MENSURATION. 

quEBT.  1 .  WHAT  difference  is  there  between  a  floor  28 
leet  long  bj  80  broad,  and  two  others,  each  ofbalf  thedimen- 
sioDi :  and  what  do  ell  three  come  to  at  45>.  per  square,  or 
1Q0  iqaare  feet  ? 

Ans.  diff.  280  sq.  feat.     Amount  10  gaineaa. 

QvuT.  S.  An  elm  plank  is  14  feet  3  inches  long,  and  I  would 

have  JQst  a  square  yard  slit  off  it ;  at  what  distance  from  the 

edge  moat  the  line  be  atrtick  T  Ana.  7^  iochei. 

QjTEaf'  3.     A  ceiling  contain B  114  yBrds6  feetof  plaister- 

ing,  and  the  room  28  feet  broad ;  what  is  the  length  of  it  ? 

Ans.  36ffeet 
Q,DE9T.  4.     A  common  joist  is  7  inches  deep,  and  S^  thick  ; 
but  wanting  a  scantling  just  aa  big  again,  that  shall  be  3  incbeo 
thick  ;  what  will  Ifae  other  dimensions  be  ? 

Ans.  Itfinchea. 
QcEST.  5.     A  wooden  cistern  cost  me  St.  id.  paioting 
within,  at  6d.  per  yard  ;  tbe  length  of  it  was  102  iacbes,  and 
the  depth  21  inches ;.  what  was  tbe  width ! 

Ads.  !7^  inches. 
Quest.  6.    If  my  court-yard  be  47  feet  9  inches  square, 
and  I  have  laid  a  mot-path  wilb'Pnrbeck  stone,  of  4  ieet 
wide,  along  one  side  oftt,  what  will  paviogthe  rest  with  flioti 
come  to,  at  ed.  per  square  yard  ?  Ans.  6i.  16f.  0\d. 

^EST.  7.  A  ladder  26}  feet  long,  maybe  80  planted,  that 
it  shell  reach  a  window  SS  ftet  6^  the  groaad  on  one  fide 


z:;  IV,  Google 


67«  QtJESTIONS  IH  MEWSCItATIOH. 

lof  the  itrefet ;  amlfijBDtytqniiDgitOTCT.witlnnitiixiTiif  Am 
foot  oat  sf  itB  plKe,  it  will  do  the  uiu  b;  c  irindciw  14  ftat 
kigh  on  the  other  liJe ;  what  ia  tfae  breadth  of  the  street  ? 

Ada.  S7  feet  »i  incbeg. 

^issT.  8.  The  paving  of  a  tnaaculBr  cetrrt,  at  I8d.  pec 
feet,  cave  to  IQOl. ;  the  toogest  ef  tbe  thrse  tite  was  88 
feet ;  required  the  sum  of  tbe  atfaer  two  ei^oal  aides ! 

Aaa.  106-6aie«t. 

QjDEBT.  9.  There  are  tvo  colomgs  in  the  miiiB  of  E*erse- 
polis  left  ■tandiog  npright ;  tiie  qm  ia  64  feet  aboTe  (he  plain, 
aod  tbe  other  60  :  in  a  atraight  line  between  these  stands  an 
ancient  small  statue,  the  bead  of  whi(;h  is  97  i*eet  from  the 
summit  of  tbe  higher,  and  S6  feet  from  tbe  top  of  the  lower 
columo,  tbe  base  of  which  measarea  just  76  teet  to  the  cen- 
tre of  the  figure's  base  Keqnired  tbe  dis^nce  between  tha 
tops  of  the  two  columns  ?  Ana.  1ST  feet  nearij. 

Qdest.  10.  The  perambulator,  or  sarrejing  wheel,  is  so 
coDtrived,  as  to  tern  just  twice  ia  the  length  of  1  pole,  or 
16^  feet ;  required  the  diameter  ?  Ans.  3-62(j  feet. 

Qdkst.  yi.  Ia  turning  a  one-faorae  cbaiae  wilhio  a  ringof 
a  certain  diameter,  it  was  observed  that  the  outer  nbeel  nadc 
two  turns,  while  the  inner  made  but  one  :  the  wheels  were 
both  4  feet  high  ;  and  aa]qM»iiig  dwm  fited  at  tbe  distance  of 
5  feet  asunder  on  the  aaleiree,  what  was  the  circamference  ef 
tbe  track  d^cribed  hj  the  outer  wheel  ?       Ana.  6X-83  feet. 

QpssT.  12.  What  is  tbe  aide  of  that  equilateral  trian^, 
whose  area  cost  as  much  paving  at  Si.  a  fool,  as  the  palljsad- 
jng  the  three  sides  did  at  a  guinea  a  yard  ? 

Ana.  72-746  feet. 

Qdest.  13.  In  the  trapezium  abcd,  are  given,  av  =  13, 
SL'^=3I^,  GDz:24,  and  d&=|B,  also  a  a  right  angle  ;  required 
the  ares?  Ans.  4I0-1ZS. 

QpssT.  14.  A  roof  which  is  £4  feet  8  inches  by  1 4  feet  6 
inches,  is  to  be  covered  with  lead  at  Sib.  per  square  foot: 
what  will  it  come  to  at  IS)  per  cnrt. ;       Ans.  Z2J.  ISi.  10}d. 

Quest.  15,  Having  a  rectnngalar  marble  stab,  58  inches 
by  27, 1  would  have  a  square  foot  cut  off  parallel  to  the  ahart- 
er  edge ;  I  would  then  have  the  like  quantity  difided  from 
the  remainder  parallel  to  the  longer  side  ;  aod  thia  altemate- 
Ij  repeated,  till  there  shall  not  be  tbe  quantity  of  a  foot 

left: 
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Ifft  :  what  wUl  be  the  dimeniions  of  tb«  remaioing  piece  ? 
Ans.  80-7  iadiM  by  S-OK. 

Qrebt.  18.  Given  two  lidei  of  an  obtnis-aBgled  trian^e, 
which  are  SO  and  40  poles  ;  required  the  third  tide,  that  the 
triangle  nujr  cOBtaio  just  an  acre  of  land  ? 

Am.  58-876  or  :£3-0S9. 

Qdkbt.  17.  The  end  wall  of  a  houie  ia  24  feet  S  iDchea 
in  breadth,  and  40  feet  to  the  eaTea  ;  ^  of  which  is  £  brick* 
thick,  i  more  is  1^  brick-  thick,  and  the  rest  1  brick  thick. 
Now  uie  triangnlw  gable  rises  38  courses  of  bricln,  4  of 
which  oBually  make  a  foot  in  depth,  and  this  is  but  4^  inches, 
or  half  a  brick  thick  :  what  wiU  this  piece  of  work  come  to 
«t  61.  I0(.  per  statute  rod  ?  Ads.  20J.  lit.  7Jd. 

^fireT.  18.  How  many  bricks  will  tt  take  to  baild  a  Wall, 
10  feet  high,  aod  500  feet  long,  of  a  brick  and  half  thick  : 
reckoning  the  brick  10  inches  long,  and  4  coorses  to  the  foot 
id  height  7  Ans.  72000. 

QpasT.  19.  Hqw  man;  bricks  will  build  a  square  pyra< 
mid  of  100  feet  on  each  aide  at  the  base,  and  also  100  feet 
perpendicular  hei^t:  the  dimenaiona  of  a  brick  being  sup- 
posed 10  inches  loi^  6  iuches  broad,  and  3  inches  thick  ? 

Ana.  3840000. 

Quest.  20.  If,  trom  a  right-aogted  triangle,  whose  base  ia 
1Z,  and  perpendicular  16  feet,  a  line  be  drsfm  parallel  to  the 
perpendicular,  cattiug  off  a  triangle  whose  area  ia  24  square 
feet ;  required  the  sides  of  this  triangle  ? 

Ads.  6,  8,  and  10. 

QCEST.  21.  The  ellipse  in  GroBTenor-square  measures 
840  links  across  the  longest  way,  and  612  the  shortest,  within 
Ithe  rails  :  now  the  walls  being  14  inches  thick,  what  ground 
do  they  enclose,  and  what  do  tbey  stand  upon  ? 

.       (  enclose  4  ac.  0  r.  6  p. 
'^^^'  }  stand  on  1760^  aq.  feet. 
QpesT.  32.     If  a  round  pillar,  7  inches  over,  haTe'4  feet 
of  stone  in  it  -.  of  what  diameter  is  the  column,  of  equal 
length,  (hat  coiktaiM  10  timea  h  much  ? 

Ans.  22-136  inchea. 
QjjEST.  23.     A  circular  fish-pond  is  to  be  made  in  a  gar- 
den, that  shall  txke  up  just  half  an  acre  «  what  must  be  the 
length  of  Uie  chord  that  strikes  the  circle  f    Ana.  it}  yarde. 
Vol,  I.  74  Qvbix. 
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QpEtT.  S4.  Wken  ■  roof  is  of  a  trua  pUch,  w  i  _^  _ 
right  kDgle  at  ttte  ridge,  the  mflen  are  nearlj  J  of  tbebreadtli 
of  the  buildJDg  :  now  auppoEii^  the  flveg-boafdi  to  project  10 
inches  on  a  side,  what  wilt  the  new  ripping  ■  hoise  coot,  that 
neasares  32  feet  9  luches  long,  by  St  faet  9  incheo  bnxii  an 
thaflat.at  I &i.  per  square?  '    Abb.  81.  16*.  9^ 

QcEST.  26.  A  cable,  which  is  3  feet  long,  and  9  inchei  in 
compaw,  weighs  2«Ib ;  what  will  a  fiithom  of  that  cable  weigh, 
wliicb  measures  a  foot  aboat  1  Am.  T8|lb. 

QiTEST.  26.  My  pivmber  has  pat  S8)b.  per  Mnre  faol 
into  H  cistera,  74  inches  aixl  twic«  Am  tfaicluMa  of  the  lead 
long,  26  inches  brofid,  and  40  deep  :  he  baa  also  pot  thtec 
■tajs  across  it  within,  of  the  same  strength,  and  IS  iDches 
deep,  and  reckons  Sis.  -per  cwt.  for  work  and  inatfcriala.  I, 
being  aroason,  have  paved  him  a  workshop,  22  feet  10  nches 
broad,  with  Purbeck  stone,  at  Id.  per  foot ;  and  on  the  ba- 
lance, t  find  there  is  3*  6d.  dae  to  him  ;  what  was  the  leagth 
of  the  workshop,  supposing  sheet  lead  of  ^  of  an  inch  thSek 
to  weigh  S-899Ib.  the  square  foot? 

Ans;  32  feet,  0|  ioclt. 

^UEST.  27.    The  distance  of  the  centres  of  two  tniclea, 
whofie  diameters  are  each  &0.  being' given,  eqoalto30;  what 
is  the  area  of  the  space  enclosed  by  their  circumferences  t 
Aos.  569-1  IB. 

QjTKST.  S8.     If  ZO  feet  of  iron  rniliog  weigh  half  a  ton, 

when  the  bars  are  an  inch  and  quarter  square  ;  what  will  60 

feet  come  to  at  S^d.  per  H>.  the  bars  being  }  of  an  inch  square  * 

Ans.  iOl.  0*.  id. 

QrF-.T,  29.  The  area  of  an  equilateral  triangle,  whose 
base  tails  on  the  diameter,  and  its  vertex  in  the  middle  of  the 
arc  of  a  semicircle,  ts  aqnal  to  100 :  what  i*  the  diameter  of 
the  semicircle  ?  Aos.  26-32148. 

QuEiT.  30.  It  is  required  to  find  the  thickness  of  the  lead 
in  a  pipe,  of  an  inch  and  quarter  bore,  which  wei^  14lb. 
per  yard  in  length;  tb«  cubic  foot  of  lead  weighii^.  11325 
ounces  ?  Ans.  -20737  inches. 

QiKST.  31.  Supposing  the  eipeose  of  psving  a  gemicir* 
culiir  plot,  at  21.  4d.  per  foot,  come  to  Wl. ;  what  is  the  dia- 
meter of  it  »  Ans.   14-7737  feet 

QpBST. 
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()trUT.  S«  What  n  the  lei^  tf  ■  chord  whtcH  cnti  oK 
4  «f  dU  ««■  from  «  circle  wIhim  diaiseter  i>  «89  ? 

Au.  878-6716. 

QjriiT.  33.  H;  plamher  hM  eet  me  op  a  ctstera,  and  hit 
shop-book  being  burnt,  he  haa  do  nwiuu  of  bringing  io  the 
chai^,  aad  I  ia  not  cbooie  to  take  it  down  to  have  it  weigh- 
ed ;  bat  bj  nwaiare  he  fiodg  it  contaiin  64^  iqnare  feel,  and 
thttt  it  ■•  preciiely  ^  of  an  iach  in  thicknefls.  Lead  wat  then 
wrought  at  21/.  per  fother  of  I9|  cfrt.  It  ia  required  from 
these  iteow  to  make  oat  the  bill,  efloiviiig  6f  oz.  for  tbe  weight 
of  a  cubic  inch  of  lead  ?  Ani.  41.  1  It.  id. 

QoEST.  34.  Wbttt  will  the  diameter  of  a  globe  be,  when 
tbe  soliditf-Hud  EuperBcial  cootent  are  eipressed  hy  the  tame 
number  ?  .  Aoi.  6. 

QVBST.  35.  A  sack,  that  wonld  hold  3  busbela  of  corn,  ia 
tH  iDcbeH  broad  wbeu  empty  ;  what  Hill  another  lack  coa- 
taiD,  whiofa.  beiug  of  the  ^ame  length,  baa  twice  ila  breadth, 
or  citcnmference  ?  Am.  IShusheb. 

QirBST.  36^  A  carpenter  ia  to  put  an  oaken  carb  to  a  round 
well,  at  Bd.  per  foot  square  ;  the  breadth  of  the  curb  is  to 
be  7^  incbea.  and  the  diameter  within  8^  &et ;  what  will  be 
the  expente  ?  Ana.  In.  SJif. 

Q^KST.  37.  A  gentleman  has  a  garden  100  feet  long,  and 
80  feet  broad  ;  and  a  gravel  walk  is  to  be  made  of  an  eqaal 
width  half  round  it ;  wfaiit  must  the  breadth  of  tbe  walk  be 
to  take  np  just  half  the  ground  f  Ads.  25-968  feet. 

^BST.  38.  The  top  of  a  may-pole,  being  broken  off  by  a 
Unat  of  wind,  struck  the  ground  at  10  feet  distance  from  the 
foot  of  (he  pole ;  what  waa  the  height  of  the  whole  may-pole, 
anppoaiiig  the  length  of  the  broken  piece  to  be  26  feet  ? 

Ana.  60  feet, 

QjUKBT.  39.  Seren  men  bohght  a  (grinding  atone,  of  60 
inchea  diameter,  each  paying  ^  imrl  of  the  expenae  ;  what  part 
of  the  diameter  mutt  each  griod  down  for  his  share  ? 

Ana.  the  1st  4.4508,  ed  4-8400.  Sd  i-.'^SSS.  4ih  6-0765, 
6th  7-2079,  6th  9-3935,     7lh  22-6778  inchea. 

QjDEST.  40.  A  mnltflter  has  a  kiln,  that  ia  16  feet  6  inches 
Iquarc :  but  he  wants  to  pull  it  down,  end  build  a  new  one, 

that 
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that  vmy  dry  tbred  times  m  ranch  at  vnce  ai  Ibe  old  one ; 
what  OKBt  be  the  leogth  of  its  lide  ?     Am.  X8  feet,  7  iochea. 

QircsT.  41.  How  many  34Qch  cubes  may  be  cntoat  of  a 
IZ-iDch  cabe  ?  Aos.  64. 

QpuT.  42.  How  loi%  most  the  tetber  of  a  bone  be,  that 

will  allaw  bin  to  g;raze,  quite  roond,  joit  ao  acre  of  gronnd  ) 

Ans.  39^  yards. 

Ovist.  43.  What  will  the  paioting  of  a  conical  ipire  come 
to,  at  Bd.  per  yard ;  supposiog  the  height  to  be  11 8  feet,  and 
the  ciKumference  of  the  ba«e  64  feet  ?         Am.  14/.  Oi.  B^d. 

Q^KST.  44.  The  diameter  of  a  itandard  com  bushel  is  18} 
iochea,  and  its  depth  8  inches ;  then  what  must  tbe  diameter 
of  that  bushel  be  whose  depth  is  7|  inches  ? 

Ana.  19-1067  inches. 

QjiritaT.  46.  Suppose  the  ballon  the  lop  of  St.  Paul's  church 
JB  6  feet  ia  diameter;  what  did  the  gilding  of  it  cost  at  3^. 
per  sqnare  inch  ?  Ans.  iill.  10*.  Id. 

QjDEST.  48.  What  will  a  frustum  of  a  marble  ctme  come  to, 
at  lit.  per  solid  foot ;  Uie  diameter  of  the  greater  end  beii^ 
4  feet,  that  of  the  less  end  I  j  ;  and  tbe  length  of  the  slant 
•idfl  8  feet  ?  Ans.  30l.  Is.  lOJt/. 

Qdsst.  47.  To  divide  a  cone  into  three  equal  parts  by 

nctiou  parallel  to  the  base,  and  to  find  the  altitudes  of  the 

three  parts*  the  height  of  the  whole  cone  being  20  inches  ? 

Ans.  the  upper  part  13-867. 

tbe  middle  part   3-605, 

the  lower  part    2-SS8. 

(^DUT.  4B.  A  gentleman  has  a  bowling  green,  300  feet 

long,  and  SOS  feet  broad,  which  he  would  raise  ]  foot  higher. 

by  means  of  the  earth  to  be  dug  out  of  a  ditch  that  goes  round 

.  it :  to  whot  depth  mugl  the  di9:h  be  dug,  suppoeiog  its  breadth 

to  be  every  where  8  feet  ?  Ans.  7J}  feet. 

QjtrcsT.  49.  How  high  nhoTO  the  earth  mqst  a  person  be 
failed,  that  he  nay  sec  }  of  Ita  anHace  ? 

Aos.  to  tbe  height  of  ihc  earth's  diameter. 
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QjiUT.  so.  A  cubic  foot  of  Iwasi  is  to'be  4mni  into  wire, 
of  ^  of  >n  inch  in  dinmeter ;  what  will  th«  leagth  of  the 
wire  be,  allowing  no  Ioh  ia  tlie  metal  ? 

Ana.  97784-797  Jar6s,  or  55  miles  9S4-797  yards. 


Q,UEBT.  il.  Of  wfaat  diameter  tnuat  the  bdre  of  a  cannoD 
be,  whicb  i>  cast  for  a  ball  of  S4lb.  weight,  >o  that  the  diame- 
ter of  the  bore  maj  be  ^  of  an  inch  more  than  that  ef  the 
ball  ?  Ane.  6-647  iocbea. 


^Ksr.  62.  SuppoBiog  the  diameter  of  an  iron  Otb.  ball 
to  be  4  iuchea,  ai  it  ia  rerj  nearly  ;  it  i>  required  to  find  the 
Aameters  of  the  leveral  balk  weighing  1,  2,  3,  4,  6,  12,  18, 
Z4,  32,  36,  and  43lb,  md  the  caliber  of  their  gam  allowii^ 
I*,  of  the  caUber,  or  fy  of  the  Imll'B  4>a>)MtUt  '■>'*  windage. 


Wt.  of 

Diameter 

Caliber  of 

baU. 

baU. 

gun. 

1-9230 

1-9622 

«-422« 

S-4723 

2-7734 

Z-8301 

3-0626 

31149 

3-4943 

9-6666 

4-0000 

4-0816 

12 

4-40tS 

4-4924 

18 

B-0397 

6-1426 

24 

6-64<>9 

6-6601 

32 

6-1061 

6-Se97 

36 

0-3496 

6-4792 

42 

6-6844 

6-8208 

Quest.  53.  Supposing  the  windiwe  of  alt  mortars  to  be 
1^  of  the  caliber,  and  the  diameter  of  the  hollow  part  of  the 
sheH  to  be  W  *''^  ^^^  caliber  of  the  mortar :  it  u  required  to 
detemune  the  diameter  and  weight  of  the  shell,'  and  (he  quan- 
ti^  or  weight  of  powder  requisite  to  fill  it,  for  each  of  the 
levenl  sorts  of  mortars,  nadely,  the  13,  10,  8,  £-8,  and  4-6 
inch  mortar. 

Auwet. 
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t«       wnsTioMs  or  memsOration. 


Calib  of 

Diaffi«(er 

Wt.  of  Shell 

Wt.of 

W-VsM 

mort. 

of  afael). 

«lipt,. 

poirder. 

fiUed. 

4-6 

4-683 

8-3fO 

Q-6S3 

8-903 

6-8 

6-703 

16-677 

l-tfifi 

17-845 

8 

7-eti7 

43-764 

S-0C5 

46-82d 

10 

9-83S 

85-476 

6-986 

91-462 

13 

I2-78S 

187-791 

13-I5t 

tOO-942 

^VEBT.  64.  If  a  bear;  sphere,  whose  diametwr  U  4  iocli- 
69,  be  let  fall  into  a  cooicai  glas^,  full  of  water,  whose  di- 
atneter  it  6,  and  altitude  6  inches  ;  it  is  required  to  detemtine 
how  fflocb  water  will  ruo  over  ? 

Ana.  £6-272  cubic  ioches,  or  nearlj  j  of  a  pint. 

QpSRT.  S6.  Tbe  dimenaioDfl  of  the  sphere  and  cooebeii^ 
the  same  as  in  the  last  qtiestioD,  and  the  cooe  onlj  ^  full  of 
water ;  required  what  part  of  the  axis  of  the  aphere  ia  im- 
mersed in  the  water  ?  Ads.  -646  parta  of  an  ioch. 

(toisT.  66.  Tbe  cone  being  still  the  sune,  and  |  full  of 
water ;  required  the  diameter  of  a  aphere  which  shaU  be 
just  all  covered  h;  the  water?  Ana.  2-445996  inches. 

^ssT.  &7.  If  a  pflraoo,  with  an  air  balloon,  ascend  verti- 
calljr  fretn  LoodoD.  to  snch  a  height  that  he  can  just  see  Ox- 
ford appear  in  the  horizon;  it  is  required  to  determine  his 
height  above  the"  earth,  aappoaiof  ita  circumference  to  be 
SftOOO  miles,  and  the  distance  between  London  and  Oiford 
49-6933  miles  1         Aos.  iVt'a'of  ■  mile,  or  64r  janls  I  iboL 

Quest.  68.  In  a  icarriioa  there  are  three  remarkable  ob- 
jects A,  B,  c,  the  dislances  of  which  from  one  to  another  are 
.  known  tobe,AB213,ic4X4.  andBc2tj2;RTdi< ;  lamdesirous 
of  knowiog  my  position  and  distance  nt  a  place  or  station  s, 
from  which  I  observed  the  angle  ass  13°  30',  and  the  angle 
csB  X9*  60'  both  by  geometry  and  tngoqometrj'. 
Answer, 
AS  605-7122; 
as429'6BI4: 
ca  694-2365. 

QjtnT.  69.  Reqaired  tbe  same  as  ip  tbe  last  qaestiaa, 
when  the  point  a  ia  oa  the  other  side  of  ac,  sapposiDg  a»  9, 
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AG  12,  «nd  BO  6  ftrlonga  ;  also  tb«  ai^e  t%a  33*  45*,  and  the 
angle  bsc  2f  °  30'.  ~ 

Aiuwer, 
T  AS  10^,  BB  15-64,  CB  14  01. 


QvuT.  60.  It  is  required  to  determine  the  magnitude  of 
a  cube  of  s»Id,  of  the  Btandard  fineness,  which  shall  be  equal  • 
to  a  BUD)  of  480  iiiiUion  of  pouodt  aterling,  auppoBing  a  guinea 
to  weigh  fi  dma  9|  graiu.  Ane.  18-691  feet. 

QrasT.  61.  The  ditch  of  a  fortificatian  ii  1000  bet  long, 
9  feet  deep,  20  feet  broad  at  bottom,  and  ti  at  top ;  how  much 
watflr  will  fill  the  ditch !  Ana.  1168187  gallouB  nearly. 

%tE(T.  62.  If  the  diameter  of  the  earth  be  7920  miles, 
and  that  of  the  mooo  3160  miles  :  required  the  mtio  (^  their 
•urfecea,  and  also  of  their  aoltditieg :  suppcwing  them  both  to 
be  globularj  as  the;  are  very  nearly  ? 


Ads.  the  Burfacea  are  as  131  to  I  nearly  ; 
and  the  sohditieB  as  49^  to  1  nearly. 


END  OF  THE  FIRST  VCK^UME 
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